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The functional adaptation of bone is a processof bone tissue remodeling
induced by variable in time mecdanical demandsthat the skeleton has to
satisfy. It is a very complex but highly organizedprocesscomposedof everts
at micro-level (molecular and cellular) but having e ects in macro-scale(va-
riation of boneinternal structure and external shape). Mathematical models
of this phenomenonproposedin the literature represen formulas postulated
on the basis of the results of medical obsenations or laboratory investiga-
tions and describe locally the ewolution of a material in spaceand time.
In the presen paper a useis made of the hypothesis of optimal responseof
bone, proposedearlier by the author, what enablesderivation (instead of po-
stulation) the remodeling rules from a very generaland global assumption.
It turns out that such a formulation has many similarities to engineering
optimal control problems. The link betweenthe postulated local adaptation
rules and those derived from the global assumptionis also discussed.

Key words: adaptation, bone, objective functional, optimal cortrol, remo-
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1. Introduction

Bones are complex biological structures which have the ability to adapt
their micro-structures and external shapesto variable in time conditions. The-
re are many factors of di erent nature, often related to ead other already
identi ed, asthesewhich in uence the remodeling processof bonetissue and
ewlution of bone shape. In spite of the fact that the complete understanding
of medanisms responsible for bone remodeling is not yet possible,it is well
known that medanical state of bone is one of the major factors cortrolling
the changesin tissue structure. Sud changesgoverned by time-variable me-
chanical loads are usually called functional adaptation of bone.
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Functional bone adaptation is a very complex processrepresetting a chain
of dierent interactions between the cells and intercellular matrix. Mathe-
matical and computational modeling of this processis an important part of
the researt focusedon investigation of the medanisms responsible for tis-
sueremodeling. It hasalsoimportant practical aspects:in the future, reliable
models might be usedin planning the orthopedic surgery and predicting bone
reactions in di erent situations, for instance in the context of endoprosthe-
sis durability, rehabilitation treatment or healing processeslt follows from
recen investigations that bone remodeling is a highly organized process,the
medanisms of which are controlled at di erent levels. Many models have be-
en proposedwith postulated "remodeling laws" { the mathematical relations
describing ewlution of bone micro-structure. On the other hand it can be
expected that such an intelligent behavior of bone which is accomplishedat
micro-level (molecular and cellular) but hasan e ect at the macro-scale,sho-
uld be ruled by some more general principle. Indeed, this is possible (under
certain assumptions), to explain the adaptation of bone and the assaiated
tissue remodeling as an issuethat falls into a category of optimal cortrol pro-
blems. Moreover, someof the derived necessaryoptimality conditions can be
interpreted as remodeling law. In fact in specic casesthe derived formulas
are similar to the already postulated remodeling laws. The fundamental as-
sumption that is necessaryto considerbone adaptation as an optimal cortrol
problem, is a hypothesis of optimal response proposedin Lekszydki (1999,
2002). According to this hypothesis, the bone reacts to variable in time and
spacemedanical loadsin an optimal way sothat the rate of someglobal cost
functional is extremized in order to assurethe best possibleimprovemerts of
bone con guration. In te following sections,the basic metanismsresponsible
for bone remodeling are discussedand the "optimal cortrol approad" is pre-
serted. To illustrate the links and di erences betweenthe "lo cal" postulated
models of bone adaptation and these following from the "global" approadh
preseried here, a speci ¢ model is selectedand briey discussed.

2. Control of bone remodeling

The meano-sensorysystemin bonerepresens a chain of everts, cell acti-
vities and biochemical processeselated to ead other and cortrolled according
to somerule. A basicunderstanding of the role of cellsand the hypothesescon-
cerning the mecdanismsresponsible for functioning of medanosensorysystem
in boneis necessaryto proposethe mathematical models of bone adaptation.
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2.1. Fundamental roles of cells responsible for functional bone adaptation

