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NEURAL NETWORK CONTROL DESIGN CONSIDERATIONS FOR
THE ACTIVE DAMPING OF A SMART BEAM
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Šukasz Šacny
Cracow University of Technology, Mechanical Faculty, Krak ów, Poland; e-mail: llacny@pk.edu.pl

In this study, possible options for the active damping of a smart beam with piezoelectric
patches using neural network control algorithm, are presented. The algorithms used for the
control are Neural Direct Inverse and Feedback Linearisation (NARMA-L2). Additionally,
several possible modi�cations used for the purpose of improving the control, such as di�erent
values of control gain or sampling time of the training data, as well as step-wise control are
tested.

Keywords: neural network control, smart structures, vibration dampi ng

1. Introduction

In the recent years, the interest in the so-called \smart structures" and their application in real-
-life systems has greatly increased. The advantages of suchstructures { to monitor even subtle
changes in their environment and actively respond and reactto them { cannot be overlooked.
Numerous possible uses of this technology have already beendeveloped and discussed, e.g.,
structural health monitoring, active vibration and noise d amping, energy harvesting (Choi, 2002;
Crawley and Luis, 1987; Cupiaª, 2008; Preumont, 1997; Tylikowski, 1993).

Neural networks, on the other hand, have been successfully used mostly for the purpose
of identi�cation and pattern recognition (Flasi«ski, 2011 ; Rutkowski, 2009), but also to some
extent in the control of both linear and non-linear systems (Hagan and Demuth, 1999; Narendra
et al., 1990; N�orgaard et al., 2003; Omidvar and Elliot, 1997; Passino, 2005). The possibility of
combining smart materials with neural network control could provide us with systems responding
to external excitation and adjusting to it accordingly.

This paper focuses on the possibility of using such a combination in order to improve the
damping performance of an oscillating system, i.e., a clamped beam with piezoelectric patches.
The option of using neural networks for the damping of similar \smart structures" has already
been attempted by several authors. In these studies, the neural network was either used to
emulate an existing control method (Smyser and Chandrashekhara, 1997) and to adjust the
parameters of such a method, e.g., �nd the optimal values forK P , K I and K D of an PID
controller (Qiu et al., 2012) or the network was of a recurrent type (Valooret al., 2001).

Each of these methods is correct from the analytical point ofview and some have been proved
(both numerically and by means of an experiment) to reduce the vibration of an oscillating object
e�ciently. However, it would be preferable if the neural con trol method were not derived from
an existing control algorithm and would be derived from the dynamics of the systems alone.
Additionally, it is necessary that the arti�cial neural net work used for the control is both simple
to implement and use.

In this paper, the damping is performed by methods that utilize neural networks of the
feedforward type, while the training is based only on the samples from the existing model
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(without assuming any pre-existing control). In addition t o that, several adjustments to control
are considered for the purpose of increasing the performance even further.

2. Model of the smart beam

In this paper, an e�ort is made to present possible means of damping the vibration of a smart
beam using arti�cial neural networks. The \smart beam" in qu estion is a clamped-free beam
with two piezoelectric patches attached next to the clamping end, as shown in the simpli�ed
model (Fig. 1). The patches operate as a collocated pair { oneacting as a sensor while the
other one as an actuator (Preumont, 1997). It is assumed in the model presented in this work
that the external excitation is applied in the form of an impu lse at the free end of the beam,
perpendicular to the beam. This assumption allows for the model to be simpli�ed by considering
only the transverse vibration of the beam, while it also ensures that the higher vibration modes
are excited as well.

Fig. 1. Simpli�ed model of a smart beam with piezoelectric patches (A { actuator, S { sensor) and
a charge ampli�er (Cf )

The dimensions and material properties of the beam considered in the analysis are given as
follows

L = 1 :5 � 10� 1 m � length of beam

h = 1 :5 � 10� 3 m � height of beam

b = 10 � 2 m � thickness of beam

� = 7 :9 � 103 kg=m3 � beam material density

E = 2 :1 � 1011 N=m2 � Young's modulus

Using these parameters and one of the available methods (Rayleigh-Ritz, Galerkin, etc., see
Nixioª, 1996) the natural frequencies of the beam can be obtained.

For the additional simpli�cation of the model, the e�ect of t he piezoelectric patches can be
de�ned using the following equations (Preumont, 1997)

M (t) = cVa(t) Vs(t) = s

"
@w(x; t )

@x

�
�
�
x= xb

�
@w(x; t )

@x

�
�
�
x= xa

#

(2.1)

Equation (2.1)1 relates the moments at both ends of the piezo-actuator with coordinates xa,
xb to the applied voltage. The variable x in this equation de�nes the position on the beam, while
the parameter w is the de
ection of the beam at a given point and time. Equation (2.1)2, on the
other hand, gives the relation between the angle of rotationof both ends of the piezo-sensor and
the voltage generated in the sensor. Each of these equationscontains additional parameters c
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and s which are dependent on the material properties and the dimensions of the patches. These
parameters can be calculated using the following formulas (Preumont, 1997)

c =
Epjd31jbp(h + hp)

2
s =

Epjd31jbp(h + hp)
2

1
Cf

(2.2)

in which h is the height of the beam, Ep and d31 are Young's modulus and the piezoelectric
constant of the patches, whilebp and hp is the thickness and height of the patches, respectively.
Cf appearing in Eq. (2.2)2 is the capacitance of the charge ampli�er. For the purpose ofthis
analysis, these parameters are chosen as follows

Ep = 50 � 109 N=m2 d31 = � 150� 10� 12 C=V bp = 10 � 2 m

hp = 1 :5 � 10� 3 m lp = 2 � 10� 2 m Cf = 10 � 7 C

Additional information about piezoelectric materials and their application both as sensors
and actuators can be found in the literature (Crawley and Luis, 1987; Cupiaª, 2008; Preumont,
1997).

3. Arti�cial neural network control

3.1. Control considerations

Before an attempt at any actual control by neural networks can be made, several important
aspects of this control need to be considered. This step is essential, due to the complex nature
of neural networks the behaviour of which may be in
uenced bymany di�erent factors. Below,
the listing of the most relevant factors is presented along with a short explanation for each one
of these decisions as well as for the choices made during the control design:

� type of control { although the model considered in this paper could be regarded as
MIMO, the control becomes much simpler if it is considered asSISO, which is especially
true when trying to train the appropriate network for contro l. The input in this case is
the voltage applied to the actuator. As for the output { eithe r the voltage measured by
the patch sensor or the displacement of the beam free end seemappropriate. In fact both
of these have been tested for this paper and the results are similar;

� neural controller type { even though there are several types of neural controllers ava-
ilable in the literature (Hagan and Demuth, 1999; Korbicz et al., 1994; N�orgaard et al.,
2003), not all of them can be e�cient when applied to the model in question. Although
the control using one of the direct method controllers (Direct Inverse and Feedback Line-
arisation) proved possible, albeit with slight modi�catio ns, an attempt to damp the beam
by means of Predictive Control was found to be ine�cient;

� neural network design { speci�cally: number of layers, number of regressors, sizeof
layers (especially the hidden ones) and the type of activation functions. All of these para-
meters in
uence the way the network behaves, and how well it can perform;

� training data { the data collected from the model (either experimental or generated
numerically) needs to be adequate for the training of the network. First of all, the training
samples should contain, if possible, the whole range withinwhich the control will be
performed. This, in turn, requires the input (excitation) t o be chosen correctly, either as
a random- or as a chirp function. Additionally, a decision needs to be made regarding the
sampling time and the amount of samples { in both of these cases, an optimal value must
be found or the network may not operate as intended;
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� training method and performance { in the case of dynamical neural networks the
preferable method of training is the so-called Lavenberg-Margquardt method (although
not always, e.g, with Model Reference Control). As for the training performance (in this
case calculated as a mean square error between the target- and the actual output value),
it can be shown that problems may occur both when it is too low (ine�cient control) or
too high (super-e�cient control, but with the control e�ort reaching unrealisable values).
Similar to the training data generation, an optimum needs to be found.