One of the most important tasks of the skeleton is to support the meda-
nical loads assaiated with everyday activity and to protect internal organs.
The ability to bear the extreme loadsis to a large extent possibledue to the
boneability to adapt to thesefunctional demandsby cortrolling its massand
morphology. The problem of bone adaptation has attracted researters for
more than one hundred years. Before the end of nineteerth certury, Wol for-
mulated a statemert generallyknown as"Wol 's law". According to it, "every
changein the form and function of bonesor their function alone is followed
by certain de nite changesin their internal architecture, and equally de nite
secondaryalterations in their external conformation, in accordancewith ma-
thematical laws", seeWol (1892). Since Wol formulated this statemert, a
large number of theoretical and experimental works have beenperformed. This
includesobsenations at di erent levels of magni cation, sometimesemploying
very sophisticated methods as well as more and more advancedinvestigations
of complex processegresert in bone and responsible for its changes.Indeed,
it follows from the results of the researd that living bonesare in continuous
alteration { an activity which manifestsitself in perpetual renovation of the
bone"material" and possibly, in modi cation of its micro-structure and exter-
nal shape. With improved experimental tools interesting results were achieved
and new light wasthrown into this subject. Nevertheless,in spite of all these
e orts, not everything is understood completely and sometimesour knowledge
is basedon hypothesesthat require more investigations. Howewver someideas
have beenalready generally accepted.

Bone tissue is a porous non-homogeneousand strongly anisotropic ma-
terial undergoing cortinuous alteration due to complex biochemical proces-
ses. It is composed of a solid matrix (build of mineral crystals and colla-
gen b ers) and living cells { someof them buried in the matrix and others
located in the pores lled with marrow. The turnover of bone is basical-
ly assaiated with two simultaneous e ects, bone formation and bone re-
sorption implemented by specialized cells. These e ects are closely coupled
with ead other in time and in space.They play a crucial role in mode-
ling, maintenance, repair and aging of bones. One of the important factors
at macro-lewel that cortributes signi cantly to the local control of bone re-
modeling is the variable in time medanical loading determining strain di-
stribution in bone. The processof bone remodeling is very slov comparedto
the medanical loading changes. The remodeling e ects can be obsened at
macro-lewel after days, weeksor even months, while for the everyday activities
and the assaiated medanical loads, the time scale counted in secondscan
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be used. Thus speaking about variable in time mecdanical load we have in
mind rather the meanvalue (or amplitudes) and not the actual instantaneous
values.

This is a generally accepted concept that three families of cells are ma-
inly involved in changesof bone micro-structure and ewlution of the bone
tissue itself. These cells are osteacytes, osteoblastsand osteaclasts. This fact
has beenalready con rmed by many obsenations and the results of labora-
tory investigations. The balance between the cells, their proliferation, die-
rentiation and apoptosis are cortrolled both by local growth factors as well
as by systemic hormonesand plays a crucial role in the processesconribu-
ting to bone turnover. This is more and more evidert from the recen inve-
stigations that osteccytes play a role of sensorcells cortrolling the process
of bone formation and remodeling, while osteoblastsand ostecclasts are the
"actor" cells (Cowin and Moss-Saletijn, 1991; Ruimerman et al., 2005; Bur-
ger and Klein-Nulend, 1999; Knothe et al., 2004; Klein-Nulend et al., 1995).
Osteoblastsare the bone-forming cells. They produce new bone matrix in the
regions where the additional material is neededto improve the bone perfor-
mance. On the other hand, ostecclasts are responsible for tissue removal in
the domains where material is not used. The balance between these two ef-
fects, bone formation and bone resorption, is cortrolled by the complex and
highly organized interactions betweenthe cells and extracellular matrix. De-
pending on the actual situation, the bone formation may be in balance, may
exceedor be lower than the rate of boneresorption. Faster formation results
in thicker and medanically stronger bones. This may happen for example
in responseto increased medanical loading. In another case, bone resorp-
tion can be faster than bone formation what may be assaiated with bo-
ne medanical disuse or deceaseas osteoporosis and what results in loss of
mass and deterioration of medanical strength. The cortrol of these e ects
is accomplishedboth via direct cell-to-cell signaling and via soluble mole-
cules from the sensorcells (osteccytes) to the e ector cells (osteoblasts or
ostecclasts).

The most numerouscellsin a mature bone are osteaytes which play the
role of sensorsand represen probably the key elemern of the medanosenso-
ry system.They amount to about 90% of all cellsin the bonetissue (Par tt,
1977).Osteccyteshave xed positions{ they are buried in the bonematrix, do
not divide and have long lifetime. Osteacytes have long processegabout 80)
{ "ngers" which are connectedwith the processe®f neighboring osteccytes.
They form a network which is crucial in signal transmissionto the actor cells.
Osteoblastsare "actor" cellswhich produce new bone matrix by collagensyn-
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thesisand making it calcify. After receivingthe signals, osteoblastslocated at
the internal surfaceof the bone,that is the surfaceof the pores,build osteoid
composedof collagenand other organic componerts. Osteoidis a "brick" { an
element of highly complex micro-architecture the tissue matrix is built of.

The osteoblastscortinue their activity and someof them, previously atta-
ched to pore surface, becomesurrounded by the newly created material and
transform into the osteacytesburied in a hard matrix (Dudley and Spiro, 1961;
Baud, 1968; Palumbo et al., 1990). During rapid growth, the proliferation of
progenitor cellsfrom the marrow presern in the poresassuresa necessarynum-
ber of new osteoblastswhich replace the onesalready buried in the matrix.
But at a certain stage of this process,proper signaling slovs down the pro-
genitor cells proliferation and the remaining osteoblastsstop their production
of osteoid while mineralization of the matrix cortinues. While the osteoblast
transforms into osteayte in the spacecalled lacunae,its cellular volume de-
creasesand the collagensynthesisdecays (Nefussi et al., 1991). Simultaneously
the developmert of long cell processesith gap junctions starts (Doty, 1981).
They are placedin channelscalled canaliculi. The matrix around the osteccyte
cellsand their processess not calci ed, somedianically it is more exible com-
pared to the rigid calci ed regions.This is an important obsenation in one of
the proposedconceptstrying to explain the mechanosensoryfunctions of this
complex system. It was already mertioned that the osteaytes are distributed
in the three-dimensionalspaceoccupied by matrix and that they form a com-
plex network { they are connectedwith neighbors by cell processesand joined
at gapjunctions at their ends(Doty, 1981). Someof the osteaytes remain also
in direct contact with other cells { osteoblastsand with the internal surface
of the bone. This network can possibly form a system of metanosensingand
medanotransduction in bone (Burger and Klein-Nulend, 1999; Klein-Nulend
et al., 1995; Cowin and Moss-Saletijn, 1991; Weinbaum et al., 1994; Cowin
et al., 1995).

The third family of cellsinvolved in boneremodeling are ostecclasts. They
are responsible for bone resorption, at certain momerts the signals appear
in regions where the tissue should be removed and attracted ostecclasts are
attached to the bone internal surface and dissolve the matrix. The relation
betweenostecclasts and osteoblastsactivities determinesthe balancebetween
the bone resorption and production. Therefore this is natural to expect that
theseprocessesre not independert of ead other and are somehav cortrolled
(among the others { by osteccytes activities). The "coupling factor" discussed
in Frost (1964) between ostecclast resorption and osteoblast formation has
probably a medianical nature (Rodan, 1991).
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2.2. Mechanosensory system in bones

In modeling the bone adaptation, understanding of the medcanosensory
systemand the medanismsresponsiblefor tissuevariations is of crucial impor-
tance. In spite of numerousexperimental data, the precisemecano-biological
pathways of strain-induced bone metabolism are not really known. Hence,the
proposedtheories are partly basedon assumptions,seee.g. Ruimerman et al.
(2005). Howewer, some of the conceptswin more and more prevalencein re-
cernt years and experimental data con rm their correctness.Since the Wol
law was formulated, the fact that bonesare dependert on mecanical state is
acceptedand con rmed by many researt results. Later investigations have
proved that osteacytes{ the sensorcells{ are sensitive to medanical loading
and osteoblastsbuild the tissue while ostecclasts remove it. What exactly the
osteaytes are sensitive to and how they " II" the medanical situation and
transform the received information into the signalsdirected to osteoblasts,and
ostecclastsis not clear asyet. Thereforein many works an assumptionis made
that the stimulus which excitesosteacytesis proportional to a speci ¢ measure
of strain or stress elds in the bone. One of the most commonly usedmeasures
is the density of strain energy Basedon this assumption, se\eral mathematical
and computational models of bone remodeling have beenproposed.