The two neural control methods used for damping of the smart beam are: the Direct Inverse-
and Feedback Linearisation (NARMA-L2) Control. In the form er method, an assumption is
made that the neural network can be trained to emulate the behaviour of the inverse of the
system. By supplying the already trained controller with a desired reference value, the network
can calculate the control force needed to reach that reference. The equation describing the inverse
function is given as follows

bu(k) = bf � 1(yr (k + 1) ; y(k); : : : ; y(k � n); u(k � 1); : : : ; u(k � m)) (3.1)

with bu(k) representing the control force, yr (k + 1) { the reference value, u(k); : : : ; u(k � m) {
control regressors andy(k); : : : ; y(k � n) { output regressors.

The second control method (NARMA-L2) de�nes the control val ue using the linearised equ-
ation

bu(k) =
yr (k) � f (k)

g(k)
(3.2)

where yr (t) is the reference signal, whilef (k) and g(k) are non-linear functions of the control
and output regressors

f (k) = f (y(k); : : : ; y(k � n + 1) ; u(k � 1); : : : ; u(k � m))

g(k) = g(y(k); : : : ; y(k � n + 1) ; u(k � 1); : : : ; u(k � m))
(3.3)

Both non-linear functions are trained using separate neural networks using the data generated
(or obtained) from the model.

A more detailed description of these NN control methods can be found in the papers by
N�orgaard et al. (2003), Hagan and Demuth (1999), Medsker and Jain (1999).

3.2. Neural network control

The data used for the training of the neural controllers are generated using the available
smart beam model, described in Section 2. The voltage applied to the piezo-actuator during the
data generation is limited to the range [� 250 V, 250 V]. It is necessary to impose these limits to
ensure that a feasible value of voltage is applied during thesimulation and eventual control. In
the simulation studies an additional saturation block has therefore been added.

Although the two control methods used in this paper di�er in t erms of the network structure,
the results of control are similar with only minor di�erence s noticeable. Therefore, only the
results of one of these methods are shown in the following tests. Apart from the active damping,
additional passive modal damping of value� = 0 :001 for each mode is present in the model.
Unless stated otherwise, the default values used for the tests discussed below are as follows:
control gain g = 0 :01, sampling time �t = 0 :002 s.
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3.2.1. NN control { relation to training data

Figure 2 shows how the sampling time of the data used for the training of the neural controller
in
uences its behaviour. It needs to be noted that in each case the network architecture as well
as the number of training iterations and the desired training performance is the same. It is
imperative that the sampling time �t is small enough to include the dynamics of the controlled
system with enough precision. However, as can be seen in Fig.2, the higher the sampling
frequency, the faster the network tries to regulate the system, which leads to a much higher
control voltage. If not for the saturation block, this would have caused the voltage applied to
the piezo-actuator exceed the values imposed during the design. On the other hand (Fig. 2c),
if the sampling time �t is too small, the active damping is less e�ective. Therefore, it can be
seen that the control performance of the neural network controller is related to the training data
chosen, and it should be considered beforehand.

Fig. 2. Displacement of the free end of the beamwk and control voltage Va for di�erent training data
sampling times: (a) �t = 0 :001 s, (b) �t = 0 :002 s, (c) �t = 0 :005s

3.2.2. NN control { relation to gain value

The results of using three di�erent values of the control gain are shown in Fig. 3. The
e�ciency of damping can be improved by increasing the gain, but obviously at a cost of the
increased voltage.

3.2.3. NN Control with the step-wise change of target value

As neural network controllers show a tendency to choose the best possible (mostly highest)
control value to reach the desired point, it may be possible to improve their behaviour by setting
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Fig. 3. Displacement of the free end of the beamwk and control voltage Va for di�erent values of gain:
(a) g = 0 :1, (b) g = 0 :01, (c) g = 0 :005

interim goals for the controller, leading to the �nal goal. I n this case, an additional step-wise
change block is added, which in each step replaces the setpoint value t of the displacement of
the free end of the beam by a value that lies between the actualvalue y and the setpoint. This
new target value can, in general, be found using the following equation

bt = y(1 � d) + td (3.4)

whered 2 [0; 1] is the descent ratio. In our case this is simpli�ed sincet = 0. If d = 1, the control
is changed to default (as if no modi�cation were introduced). On the other hand, when d = 0,
no control can be performed as the actual outputy is the same as the modi�ed target output bt .
By adjusting the value of ratio d, the controller can be forced to reach the target more slowly
and, in turn, to decrease the required control voltage. In Fig. 4, it can be seen that ford = 0 :1
the control values are visibly lower with no noticeable di�erence in the control performance.

3.2.4. NN Control with stepwise control (higher modes)

The control of several modes (in this case the 1st and 2nd one)can be seen in Fig. 5,
respectively, with the standard- and stepwise control. Theresults are similar to those discussed
before. It should be noted that the control in this case is performed using the controller trained
only for the �rst mode and then modi�ed to operate for both mod es. In this approach, the
controller sampling time remains unchanged. On the other hand, the system sampling time is
made shorter by dividing the controller sampling time by a natural number r . This means that
instead of using the output regressory(k � n), the regressory(k � r � n) is used. The same rule
applies to the input regressors. However, one should be careful when using this modi�cation.
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Fig. 4. Displacement of the free end of the beamwk and control voltage Va with step-wise change
(fundamental mode); (a) d = 1, (b) d = 0 :1

Fig. 5. Displacement of the free end of the beamwk and control voltage Va with step-wise change (two
lowest modes); (a)d = 1, (b) d = 0 :1

When applying this procedure, one should exercise caution,since when the value ofr is too
high, the neural control system may become unstable and someadditional measures to prevent
this from happening would need to be taken.

4. Summary

The purpose of this paper is to present possible options for the active vibration damping of a
clamped-free beam with piezoelectric patches using neuralnetwork control. Two control methods
have been chosen and used for this purpose. Due to the complexnature of neural network control,
several factors have to be considered. Several changes to the most important of these factors are
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presented in this study. It can be shown that by properly setting and adjusting these parameters
the control can become faster and more e�ective.

Although the paper has been limited to the simulation studies, the results obtained and the
techniques used are belived to be of help in the design of a neural controller of a physical smart
beam.
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This paper presents the dynamic behaviour of three-layered, annular plates with a linear
viscoelastic core. The annular plate is loaded in plane of facings with variable in time forces
acting on the inner or outer plate edges. The analysed plate structure is symmetric and com-
posed of three-layers: thin facings and a thicker, soft core. The core material is considered
as linear with viscoelastic properties. Analytical and numerical solution will be presented
including the wavy forms of dynamic loss of plate stability. In the analytical and numeri-
cal solution, two approximation methods: orthogonalization and �nite di�erence have been
applied to obtain the system of di�erential equations for th e analysed problem of dynamic
de
ections of the examined plate with the viscoelastic core. Additionally, the suitable plate
model using the �nite element method has been built. The numerical calculations carried
out in ABAQUS system show the results which are compatible with those obtained for the
analytical and numerical solution. Presented in �gures time histories of plate de
ections
and velocity of de
ections as well as buckling forms of the plate model show the dynamic
response of the examined plate on time-dependent loads and core material properties.

Keywords: sandwich plate, viscoelastic core, dynamic stability

1. Introduction

The examinations of three-layered plates have been undertaken in numerous works. Rarely, they
concern annular plates under lateral loads variable in timeand plate structures where damping
properties of the layer material is taken into account. A wide range of possible applications of
annular layered plates in aerospace industry, mechanical and nuclear engineering presented in
works by Dumir and Shingal (1985), Paydar (1990), Chenet al. (2006), Wang and Chen (2004)
causes the evaluation of dynamic behaviour of such complex composite plates still important.

The following, exemplary papers by Wang and Chen (2002, 2004), Chen et al. (2006) belong
to the group of works, where the plate dynamic problems like vibrations or dynamic instability
have been analysed. The examinations concern the plates composed of three layers: the thin outer
constraining layer, the thin middle viscoelastic damping layer and the bottom outer host layer of
the plate. The evaluation of the in
uence of the viscoelastic core thickness on the improvement of
damping plate properties was presented in work by Wang and Chen (2002). In many works, the
problem of the loss of plate stability wss often limited to only the axisymmetric case. Whereas,
full evaluation also requires analysis of circumferentially waved plate buckling forms. In the work
by Krizhevsky and Stavsky (1996), the asymmetric instability problem of a three-layered plate
with a relatively thin core was shown. The results of critical loads were presented.