More than ten years ago, a hypothesis was preseried by Cowin and co-
workers according to which in intact bone the osteccytes are mecanically
activated by ow of interstitial uid through the lacunocanalicular system
(Cowin and Moss-Saletijn, 1991;Weinbaum et al., 1994;Cowin et al., 1995).
If this assumption is correct, the main stimulus for bone adaptation is the
strain-driven motion of interstitial uid through the canaliculi and along the
osteayte processeswhich is somehav sensedand transduced by the osteccy-
tes. Osteacytes then sendsignalsto the actor cells, osteoblastsand osteaclasts
and control their activities. The interstitial uid ow in canaliculi can be in-
deedthe represenativ e of gradients of the local strain elds sinceother voids
in the tissue are about 10? times larger and their pressureis more uniform
and almost equal to the blood pressure (Cowin and Weinbaum, 1995). On
the other hand, accordingto one of the concepts,the ostecclasts are assumed
to be recruited by osteacyte apoptosis due to micro-damage or cradks that
damagethe canalicular systemimportant for nutrient transportation (Bronc-
kers et al., 1996; Noble et al., 1997; Verborgt et al., 2000). They remove the
cradked matrix while osteoblasts,due to increasedlevel of strains assiated
with resorbingactivity of ostecclasts, build the new one of improved medani-
cal characteristics. This way the tissue is renewed and changesits anisotropic
characteristics accordingto the mecanical state.
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3. Models of bone adaptation and the hypothesis of optimal
response

Since Wol had formulated his famous statemert, many attempts have
beendoneto proposemathematical formulas { this "mathematical law" men-
tioned in his statemert { accordingto which the con gurations of bonesewlve.
Despite intensive researd on this subject, there was no unanimity for many
years concerning such problems as, for instance, what are the most impor-
tant e ects responsible for bone remodeling, what are the medanosensory
medanisms including sensingof di erent signals and transmitting them to
the e ector cells, what are the medanisms of bone maintenance, deposition
and resorption and others, seee.g. Burr and Martin (1992), Cowin and Moss-
Salertijn (1991), Harringan and Hamilton (1993). Many mathematical models
of bone adaptation basedon di erent assumptionsand taking into considera-
tion diverse medanical and non-medanical e ects have been proposed, see
e.g. Carter and Orr (1992); Cowin (1995); Cowin and Hegedus(1976); Hart
and Davy (1989); Hegedusand Cowin (1996); Levenston and Carter (1998);
Luo et al. (1995); Prendergast et al. (1997); Prendergastand Taylor (1994);
Taber (1995).

Generally speaking, the models can be classi ed into three groups: bio-
mechanical models, those basedon structural optimization methods, and the
models derived with the use of optimal responsehypothesis.

The rst of the mentioned groups is the largest one. In most cases,the
biological and medical obsenations and results of experiments are used to
advancethe hypothesisconcerningpossiblecausesof bone variations, the me-
chanisms of stimulus sensingand signal transferring to the e ector cells and
the essencef tissue remodeling. Basedon these hypothesesand the theoreti-
cal investigations, the mathematical description of the adaptation processis
postulated. Usually sudh models are of a local nature in the sensethat, accor-
ding to an information about the actual local medanical state of a bone, the
local rate of tissue remodeling is calculated at the actual time. Sudh models
can be veri ed using numerical computations and the results of clinical and
experimental investigations. Some of the more recent works take into acco-
unt the results discussedn the previous sectionsconcerningthe nature of the
mecdanosensorysystem in bone at the cellular level, seee.g. Ruimerman et
al. (2005), Mullender and Huiskes (1995), Tezula et al. (2005), Doblare and
Garcia (2002), Burger and Klein-Nulend (2003), Lemairea et al. (2004).

The approacesbasedon the assumptionthat bonescan be consideredas
optimal structures fall into the secondgroup, seee.g. Bends e and Kikuchi
(1988), Fernandeset al. (2000), Rodrigues et al. (1999), Folgado et al. (2004),



562 T. LEKSZYCKI

Tanaka and Adachi (1999). This assumptionis consideredcortroversial. More-
over, such an approac doesnot enableany analysisof the alterations in bone
due to conditions variable in time. On the other hand, it provides an asympto-
tic solution, a possiblebonecon guration in equilibrium state i.e. under exter-
nal loading constart in time, after a su cien tly long period of time. However
one should be aware of the fact that the bone structure, even in equilibrium
state, is not always optimal. The choice of the objective functional is arbitrary
and represeits an important step in this approad. It might be consideredas
a weak point of the procedure.Di culties in including non-medanical e ects
in the formulation represen an additional drawbad.

The last approac mertioned here was proposedby Lekszydi (1999, 2002)
and is basedon the formulated hypothesis of optimal responseof a bone. It
will be discussedin the next section.

Many of the proposedmodels fall into the category for which the adapta-
tion law can be symbolically written in the form

dd—]\f = A(S(x,t) — So(x, 1)) (3.1)
In the above relation M represens the bone massin point x and time t,
density of the material, Young's modulus or any other parameter that is re-
sponsible for local material characteristics. Of course, in the casewhen M
represerts mass, an additional relation is formulated { the relation between
the local massand the elastic characteristics of a material. S(x,t) is a sti-
mulus { the signal that drivesbone remodeling. It is often assumedthat the
stimulus is proportional to the density of strain energy but also other solu-
tions have beenproposeddepending of the medanosensorye ects included in
the analysis. Sy(x,t) is a referencevalue of a stimulus, that is the value for
which the boneis in a remodeling equilibrium state. This function should be
assumedon the basis of other investigations (what is a week point of such an
approad). In the following sectionsthe relation (3.1) is compared with the
derived adaptation law. It follows that it can be interpreted as a speci ¢ case
of the relations obtained from the "optimal cortrol" approac basedon the
hypothesisof optimal responseof the bone.

3.1. Hypothesis of optimal response and its relation with optimal control

It follows from the considerationsconcerningmedanosensoryfunctions in
bone presened in the previous sectionsthat the adaptation processof bone
can be consideredas a classof optimal cortrol problem. In spite of the fact
that the formulation discussedhere is not a typical approach known in the
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optimal conrol theory, many similarities appear what shows that the bone
adaptation processcan be indeed consideredas a class of optimal control
problem. To formulate the problem in mathematical terms, the hypothesis of
optimal response of bone, formulated by Lekszydki (1999, 2002) is used. In
many works an assumption was made that the bone represens an optimal
con guration. Of course,if something is optimal or not is to a large extent
a matter of optimization criterion. According to one of them, the object can
represen an optimal solution, according to other it could be even the worst
one. This assumption is basedon the obsenation that an internal structure
of bone is similar to optimal engineering structures, especially when some
measuresof strains or stressesare taken as the criterion with the constraint
imposedfor the overall mass,or opposite { when the massis minimized with
the constraints for maximum level of stress or strain measures.Thus it is
probably not baselessHoweer, there are two important points that should
be mentioned in this context.

As it wasalready discussedn the previous sections,boneremaodeling is an
extremely complex phenomenonthat dependson the processesf very di e-
rent levels of size, starting deepat molecular level with the results obsenable
at macro-leel. Additional e ects of di erent nature sud as biochemical, me-
chanical, electrical and others are involved in its cortrol and accomplishmet.
Many of these e ects are closely related to ead other and represen a com-
plex cortrol scheme, other are independert and work in parallel. Thus the
ideal model should enable consideration of these e ects and their possible
interrelations. Another more important point is the fact that the optimal con-
guration { assumingthat the criterion was correctly selected{ represens
someasymptotic, steady solution which might be achieved under the assump-
tion that external and internal conditions that stimulate the changesin a bone
are constart and do no vary in time. Of course,this is not the casein a real
situation. We already know that a boneis exposedto conditions variable in
time, both mecanical and biological, which determine the processesnvolved
in cortrol and maintenance. Therefore the optimal solution may provide some
theoretical state which in fact can never be readed in practice. Nevertheless,
in many casesthe di erences betweenthis theoretical solution and the actual
bone con guration may be small or even negligible. Unfortunately, the "opti-
mization approach” provides only the nal state under stimulation constart
in time and do not enableto follow the remodeling processin time. These
obsenations were a motivation to proposea new approad which enablesderi-
vation (instead of postulation) the remodeling formulas including time e ects
(Lekszydki, 1999, 2002). This approacdh makes it possibleto include in the
formulation dierent e ects aswe learn more about the subject.
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The starting point in the following considerationsis the hypothesisof opti-
mal response.According to it, the boneis not optimal but it reacts optimally
to conditions variable in time. In other words, the bone attempts to make the
changesin its con guration within actual constraints to approad the best
solution which is never achievable sinceit varies due to conditions variable in
time. This way the boneis still in a state of pursuit of the optimal con gura-
tion. The generalpoints of the approad are discussedbelow.