The evaluation of dynamic behaviour of a three-layered annular plate with a viscoelastic
core loaded in facings plane is presented in this work. The type of the three-layered structure
is characteristic, transversally symmetrical and composed of thin facings and a suitable thicker,
soft core. The asymmetric buckling modes of examined, dynamic loaded plates are also observed.
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Including in the description of physical relations the rheological properties of the plate core
made of polyurethane foam correctly approximates the critical real plate behaviour. It could be
supposed that the noticed in the work by Romanów (1995) sensitivity of foam materials on the
long duration of load could be important particularly in sup ercritical plate work under a load
constant in time or slowly increasing.

Such observations together with dynamic stability analyses of three-layered annular plates
with viscoelastic cores are the main goal of this work. The presented way of problem solution
and detailed results refer to analyses presented in works byPawlus (2010, 2011a,b,c).

2. Problem formulation

The three-layered annular plate with the soft foam core and with the symmetric cross-section
structure is the subject of consideration. The scheme of theplate is presented in Fig. 1. The
facings are elastic. The core material is treated as elasticor viscoelastic. The plate is loaded on
the inner or/and outer perimeter of facings with uniformly d istributed stress linearly increasing
in time, according to Equation (2.1) or constant in time (see, Eq. (6.1))

p = st (2.1)

where p is compressive stress,s { rate of growth of the plate loading, t { time.

Fig. 1. A scheme of the three-layered annular plate composedof facings { layers 1, 3 and core { layer 2

The plate with bilaterally slidably clamped edges is undertaken in the presented considera-
tions. The form of plate prede
ection corresponds with the plate buckling form. The circum-
ferentially waved forms of the loss of plate dynamic stability are analysed, too. The classical
theory of sandwich plates with the broken line hypothesis, presented by Volmir (1967), and the
decomposition of basic stresses to normal and shearing components, carried by facings and the
core, respectively, have been accepted in the mathematicalformulation of the problem. In nu-
merical solution, the approximate �nite di�erence method a nd �nite element method have been
used.

As the criterion of the loss of plate stability, the criterio n presented by Volmir (1972) has
been adopted. According to this criterion, the loss of platestability occurs at the moment of
time when the speed of the plate point of the maximum de
ection reaches the �rst maximum
value. The essence of the accepted criterion of the loss of plate stability connected with the eva-
luation of values of dynamic critical loads in the region of signi�cant increase in plate de
ections
corresponds to the Budiansky-Roth criterion. This criterion is used in the buckling analysis of
laminated shells, presented for example by Tanov and Tabiei(1998).
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3. Basic equations

Solution to the considered problem is based on the relationstypical for the edge-initial problem:
dynamic equilibrium equations, geometrical and physical relations and initial and boundary
conditions. Dynamic equilibrium equations have been formulated for each layer of the plate.
Core deformation is described by the angles� and � in the radial and circumferential directions,
respectively

� =
u1 � u3

h2
�

1
2

h1 + h3

h2
wd;r + wo;r

� =
v1 � v3

h2
�

1
2r

h1 + h3

h2
wd;� +

1
r

wo;�

(3.1)

wherewd is additional plate de
ection, wo { preliminary plate de
ection, u1(3) , v1(3) { displace-
ments of the points of the middle plane of facings (layers 1, 3) in the radial and circumferential
directions, respectively.

Linear physical relations of Hooke's law for facings and linear viscoelastic relations of the
standard model (see Fig. 2) for the plate core are applied. The physical relations of the visco-
elastic core material subjected to shearing stresses are presented by the equations

� rz 2 = eG2
 rz 2 � �z 2 = eG2
 �z 2 (3.2)

where 
 rz 2 , 
 �z 2 are shearing strains of the plate core in the radial and circumferential direction,
respectively, expressed by


 rz 2 = u(z)
2;z + wd;r 
 �z 2 = v(z)

2;z +
1
r

wd;� (3.3)

where: u(z)
2 = u2 � z� + zwo;r , v(z)

2 = v2 � z� + zwo;� =r are the radial and circumferential
displacements of the points in the distancez between the point and the middle surface of the
plate core;u2, v2 { displacements of the points of the middle plane of the core layer in the radial
and circumferential direction, respectively; eG2 { modulus expressed by the formula corresponding
to the form of the constitutive equation of the standard model

eG2 =
C + D @

@t

E + F @
@t

(3.4)

whereC, D , E , F are the quantities formulated by the elastic G2, G0
2 and viscosity � 0 constants

of the core material, presented by Skrzypek (1986)

C =
G2G0

2

G2 + G0
2

D =
� 0G2

G2 + G0
2

E = 1 F =
� 0

G2 + G0
2

(3.5)

and @=@t{ di�erential operator.

Fig. 2. The standard model of a viscoelastic layer material
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Using the equations of the nonlinear K�arm�an's plate, the sectional forces and moments in
the facings are established. Then, the resultant transverse radial and circumferential forces and
the resultant membrane forces expressed by the introduced stress function are formulated.

The initial conditions, loading and boundary conditions as well as relations connected with
the slidably clamped both inner and outer plate edges are established as follows

w
�
�
t=0 = wo w;t

�
�
t=0 = 0 wd

�
�
t=0 = 0 wd;t

�
�
t=0 = 0

� r
�
�
r = r i (r o ) = � p(t)d1(2) � r;t

�
�
r = r i (r o ) = � (p(t)) ;t d1(2) � r�

�
�
r = r i (r o ) = 0

w
�
�
r = r i (r o ) = 0 w;r

�
�
r = r i (r o ) = 0 � = 


�
�
r = r i (r o ) = 0 � ;r

�
�
r = r i (r o ) = 0

(3.6)

wherew is the total de
ection, wd { additional de
ection, wo { preliminary de
ection, � r { radial
stress,� r� { shear stress,d1, d2 { quantities equal to 0 or 1, determining the loading of the inner
or/and outer plate perimeter, � , 
 { di�erences of radial and circumferential displacements of
the points in middle surfaces of facings, respectively.

Finally, after some calculations the basic di�erential equation expressed the de
ections of
the analysed sandwich plate with the viscoelastic core are determined

N1wd;rrrr +
2N1

r
wd;rrr �

N1

r 2 wd;rr +
N1

r 3 wd;r +
N1

r 4 wd;���� +
2(N1 + N2)

r 4 wd;��

+
2N2

r 2 wd;rr�� �
2N2

r 3 wd;r�� � eG2
H 0

h2r

�

 ;� + � + r� ;r + H 01

r
wd;�� + H 0wd;r + H 0rwd;rr

�

=
2h0

r

� 2
r 2 � ;� w;r� �

2
r

� ;r� w;r� +
2
r 2 w;� � ;r� �

2
r 3 w;� � ;� + w;r � ;rr + � ;r w;rr

+
1
r

� ;�� w;rr +
1
r

� ;rr w;��

�
� Mw d;tt

(3.7)

where N1, N2 are expressed by the material and geometrical parameters ofplate layers;
H 0 = h0+ h2; h0(h1 = h3 = h0) { facing thickness, h2 { core thickness.

4. Problem solution

In the solution, the following dimensionless quantities and the expressions have been assumed

� =
w
h

� 1 =
wd

h
� o =

wo

h
F =

�
Eh2

� =
r
ro

� =
�
h


 =


h

t � = tK 7 K 7 =
s

pcr

� 1(�; �; t ) = X 1(�; t ) cos(m� ) � o(�; � ) = X a(� ) + X b(� ) cos(m� )

� = � 1 + � o F (�; �; t ) = Fa(�; t ) + Fb(�; t ) cos(m� ) + Fc(�; t ) cos(2m� )

� (�; �; t ) = � (�; t ) cos(m� ) 
 (�; �; t ) = 
 (�; t ) sin(m� )

(4.1)

where m is the number of circumferential waves corresponding to theform of plate buckling,
h = h1 + h2 + h3 is the total thickness of plate, pcr { critical static stress.