Basic assumptions. An assumptionis madethat the considerede ects are
slow and the inertia terms are negligible. In addition, it is assumedthat the
theory of small displacemerts and velocities is valid. In order to describe the
variations of bone, the control functions characterizing its structure should be
selected u(x,t). The derived remodeling law relates the velocities u(x,t) to
variable in time states of the bone.

Criterion. In order to compare di erent bone structures, the functional
G(u(x,t)) is de ned. It dependson a set of time-variable cortrol functions
determining the bone con guration. Greater/smaller value of this criterion
meansa better bone structure.

The hypothesis of optimal response of a bone. According to this hy-
pothesis,the bonereacts at ead instant in an optimal way: that is, the rates
u(x,t) should assurethe extremum of the objective functional.

The objective functional. The objective functional results from the choice
of criterion and the hypothesisof optimal responseof the bone. It is assumed
that it is represerted by the rate of the criterion G.

The global and local constraints. The constraints should be de ned so
as to take into account the important issuesa ecting the remodeling pro-
cess.This is a crucial point in this formulation sincedi erent mecdanical and
non-medanical e ects can be included. This way, with growing knowledge
concerning the medanisms responsible for bone remodeling, an extension of
actual models will be possiblein future.

The adaptation law. From the stationarity condition of the objective func-
tional, with constraints attached to it by meansof Lagrange multipliers, the
optimality conditions follow. Someof them can be interpreted asthe remode-
ling law.
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4. Application of hypothesis of optimal response in derivation of
bone adaptation law

4.1. General considerations

A sdheme of derivation of governing formulas is preseried in this section.
Let us introduce the following notation. C(u)|tensor of material parame-
ters where u(x,t) is a control function de ning the componerts of material
tensor C (e.g. Young's modulus in caseof isotropic material or density of ma-
terial in a more generalcase)and t denotestime (¢ is treated as a parameter
{ we consideronly slow variations in time and inertia e ects are neglected).
As a result of this derivation, appropriate formulas are obtained for ewolution
in time of the function u(x,t) following external conditions variable in time
(e.g. medhanical loading or boundary conditions). Let &/, VW and V represett
the set of kinematically admissible displacemen elds, the set of kinemati-
cally admissible variations of displacemen elds and the set of kinematically
admissible variations of velocities of displacemen elds, respectively. Let us
intro duce also the following de nitions

a(u,v) = /CVU-V'U g a'(u,v) = /CVu-Vv ds?
! “ (4.1)
(= [bvios [foar @)= [bodor [fooar
@ Iy 0 Iy
where
_ dc _ Ob(z,t) _ 9f(x,1) _ u(x,t)
Tt YT T = Cal T

and {2 denotesa domain occupiedby the body while I'y is apart of aboundary
surfacewherethe loading is de ned. We can now expressthe potertial energy
as

1
II(u) = Ea(u,u) —l(u) ueld (4.2)
and its time derivative as
i 1

I(u,u) = v Ea'(u,u) + a(u,uw) — l(u) —I'(u) (4.3)

It is easyto ched that the stationarity conditions of the functional (4.3) with
respect to independert variations of v and w are satis ed

S (w,u) = 0 S (u,u) = 0 (4.4)
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Thus the weak formulation of the analysis problem is

a(w, ou) — I(6u) = 0 Véu ey

) , B (4.5)
a'(u,éu) + a(u,du) — I'(6u) = 0 ViueW

Let us now de ne the comparison functional which represerts a measurene-
ededto comparedi erent systems(bones)

G= [ Su,p) de (4.6)
/

According to the hypothesisof optimal response,the cost functional is de ned
as (we assumethat the domain (2 doesnot ewlve in time),

dG
Y= —= (9 .
hy / Sd @4.7)
Q
Let us de ne now the optimization problem
min ¥ (u, u, 1) (4.8)
I

with additional global and local constraints applied

a(u,du) —I(éu) = 0 VoueV

a'(u,ou) + a(w,du) —I'(6u) = 0 Vouew

/hi(/i(a:,t)) A2 — A(H) = 0 i=1....N, (4.9)
02

gi(i(x,t)) >0 i=1,...,N

where the following notation has beenintroduced: ¢;(-) and h;(-) { local and
global constraints de ned for the cortrol function pu, A; is a limit imposed
globally on the cortrol function, N; and N, denote the numbers of local and
global constraints, respectively.