Using the orthogonal method to elimination of the angular variable � , Eq. (3.7) has been
replaced by the approximate one obtained from the followingcondition

2�Z

0

 cos(m� ) d� = 0 (4.2)

where  is the di�erence of the left and right side of transformed Equation (3.7).
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Using the physical relations, relations of sectional forces and moments in the facings with
stresses and equations of resultant membrane forces expressed by the introduced stress function
after elimination of the quantities described by sums of theradial (u1 + u3) and circumferential
(v1 + v3) facing displacements, the following equation has been obtained

� ;rrrr +
2
r

� ;rrr �
1
r 2 � ;rr +

1
r 3 � ;r +

1
r 4 � ;���� +

4
r 4 � ;�� �

2
r 3 � ;r�� +

2
r 2 � ;rr��

= E
h1

r
wo;rr

�
wo;r +

1
r

wo;��

�
�

1
r 2

� 1
r

wo;� � wo;r�

� 2
�

1
r

w;rr

�
w;r +

1
r

w;��

�

+
1
r 2

� 1
r

w;� � w;r�

� 2i

(4.3)

The quantities � and 
 , unknown in Equation (3.7), have been obtained determiningthe di�eren-
ces of the radial and circumferential displacementsu1, u3 and v1, v3 of the points of the middle
surface of the plate facings. The equilibrium equations forforces acting on the non-deformed
outer plate layers in the u and v direction are used.

After insertion of Equations (4.1) describing the functions w, wo, � and after comparison of
the expressions by the same trigonometric functions, Equation (4.3) has been presented in form
of three equations.

In the solution, the �nite di�erence method has been used for the approximation of the
derivatives with respect to � by central di�erences in the discrete points. The form of the
system of di�erential equations expressing the de
ectionsof three-layered annular plate with
the viscoelastic core is as follows

PU + Q + PL _U + QL � W1 •U = W2
...
U

M Y Y = QY M Y _Y = _QY

M V V = QV M V _V = _QV

M Z Z = QZ M Z _Z = _QZ

M DL _D = M D D + M U U + M UL _U + M GG + M GL _G

M GGL _G = M GGG + M GU U + M GUL _U + M GD D + M GDL _D

(4.4)

where

W1 = K 7
h0

h
roh2ME L W2 = K 3

7
h0

h
roh2MF L

and M is the expression:M = 2h0� + h2� 2; � , � 2 { facing and core mass density, respectively;
ro { outer radius; EL , FL { quantities determined by elastic and viscosity constantsof the co-
re standard material; U ; Y ; V ; Z; _U ; •U ;

...
U ; _Y ; _V ; _Z { vectors of plate additional de
ections and

components Fa, Fb, Fc of the stress function Fa0� = y, Fb = v, Fc = z and their derivatives
with respect to time t, respectively; P, PL { matrices with elements composed of geometric
and material plate parameters, the quantity b (b { length of the interval in the �nite di�erence
method), dimensionless radius� and the number m of buckling waves and its derivative with
respect to time t, respectively; Q, QL { vectors of expressions composed of the initial and
additional de
ections, geometric and material parameters, components of the stress function,
radius � , quantity b, coe�cients � , 
 and the number m and their derivatives with respect to
time t, respectively; M Y { matrix of elements composed of the radius� and quantity b, respec-
tively; M V ; M Z { matrices of elements composed of the radius� , quantity b and number m;
QY ; QV ; QZ ; _QY ; _QV ; _QZ { vectors of expressions composed of the initial and additional de-

ections, radius � , quantity b and the number m and their derivatives with respect to time t,
respectively; M D ; M G ; M GG ; M GD ; M DL ; M GL ; M GGL ; _M GDL { matrices of elements compo-
sed of geometric and material parameters, quantityb and the number m and their derivatives
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with respect to time t, respectively; M U ; M UL { matrices of elements composed of material pa-
rameters and quantity band their derivatives with respect to time t, respectively;M GU ; M GUL {
matrices of elements composed of geometric parameters, material parameters and the numberm
and their derivatives with respect to time t, respectively; D ; G; _D ; _G { vectors of expressions
composed of coe�cients � and 
 and their derivatives with respect to time t, respectively.

The system of Equations (4.4) has been solved using Runge-Kutta's integration method for
the initial state of plate.

Eliminating from the system of Equations (4.4) Equations (4.4)3;5;7 and the expressions con-
nected with the di�erential operator @=@tapplied in physical relations of the viscoelastic material
of the plate core, a system of equations for plate with elastic core has been obtained (Pawlus,
2010, 2011b,c). The critical static stresspcr has been calculated solving the eigenproblem for the
problem of the disk state neglecting the inertial components and nonlinear expressions (Pawlus,
2010, 2011b,c).

5. Finite element plate models

In the analysis carried out with use the �nite element method, two models have been built:

� basic model in form of the complete model of the annular plate, circularly symmetrical
(Fig. 3a),

� simpli�ed model built of axisymmetrical elements (Fig. 3b) .

The facings are built of shell elements but the core mesh is built of solid elements. The grids
of facings elements are tied with the grid of core elements using the surface contact interaction.
The calculations were carried out at the Academic Computer Center CYFRONET-CRACOW
(KBN/SGI ORIGIN 2000/PŠódzka/030/1999) using the ABAQUS system.

Fig. 3. (a) Basic model, (b) simpli�ed model

The viscoelastic properties of the core material have been described by a single term of the
Prony series for the shear relaxation modulus (Hibbitt et al., 2000)

GR (t) = Go

�
1 � qp

1

�
1 � e� t=� G

1

��
(5.1)

where qp
1, � G

1 are material constants, Go { instantaneous shearG2.
The values of material constantsqp

1, � G
1 for the standard model of the plate core have been

calculated from the following equations

qp
1 =

G2

G2 + G0
2

� G
1 =

� 0

G2 + G0
2

(5.2)

6. Exemplary calculations

Exemplary numerical calculations were carried out for the plate with the following geometrical
dimensions: inner radiusr i = 0 :2 m, outer radius ro = 0 :5 m, facing thicknessh0 = 0 :001 m, core
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thickness h2 = 0 :005 m, 0.01 m or 0.02 m. The parameters of steel facing are: Young's modulus
E = 2 :1�105 MPa, Poisson's ratio � = 0 :3, mass density� = 7 :85�103 kg/m 3. Polyurethane foam
is the core material. Two kinds of foam presented in works by Romanów (1995) and Majewski
and Mackowski (1975) have been accepted:

� with the values of constants G2, G0
2, � 0, � 2 presented in work by Romanów (1995) equal

to: G2 = 15:82 MPa, G0
2 = 69:59 MPa, � 0 = 7 :93 � 104 MPa�s, � 2 = 93:6 kg/m 3,

� with the data presented in work by Majewski and Mackowski (1975) the Kirchho�'s mo-
dulus equal to: G2 = 5 MPa, the creep function ' = 0 :845(2� e� 0:36t � e� 0:036t ) and mass
density equal to: � 2 = 64 kg/m 3.

The creep function presented in the work by Majewski and Mackowski (1975) allows for cal-
culation of the values of elastic and viscous constants of the �ve-parameters rheological model
composed of two Kelvin-Voigt models and the spring element connected in series. Because the
solution presented in this paper is for the core material described by the three-parameters
standard model (see, Fig. 2), hence the presented characteristic of function ' (t) has been ap-
proximated by the function of the standard model. The numerical analysis has been carried out
for the following values of standard constants of the plate core: G2 = 5 MPa, G0

2 = 3 :13 MPa,
� 0 = 212:92� 104 MPa�s, (Pawlus, 2010). According to the standard speci�cation PN-84/B-03230
the value of Poisson's ratio is equal� = 0 :3. The values of Young's modulus calculated treating
the foam material as an isotropic are equal, respectively, to E2 = 41:13 MPa, E2 = 13 MPa. The
values of material constantsqp

1, � G
1 , expressed by Equations (5.2), in Prony series (see, Eq. (5.1))

are as follows:

� qp
1 = 0 :615, � G

1 = 26:19 � 104 s for the foam with G2 = 5 MPa,

� qp
1 = 0 :185, � G

1 = 928:46 s for the foam with G2 = 15:82 MPa.

Rapidly increasing loading acting on the edge is expressed by Equation (2.1). The rate of
plate loading growth s is equal for each numerically analysed plate. The value of the rate s is the
result of the following equation: s = K 7pcr (see Eq. (4.1)). The value of parameterK 7 is accepted
as K 7 = 20 s� 1. Solving the eigenproblem, the value of critical stresspcr is pcr = 217:32 MPa
calculated for the plate compressed on the inner perimeter with the facing thicknessh0 = 0 :001 m,
core thicknessh2 = 0 :01 m and value of core Kirchho�'s modulus G2 = 15:82 MPa and pcr =
46:58 MPa for the plate model with N = 26 number of discrete points radially compressed on
the outer perimeter with the number of buckling wavesm = 7, the facing thicknessh0 = 0 :001 m,
core thicknessh2 = 0 :005 m and valueG2 = 15:82 MPa (see Table 1).