Let us build an extended cost functional by meansof the Lagrange multi-
pliers A1, A2, pi, n;, and slak variables «;

a a —_—
E(u7g7u17u27/ivpi7ni7 a’i) -

= U(u,u, 1) — a(u, uf) + U(uy) — a'(u, uf) — a(w, uf) + U'(uf) + (4.10)

Ny N
3 pi0)] [ hitue, ) d2 = 4] + 3 [l gt 1) ~ ¥ )] de
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where additional functions u{(x,t) and uj(x,t) are de ned using Lagrange
multipliers Ay and .. They represern state variables of the so-calledadjoint
system

u‘f = —\du Ug = —)\25@ (411)

Comment. In a generalcaseof an arbitrary comparisonfunctional, an ad-
ditional systemcalled "adjoint system" appears. This results in the necessiy
of analysisof this systemsincethe adaptation relations are expressedn terms
of state variables of both the primary and adjoint systems.

4.2. Examplary derivation of the adaptation law for a specific case

In a speci ¢ casewhen the comparisonfunctional G represerts the global
measureof sti ness, the situation is simpler becauseboth systems,the primary
and the adjoint onesare equalto ead other

S=%CVu-Vu Gz/scm
2 (4.12)

Y= %/(CVU-Vu+ 2CVu - Vu) df2
(9}

Let us apply the speci ¢ constraints to derive a sample adaptation law

a(u,éu) — l(0u) = 0 ViueV

/ / _ (4.13)
a'(u,du) + a(w, du) —U'(du) = 0 VoueWw

[ a0y 42~ 40(e) = () = O
f (4.14)

/ 2@, 1) d2 — Bo(t) = ha(w) = 0
(]

/i(:l:,t) - /ima:v(wat) = gl(/iv :B) <0

—p(x, ) + pmin(z,1) = go(u, ) <O (4.15)
— iz, t) H(pmin(z,t) + 0 — p(z,t)) = gs(u,x) <O
w(z, ) H(p(x, 1) — pmaz(,t) + 0) = ga(p, ) <O
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wherethe following notation hasbeenused, timin, tmazs lmin, fmaz { MiNimal
and maximal values of the function p and its velocity, respectively, Ay, By {
global constraints imposedon u. Thesefunctions should bede ned on the basis
of experimental results and clinical obsenations. H(-) denotes Heaviside's
function. 0 represens small neighbourhood of the limit values. According to
the last two constraints, the function p in the neighbourhood closeto pimin
can not decreaseand when it is closeto gz, it can not grow. Let us build
an extended cost functional by meansof Lagrange multipliers A1, A2, p1, p2,
71, N2, N3, N4 and slak variables a1, as, 61, Fo.
Then the cost functional has a form

‘C(u)’li) u%)ug)/ivpl)p2anl)772an3)774a g, a2aﬂl)ﬁ2) =

1
= Sd'(u,u) + a(u, @) — a(u, ug) + l(u) — d'(u, ui) — a(w, ui) + U'(uf) +

2
#o1()] [ w.t) 42— 400 + 20| [ wi@.0) 42~ Bo(v)] +
2 2
+ [ @0 @) = inas(@.0) + i@, 0)] d2+ (4.16)
2
+ /772(9%75) :li(mvt) — Imin(x, t) — oz%(:c,t)] do +
2
+ /ng(a:,t) e ) H uomin(. 1) + 6 — (. 1)) — 5. 1) d2+

2
[ @0l ) H (@, 6) = i (1) + 6) ~ (. 0)] 402
2

From the stationarity condition of the cost functional we obtain:

e state equationsfor the primary system,

e state equationsfor the adjoint system,

set of applied constraints,

set of equationsfor Lagrange multipliers and sladk variables,
adaptation rule.

For the speci ¢ caseconsideredhere (global complianceasa comparisonfunc-
tional) we have

uf(x,t) = u(x,t) us(x,t) = u(x,t) (4.17)
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and the remodeling equations, represening one of the necessaryconditions for
stationarity of the cost functional can be expressedas follows

-1 1oCm, ACHERICR))
M) = =gz o et 0= 50 B 10
o n3(wvt)H(mat) _ n4(xvt)H(mat)
2pa(t) 2ps(t)

Lagrangemultiplier p; canbeinterpreted asa variable in time reference value,
often usedin the "p ostulated" models.

A numerical example of application of this adaptation law was calcula-
ted. In Fig. 1 the results of simulation are preseried. At the initial state a
homogeneousnaterial was used. After application of medanical load the mi-
crostructure has developed. This microstructure was rearrangeddue to remo-
deling after endoprosthesisimplantation. The micro-structures preseried in
this gure are similar to the clinical obsenations of the real bones.

4.3. Postulated and derived models

In the previous section, a simple adaptation model was mertioned (3.1).
This formula hasa similar form to the derived one(4.18). It canbe noticed that
remodeling accordingto (4.18) is also proportional to the di erence between
some stimulus and its referencevalue, similarly as it was assumedin (3.1).
But in the preser casethe referencevalue is not assumedand is not constart.
It follows from the analysis and is dependent on the Lagrange multipliers
that have to be determined during the analysis. Therefore such a model is
more realistic. On the other hand, the "optimal control" approac enablesthe
control of the total amount of material via global and local constraints, what
can be useful in many situations as, for example, in casesof osteoporosis or
bonegrowth. The postulated model enablesalsothe cortrol of the material but
indirectly { by modi cation of the referencevalue of the stimulus. In practical
considerationsit is very di cult sincethe referencevalue is not known.

5. Conclusions

In the present paper the idea has been presened that the functional ad-
aptation of bone can be consideredas a modi ed optimal cortrol problem.
Such a formulation is assaiated with signi cant advantages. However, the



570 T. LEKSZYCKI

Fig. 1. The e ect of a numerical simulation of bone adaptation before and after
endoprosthesisimplantation (from the left to right: initial state, adapted
con guration after application of the medanical load, remodeled con guration after
endoprosthesisimplantation). The structure of a real boneis preserted belov

formulation should be very carefully proposedto enable consideration of im-
portant biological e ects that are involved in the control process.Among the
others, the interactions betweendi erent families of cells should be included.
An attempt to do sowas already made by Lekszydki (2002), but an improved
formulation is still necessary
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Funkcjonalna adaptacja kosci jako zagadnienie optymalnego
sterowania

Streszczenie

Funkcjonalna adaptacja koxcijest procesempoleggjcym na przebudowie
tkanki kostnej wywo2anejzmieniajjcymi si; w czasiewymaganiami medanicz-
nymi, jakie musi spe®nia¢szkieletkostny. Procesten jest niezwykle z2o»oty, ale
doskonale zorganizavany i sk®adasi; z szereguzjawisk zatodzjcych na po-
ziomie mikro (molekularnym i komoérkowym) lecz majjcych efek na poziomie
makro (zmiana zewn;trznego kszta?tu ko+cioraz jej struktury wewn,trznej).
Matematyczne modeletego zjawiska, postulowanew oparciu o observwacje me-
dycznei badania laboratoryjne, opisujj lokalnj ewolucj, materia®u w czasie
i przestrzeni. W tej pracy zastosevano hipotez] optymalnej odpowiedzi kozci
Zaproponowanj wczezxniejprzez autora w celu wyprowadzenia(zamiast postu-
lowania) zwijzkéw rzjdzjcych przebudownj koxciw oparciu o bardzo ogolne
za®o»enia.Okazuje sij, »etakie sformu?owanie ma wiele wspblnego z zagad-
nieniami optymalnego sterowania. W pracy zaprezriowano przyk®ad zasto-
sovania omawianego podejtciaoraz przeprovadzono krotkj dyskusj; na te-
mat zwijzkow mijdzy postulowanymi modelamii wyprowadzorymi w oparciu
0 przyjitj hipotez;.
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