The calculations by the �nite di�erence method have been preceded by selection of the
number N of discrete points from numbersN , equal to N = 11, 14, 17, 21, 26. The values
of critical dynamic loads pcrdyn of plates with the viscoelastic core and values of critical static
loads pcr have been evaluated. The numerical calculations show that the numberN = 14 allows
us to achieve the accuracy up to 5% of technical error. The calculations have been carried out
for this number. Table 1 presents exemplary results of the analysis.

The treating of the polyurethane foam as isotropic is one of the accepted assumptions in
the description of the plate core material. In FEM numerical analysis, the value of the material
Young's modulus has been calculated using the following equation: G2 = E2=[2(1 + � )]. Table 2
presents exemplary results of the critical timetcr and the critical additional de
ection wdcr for
the basic elastic plate model compressed on the inner edge with the core parameters: thick-
nessh2 = 0 :005 m, Young's modulusE2 presented in Table 2, Poisson's ratio� = 0 :3, Kirch-
ho�'s modulus G2 = 15:82 MPa. The axisymmetric form m = 0 of plate buckling has been
examined.

In the wide range of the assumed values of Young's modulusE2, the results for the critical
time tcr , and after calculations, also the values of the critical dynamic loadspcrdyn do not change.
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Table 1. Critical loads pcr , pcrdyn of the plates with the viscoelastic core loaded on the outer
edge G2 = 15:82 MPa G0

2 = 69:59 MPa, � 0 = 7 :93 � 104 MPa�s, h2 = 0 :005 m, h0 = 0 :001 m,
� 2 = 93:6 kg/m 3, K 7 = 20 s� 1

m

N
11 14 17 21 26

pcr pcrdyn pcr pcrdyn pcr pcrdyn pcr pcrdyn pcr pcrdyn

[MPa] [MPa] [MPa] [MPa] [MPa] [MPa] [MPa] [MPa] [MPa] [MPa]

0 73.97 81.47 74.46 81.38 76.23 81.47 76.27 81.47 76.30 81.47
1 70.28 79.42 70.73 79.42 72.51 79.51 72.56 79.51 72.59 79.51
2 61.14 69.54 61.67 69.64 63.44 69.73 63.53 69.82 63.59 69.92
3 53.01 67.96 53.39 68.05 55.10 68.15 55.21 68.33 55.30 68.33
4 48.33 66.28 48.64 66.38 50.02 66.47 50.13 66.47 50.21 66.66
5 46.11 53.43 46.36 52.59 47.45 52.50 47.55 52.21 47.62 52.03
6 45.39 51.01 45.58 49.05 46.45 50.54 46.53 50.26 46.60 50.17
7 45.60 47.84 45.75 47.47 46.45 47.65 46.52 47.93 46.58 47.84
8 46.44 45.69 46.56 45.32 47.14 45.04 47.20 44.86 47.25 44.67

Table 2. Values of the critical time tcr and maximum de
ection wdcr depending on core Young's
modulus E2

E2 [MPa] 1.0 5.0 13.0 50.0 100.0
tcr [s] 0.019 0.02 0.02 0.02 0.02
wdcr � 103 [m] 4.14 4.48 4.15 3.85 3.73

The values of the plate maximum critical de
ection wdcr change according to prediction. The
analysis shows that the accepted core material could be treated as an isotropic in the presented
evaluation focused on the critical plate loads.

The calculation results of the plates with the standard corematerial subjected to momentary
loads (duration in the range of 0.1 s) do not di�er signi�cant ly from the results for the plates with
the elastic core. The time histories of de
ections of the plates with the viscoelastic and elastic
core for the numberm = 0 are presented in Fig. 4. The results are presented using two kinds of

Fig. 4. A comparison of de
ection time histories of plates loaded on the inner edge with the viscoelastic
and elastic core

lines grey and black for the pairs: elastic and viscoelasticplate core with the same parameters
h2, G2. The compatibility of de
ection time histories is observed for the plates loaded on the
inner perimeter with the viscoelastic and elastic core and compressed on the outer edge, too (see
Fig. 5). The values of the critical time tcr and critical dynamic loads pcrdyn are practically the
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same. The critical de
ections are comparable for the plateswith core thickness: h2 = 0 :005 m
and h2 = 0 :02 m. Of course, the values of the critical time and load increase for the plate with
the sti�er core (higher value of modulus G2 and thickness h2). Then, supercritical vibrations
disappear.

Figure 5 shows characteristic time histories of plate de
ections for a selected number of
buckling m = 0, m = 3, m = 5, m = 8 in two respective groups. Some di�erences are observed
in supercritical responses of the plates. The minimal valueof plate critical parameters is for the
waved plate with the number m = 5 of buckling modes.

Fig. 5. A comparison of de
ection time histories of plates (G2 = 5 MPa, h2 = 0 :01 m) loaded on the
outer edge with the viscoelastic and elastic core for the buckling wave number: (a) m < 4, (b) m > 4

The image of behaviour of the plates with the standard core isenriched by comparison with
the results obtained for the plates with the core expressed by a simpler two-element model.
The accepted in observations Maxwell model built of elasticand viscous elements connected
in series takes attracts attention on the in
uence of the core material viscosity constant on the
plate time histories of de
ection. The numerical calculations have been carried out for quantities
(3.5) assumingG0

2 = 0. The comparison of de
ection time histories of the plates compressed on
the outer perimeter with the standard core (G2 = 15:82 MPa) and the core expressed by the
Maxwell model with parameters: G2 = 15:82 MPa and viscosity constant � 0 = 7 :93 � 104 MPa�s
is shown in Fig. 6. The results are presented for selected buckling forms, which entirely show

Fig. 6. The time histories of de
ections of plates (G2 = 15:82 MPa, h2 = 0 :005 m) compressed on outer
edge with: (a) standard core, (b) Maxwell core

the character of curves. The standard model of solid body clearly extends the time to the loss
of plate stability. In the case of the Maxwell model, the character of time histories of de
ections
of the plates with various numbers of circumferential wavesm is comparable { increasing in
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the plate loading time. One can observe that the de
ection time histories for the plate with
the standard core model di�er for plates with higher and lower numbers of the buckling mode.
Figure 5 shows this character of curves too.

Figure 7 shows the comparison of curves� 1max = f (t � ) of the plates with the elastic and
viscoelastic core compressed on the outer edge with the number of circumferential waves cor-
responding to the minimal values of the critical dynamic load for di�erent values of material
parameters and core thickness. The same lines (gray and black) are used to present the results
for the plates with the elastic and viscoelstic core. The diagram presents the results for the
plates with the Maxwell core, too. For this simple model, the change of material parameters
(G2 = 15:82 MPa, � 0 = 7 :93 � 104 MPa�s and G2 = 5 MPa, � 0 = 212:92 � 104 MPa�s) does not
in
uence the de
ection time histories and the critical time . Whereas, the plate core thickness
has a great importance. The results show the relevant sensibility of the plate structure with
three elements and the standard core on the material and geometrical parameters. It con�rms
an obvious and better approximation of the structure behaviour of the expected responses of the
actual object. The results obtained for the plate compressed on the outer edge con�rm earlier
observations that the critical time prolongs for the plates with the sti�er core. For these plates,
the minimal critical dynamic load is for the mode m = 5-7. It depends on the core parameters
G2, h2. The value of the critical additional de
ection is about 0.1 of the total plate thickness
(see Eq. (4.1)). It is slightly higher for the plate with the m odulus G2 = 15:82 MPa.

Fig. 7. Time histories of de
ections of plates compressed onthe outer edge for the elastic standard and
Maxwell core with: (a) G2 = 5 MPa, (b) G2 = 15:82 MPa

The viscoelastic properties of the foam material relevantly depend on the viscosity con-
stant � 0. The de
ection results for the plates with the viscoelastic core of signi�cantly lower
viscosity constant � 0 di�er. Figure 8 shows the de
ection time histories of the plates loaded on
the inner edge with various values of the viscosity constant� 0 of the viscoelastic core material.

Large di�erences could be observed for the core material with very small values of the
constant � 0 within the range 7:93 � 10� 2(10� 3) MPa�s. The time to the loss of plate stability
shortens. The increase in values of the constant� 0 does not change the critical or supercritical
de
ections of the plates with the viscoelastic core. They are compatible with the results obtained
for the plates with the elastic core.

The numerical FEM calculations of the simpli�ed plate model con�rm these observations.
The critical dynamic loads distribution depending on values of the constant� 0 is presented for two
kinds of the core viscoelastic materials in Fig. 9. The plates are loaded on the inner edge. A large
theoretical decrease in values of the number� 0 up to a value about 10� 8 times lower in
uences
the contraction of the time to the loss of dynamic stability and decreases critical dynamic loads.
These observations have an important practical meaning. Ina wide range of accepted values of
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Fig. 8. The in
uence of viscosity constant � 0 on the de
ection time histories of plate (G2 = 15:82 MPa,
h2 = 0 :005 m) loaded on the inner edge

Fig. 9. In
uence of the viscosity constant � 0 on the critical dynamic loads pcrdyn of the FEM plate
model loaded on the inner edge

the viscosity constant, the dynamic response of the plate subjected to quickly increasing loads
does not change. Here, it should be noticed that for true materials, precise determination of
viscous material parameters is a great problem. Smaller sensitiblity to 
uctuation of values of
the viscoelastic material parameters seems to be the advantageous dynamical behaviour of such
plates.

Exemplary time histories of de
ections and velocity of de
ections as well as critical de-
formations of the FEM simpli�ed plate model with the elastic and viscoelastic core with
� 0 = 212:92 � 10� 6 (10� 10 times decrease) are presented in Fig. 10. In general, there are no
di�erences in the character of curves. A slightly less critical time and also dynamic load with hi-
gher de
ection are noticed for the plate with a strongly reduced value of the viscosity constant� 0.
For a higher parameter � 0, the response of the plate with the viscoelastic core is consistent with
that with the elastic one.

The in
uence of rheological properties of the core materialon the increase of plate de
ections
is observed for the plates subjected to the load constant in time. The supercritical response has
been analysed for both plates with the viscoelastic and elastic core compressed on the inner or
outer edge in the case of the load constant in time. The assumed load function is expressed as
follows

p(t) =

(
st for t ¬ nt cr

npcrdyn for t > nt cr
(6.1)

where tcr is the critical time of the loss of plate dynamic stability, n { assumed number.
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Fig. 10. Time histories of de
ections, velocity of de
ections and buckling forms of the plates
(G2 = 5 MPa, h2 = 0 :005 m) with: (a) elastic core, (b) viscoelastic core loaded on the inner edge

Fig. 11. Time histories of de
ections of platesG2 = 5 MPa, h2 = 0 :01 m, m = 5 with the elastic and
viscoelastic core subjected to the load constant in time acting on the outer edge

Figure 11 shows the time histories of de
ections of the plates with the elastic and viscoelastic
core compressed on the outer edge with the waved form of prede
ection and buckling. The
number m is equal 5. The value of the numbern is equal 0.5, 0.8 (undercritical load) and
n = 1 :01, 1.2. Additionally, Fig. 11 presents the curve� 1max = f (t � ) obtained for a linear (p = st)
increase in the load acting on the plate with the viscoelastic core. The marked points show the
moment of the loss of plate dynamic stability and static stability after suitable miscalculations in
the value of the critical static load. The course of de
ection time histories of the plates with the
elastic and viscoelastic core under increasing linear loadare consistent. The di�erences could be
observed in the range for the loading constant in time. In a short time ( t = 2 :5 s) of the loading,
an increase in the de
ection of the plate with the viscoelastic core can be signi�cant. An increase
in the de
ection rises in the critical ( n = 0 :8, 1.01) and supercritical (n = 1 :2) range of plate
operation. The sensitivity of the plate structure with the v iscoelastic core material subjected to
the load constant in time is clear. It is interesting that the course of these curves is observed
for the plates examined in the short loading time. Doubtlessly, a quick increase in the dynamic
loads, which involves the basic part of plate operation, in
uences such behaviour. One can �nd
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that the course of curves for the plates subjected to the loadconstant in time corresponds to
the characteristic rheological curve with zones of the stationary and �nal creep.

The in
uence of dynamics of the increasing loading on the course of constant de
ections of
the plate with the viscoelastic core compressed on the outerperimeter is shown in Fig. 12. The
rate of loading growth expressed by the parameterK 7 is not out of meaning in the response of
the examined plate under the supercritical load (the numbern is equal 1.01) constant in time.
The dynamic behaviour with an increase in de
ections of the plate initially linearly loaded with
di�erent values of the parameter K 7 in a longer time of the loading with a constant value is
observed. The thicknessh2 of the plate with the viscoelastic core has here the in
uence, too. The
results con�rm dynamic sensitivity of the sandwich plate wi th the viscoelastic core. They also
show importance of the general solution with the accepted description of the physical relations
for the core rheological material in the analysed problem.

Fig. 12. Time histories of de
ections of plates with the viscoelastic core subjected to the load constant
in time acting on the outer edge depending on the rate of loading growth K 7 for di�erent core
thicknessesh2: (a) h2 = 0 :005 m, G2 = 5 MPa, n = 1 :01, m = 7, (b) h2 = 0 :01 m, G2 = 5 MPa,

n = 1 :01, m = 6

7. Conclusion

Summarizing the presented results and observations, it could be stated that, in general, the
calculations of plates with an viscoelastic core could be replaced by calculations of similar plates
but with an elastic core. Then, the solution of the problem could be signi�cantly easier. However,
the presented results show plate responses to its rheological properties. It has been observed
that the plate behaviour di�er for plates subjected to short critical time loadings and for plates
loaded longer. The reactions on viscoelastic material parameters of the plate structure under
longer duration of loading are quite clear. The indicate that the use of viscoelastic expressions
in the plate physical relations is relevant. Then, the practical calculations become more di�cult
and should be carried out solving a more complicated problemformulation. Additional plate
parameters connected with the e�ects of external factors like higher temperature make the
problem more complex, which requires the achievement of thegeneralized solution.

The computational results also showed the in
uence of dynamics of the preliminary loading
on the growth of rheological de
ections of plates loaded constant in time. Both loading time
histories expressed by the assumed function, in this paper by Eq. (6.1), as well as the speed of
loading growth have an important meaning in this problem. A detailed analysis could expand
the knowledge about dynamic behaviour of such a plate structure.

The carried out numerical experiments allow one to formulate the following statements:
� the use of proper constitutive relations for the plate material with rheological properties

is essential in the solution to the dynamic de
ection problem,
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� determination of the material model of the viscoelastic layer and the values of its constants
is a problem in itself. This multiparameter problem requires some compromise between
the attempt to �nd an exact problem description and the assumption of a rationally
sophisticated one,

� action of loads in longer duration on the plate structure identi�es its rheological properties.
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The article presents the di�erences in energy 
ow for two human physical models from ISO
10068:2012. The models are compared on the basis of a numerical simulation of energy 
ow
implemented with MATLAB/simulink software. For purposes o f comparison, the dynamics
of the two Human-Tool systems is mathematically modelled and then used to derive their
energy models. The model dynamic structures are fully speci�ed in order to determine and
compare three kinds of powers. The study revealed di�erences between the model characte-
ristics when analysed along di�erent directions of vibrations and as a whole.
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1. Introduction

Every physical model of a system requires a corresponding mathematical model. Developing a
valid mathematical model is essential for purposes of analysing the system behaviour in di�erent
conditions (Cannon, 1973; ›óªtowski, 2002). The construction of an appropriate model is not an
easy task and should always be preceded by numerous veri�cation studies. In an e�ort to create
more complex models, it is sometimes more practical to take advantage of a model that has
already been veri�ed and use it as a component of a larger system. This approach may prove
problematic when there is a number of competing models that can be used to describe a given
system and each one is supposed to correctly represent the way the system functions. This is
the kind of problem we are faced with when trying to choose a model representing responses of
the human body to mechanical vibrations (Dobry and Hermann, 2014, 2015).

Research focused on developing discrete models of the humanbody dates back to the 1970s.
Major contributions in this area were made in the studies by Gri�n (1990), Meltzer (1981),
Reynolds and Soedel (1972) and many others. Nowadays the impact of vibrations on the human
body can be analysed by selecting one of many existing biomechanical models of the hand or
the hand-arm system (Dobry and Hermann, 2014; Ksi¡»ek, 1996; Rakheja et al., 2002; ISO
10068:1998 and ISO 10068:2012). It is worth pointing out that in order to create a physical
model, and hence a mathematical model of a system, one needs to have a wide knowledge of its
structure and properties as well as relationships and processes that occur within it. It should also
be remembered that a model is, by de�nition, a certain idealised or simpli�ed representation of
reality (Cannon, 1973; ›óªtowski, 2002). This is exactly the kind of situation we are facing when
trying to choose a model to analyse theoretically the impactof vibration on the human body.
The available models di�er from one another with respect to the number of components included
in their dynamic structure, the kinds of joints and the number of degrees of freedom. This a�ects
the extent to which the reality is simpli�ed and the way the co mponents are connected. Figure 1
shows selected structures of human biomechanical models used in the dynamic analysis of the
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impact of local vibrations. What is more, the character and the degree of simpli�cation is related
to the knowledge, awareness and needs of the researcher. Finally, it should be added that in this
case all models must presuppose the same characteristic of motion of the model and the real
system.

Fig. 1. Structures of human biomechanical models used to analyze the impact of local vibrations
(Ksi¡»ek, 1996)

Hence, while constructing a model, it is, above all, necessary to ensure the same response of
the model and the real system to the excitation. However, themodel should not be determined
only on the basis of the relationship between input and output values or else the system to be
analysed will resemble a black box. As a result, any conclusions drawn from such a model will
most likely be imprecise, especially with respect to the impact of vibrations on the human body.
It can be demonstrated that a system modelled with this approach disregards some unknown
properties. Hence, while the response of the model is important, what also needs to be taken
into account is adequate internal structure of the model. Only this kind of similarity between
the model and the original system can ensure the most accurate information (›óªtowski, 2002).

Consequently, one can ask what distinguishes the models used to analyse the human response
to mechanical vibrations? This question is particularly justi�ed when one considers that the
relevant standards, ISO 10068:1998 and ISO 10068:2012, contain a number of di�erent human
physical models. The fact is that work on the development of new models (ISO 10068:2012) has
been conducted for a few years and presented in numerous publications, e.g. (Donget al., 2007,
2010, 2013). Models described in the withdrawn standard ISO10068:1998 have also been veri�ed
and approved and have been in use all over the world for many years. The facts mentioned above
may help to appreciate the complex nature of modelling and model veri�cation and the di�culty
faced by those who need to choose one of the available models.

The present article describes an energy method used for comparative assessment of human
physical models, speci�cally the Human-Tool model. The application of this procedure facilitates
a comparison of the biomechanical Human-Tool systems (Dobry, 1998, 2001, 2012; Dobry and
Herman, 2014). It is a synchronous method, in which values resulting from the dynamic analysis
are used in real time as the input in the energy analysis. By applying an energy model of the
system, it is possible to switch from the conventional dynamic analysis to the energy analysis
conducted in the domain of energy 
ow. In the present study, the criterion for assessing the
model validity is the equality of energy phenomena occurring in the dynamic structure during
operation (Dobry, 1998, 2001, 2012; Dobry and Herman, 2014). The aim of the study is to
analyse two models of the Human-Tool system, which are constructed using the physical models
speci�ed in ISO 10068:2012 { models 1 and 2.
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2. Energy models of Human-Tool systems

Physical models of the Human-Tool systems are constructed using human dynamic models from
ISO 10068:2012. The models speci�ed in the standard are discrete models, where speci�c points
of reduction are connected by means of spring and damping systems. Basic parameters of the
models are speci�ed in ISO 10068:2012 { see Table 1 and 2.

The Human-Tool systems in question are constructed by combining human models with tool
models. The purpose of the modelling process is to create a simple model of a person operating
a power tool, e.g. an angle grinder. For this purpose, the energy analysis needs to account for
the tool massmN , its vibration frequency f and the character of the driving force F (t).

Table 1. Values of dynamic parameters for the model with two points ofreduction { model 1
(ISO 10068:2012)

Parameter Unit
k-th direction of vibration

x y z

m1k kg 0.5479 0.5374 1.2458
m2k kg 0.0391 0.0100 0.0742
k1k N/m 400 400 1000
k2k N/m 0 17648 50000
c1k N�s/m 22.5 38.3 108.1
c2k N�s/m 202.6 75.5 142.4

Table 2. Values of dynamic parameters for the model with three pointsof reduction { model 2
(ISO 10068:2012)

Parameter Unit
k-th direction of vibration

x y z

m1k kg 0.4129 0.7600 1.1252
m2k kg 0.0736 0.0521 0.0769
m3k kg 0.0163 0.0060 0.0200
m4k kg 0.0100 0.0028 0.0100
k1k N/m 400 500 1000
k2k N/m 200 100 12000
k3k N/m 4000 4907 43635
k4k N/m 8000 17943 174542
c1k N�s/m 20.0 28.1 111.5
c2k N�s/m 100 39.7 39.3
c3k N�s/m 144.6 50.7 86.8
c4k N�s/m 79.9 14.3 121.0

In the study, the tool model is limited to one massmN = 5 kg. To enable comparisons between
the models, it is assumed that a sinusoidally varying driving force F (t) with an amplitude of
200 N acts on the biomechanical systems in every direction. This kind of force is usually generated
in angle grinders due to mechanical wear. The last parameter, namely the vibration frequency,
is set at f = 30 Hz and is taken into account in the driving force. Figure 2 shows the �nal models
of the Human-Tool systems.
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The following step involves development of mathematical models of the dynamic structures
using Lagrange equations of the second kind given by (Cannon, 1973; ›óªtowski, 2002)

d
dt

� @E
@_qj

�
�

@E
@qj

= Qj + QjP + QjR j = 1 ; 2; : : : ; s (2.1)

where E is the kinetic energy of the system,qj { generalized coordinates, _qj { generalized
velocities, Qj { external active forces, QjP { potential forces, QjR { forces of dissipation, s {
number of degrees of freedom.

Fig. 2. A synthesis of the ISO 10068:2012-based human physical models with the tool model:
(a) model 1 and tool; (b) model 2 and tool (ISO 10068:2012)

The mathematical models of the Human-Tool systems are constructed using generalized
coordinates. Since three directions of vibration are takeninto account, it is necessary to formulate
three di�erential equations of motion. Hence, a complete analysis of the impact of vibration on
the human body (along the x, y and z axes), requires:

a) for the model with two points of reduction (Fig. 2a) { 6 generalized coordinates and
6 di�erential equations of motion, since the model has 2 two points of reduction and
6 degrees of freedom,

b) for the model with three points of reduction (Fig. 2b) { 9 generalized coordinates and 9
di�erential equations of motion, since the model has 3 two points of reduction and 9 degrees
of freedom.

Since the models of interest have the same structure in each direction of vibrations, in
accordance with the ISO standard, it is su�cient to present 2 general di�erential equations of
motion for the model with two points of reduction and 3 general di�erential equations of motion
for the model with three points of reduction. The equations for the x, y and z directions can be
obtained by substituting the values of dynamic parameters for each direction, see Table 1 and 2,
and introducing generalized coordinates for this direction.

The �rst step in the formulation of general di�erential equa tions involves introduction of
generalized coordinates. For the model shown in Fig. 2, the following generalized coordinates
are used (Fig. 2a)

j = 1 ) q1k = u1k (t) � displacement of massm1k in the k-th direction

j = 2 ) q2k = u2k (t) � displacement of massm2k and mN in the k-th direction,
where mN is the mass of the hand-held power tool for each
direction
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For the combination of the ISO 10068:2012-based model { model 2 and the tool model
(Fig. 2b), the following generalized coordinates are used

j = 1 ) q1k = u1k (t) � displacement of massm1k in k-th direction

j = 2 ) q2k = u2k (t) � displacement of massm2k in k-th direction

j = 3 ) q3k = u3k (t) � displacement of massm3k , m4k and mN in k-th direction

After applying the generalized coordinates de�ned above, the general mathematical model
of the Human-Tool system (Fig. 2a), can be written down as

j = 1 m1k •u1k + ( c1k + c2k ) _u1k + ( k1k + k2k )uk � c2k _u2k � k2ku2k = 0

j = 2 ( m2k + mN )•u2k + c2k _u2k + k2ku2k � c2k _u1k � k2ku1k = F0 sin(2�f t )
(2.2)

The general mathematical model of the combined model consisting of the ISO 10068:2012-
-based model and the tool model (Fig. 2b) is given by three equations

j = 1 m1k •u1k + ( c1k + c2k + c3k ) _u1k + ( k1k + k2k + k3k )u1k � c3k _u3k � k3ku3k

� c2k _u2k � k2ku2k = 0

j = 2 m2k •u2k + ( c2k + c4k ) _u2k + ( k2k + k4k )u2k � c2k _u1k � k2ku1k � c4k _u3k

� k4ku3k = 0

j = 3 ( m3k + m4k + mN )•u3k + ( c3k + c4k ) _u3k + ( k3k + k4k )u3k � c4k _u2k

� k4ku2k � c3k _u1k � k3ku1k = F0 sin(2�f t )

(2.3)

General di�erential equations of motion (2.2) and (2.3) are used to construct energy mo-
dels of the Human-Tool systems of interest by applying the First Principle of Energy Flow
in a Mechanical System (Dobry, 1998, 2001, 2012). This approach enables switching from the
conventional dynamic analysis conducted in terms of displacement amplitudes, velocities and
accelerations to the energy analysis in terms of energy 
ow.The general energy model of the
Human-Tool system with two points of reduction, Fig. 2a, has the following form

j = 1
tR

0
jm1k •u1k _u1k j dt +

tR

0
j(c1k + c2k ) _u2

1k j dt +
tR

0
j(k1k + k2k )uk _u1k j dt

�
tR

0
jc2k _u2k _u1k j dt �

tR

0
jk2ku2k _u1k j dt = 0

j = 2
tR

0
j(m2k + mN )•u2k _u2k j dt +

tR

0
jc2k _u2

2k j dt +
tR

0
jk2ku2k _u2k j dt

�
tR

0
jc2k _u1k _u2k j dt �

tR

0
jk2ku1k _u2k j dt =

tR

0
jF0 sin(2�f t ) _u2k j dt

(2.4)

The general energy model of the second Human-Tool system, Fig. 2b, is given by

j = 1
tR

0
jm1k •u1k _u1k j dt +

tR

0
j(c1k + c2k + c3k ) _u2

1k j dt +
tR

0
j(k1k + k2k + k3k )u1k _u1k j dt

�
tR

0
jc3k _u3k _u1k j dt �

tR

0
jk3ku3k _u1k j dt �

tR

0
jc2k _u2k _u1k j dt �

tR

0
jk2ku2k _u1k j dt = 0

j = 2
tR

0
jm2k •u2k _u2k j dt +

tR

0
j(c2k + c4k ) _u2

2k j dt +
tR

0
j(k2k + k4k )u2k _u2k j dt

�
tR

0
jc2k _u1k _u2k j dt �

tR

0
jk2ku1k _u2k j dt �

tR

0
jc4k _u3k _u2k j dt �

tR

0
jk4ku3k _u2k j dt = 0

j = 3
tR

0
j(m3k + m4k + mN )•u3k _u3k j dt +

tR

0
j(c3k + c4k ) _u2

3k j dt +
tR

0
j(k3k + k4k )u3k _u3k j dt

�
tR

0
jc4k _u2k _u3k j dt �

tR

0
jk4ku2k _u3k j dt �

tR

0
jc3k _u1k _u3k j dt �

tR

0
jk3ku1k _u3k j dt

=
tR

0
jF0 sin(2�f t ) _u3k j dt

(2.5)
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The energy models of two Human-Tool systems (2.4) and (2.5) are solved using a simulation
programme implemented in the MATLAB/simulink software. Th e simulation time t was 300
seconds. Additionally, integration time steps used in the simulation were set to range from a
maximum of 0.0001 to a minimum of 0.00001 second, with a tolerance of 0.001. Simulation-based
inputs of the energy of inertia, dissipation and elasticity were used to compare the models. The
models were regarded as comparable when the inputs of respective types of energy were equal.

3. Energy comparison of the human-tool systems

On the basis of the First Principle of Energy Flow in a Mechanical System (Dobry, 1998, 2001,
2012) it is possible to determine the precise amounts of the three kinds of energy for each Human-
Tool system. Energy inputs of inertia, dissipation and elasticity can be obtained by integrating
the absolute values of dynamic forces. In this particular case, these are simply sums in which
the absolute values of speci�c types of power are integratedwithin simulation time equal to 300
seconds.

For the Human-Tool system based on the model with three points of reduction from ISO
10068:2012 { Fig. 2b, the energy inputs are calculated usingthe following formulas:
a) energy of inertia for the k-th direction, expressed in [J]

E3k� INE =
tZ

0

jm1k •u1k _u1k j dt +
tZ

0

jm2k •u2k _u2k j dt +
tZ

0

j(m3k + m4k + mN )•u3k _u3k j dt (3.1)

b) energy of dissipation for the k-th direction, expressed in [J]

E3k� DIS =

tZ

0

j(c1k + c2k + c3k ) _u2
1k j dt +

tZ

0

j(c2k + c4k ) _u2
2k j dt +

tZ

0

j(c3k + c4k ) _u2
3k j dt (3.2)

c) energy of elasticity for the k-th direction, expressed in [J]

E3k� ELA =
tZ

0

j(k1k + k2k + k3k )u1k _u1k j dt +
tZ

0

j(k2k + k4k )u2k _u2k j dt

+

tZ

0

j(k3k + k4k )u3k _u3k j dt

(3.3)

For the second Human-Tool system { Fig. 2a, the following formulas are derived to calculate:
a) energy of inertia for the k-th direction, expressed in [J]

E2k� INE =
tZ

0

jm1k •u1k _u1k j dt +
tZ

0

j(m2k + mN )•u2k _u2k j dt (3.4)

b) energy of dissipation for the k-th direction, expressed in [J]

E2k� DIS =

tZ

0

j(c1k + c2k ) _u2
1k j dt +

tZ

0

jc2k _u2
2k j dt (3.5)

c) energy of elasticity for the k-th direction, expressed in [J]

E2k� ELA =
tZ

0

j(k1k + k2k )u1k _u1k j dt +
tZ

0

jk2ku2k _u2k j dt (3.6)
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Table 3 presents the amounts of three types of energy, the combined energy input in each
direction and the total energy input for the two Human-Tool s ystems of interest.

Table 3. Energy 
ow in the models of the Human-Tool systems

Model
Model 1 Model 2

2 points of reduction 3 points of reduction
Direction x y z x y z

Energy
input of

inertia E INE (t) [J] 3749 4211 4406 3782 4078 4309
dissipation EDIS (t) [J] 2047 1266 2669 3591 1195 3967
elasticity EELA (t) [J] 5 813 2226 486 1107 8950

Energy input { in one direction [J] 5801 6290 9301 7859 6380 17226
Total energy input [J] 21392 31465

Using the values obtained by applying the energy method, it is possible to compare the two
models from ISO 10068:2012. Figure 3 shows the percentages of the three kinds of energy in the
two models in three directions. The percentages are calculated as ratios of energy kinds for the
model with 3 points of reduction to their corresponding values for the model with 2 points of
reduction. The relation can be written as

DK =
E3k� X

E2k� X
� 100% (3.7)

where:E3k� X { energy input of inertia, dissipation and elasticity in the whole system, calculated
as a sum of energy inputs from all points of reduction and obtained by adopting model 2 with
three points of reduction { expressed in [J],E2k� X { energy input of inertia, dissipation and
elasticity in the whole system, calculated as a sum of energyinputs from all points of reduction
and obtained by adopting model 1 with two points of reduction { expressed in [J].

A value exceeding 100% means that the energy input in modelb is higher than in model a
{ see Fig. 2.

Fig. 3. Energy di�erence between the models depending on thedirection of vibrations

The results shown in Fig. 3 indicate a lack of similarity between the models. The degree
of similarity depends on two factors. The �rst one is the kind of energy. In this respect, the
di�erences between the models range from:

� energy of inertia { between 1 and 3%,

� energy of dissipation { between 6 and 75%,

� energy of elasticity { between 36 and 9620%.
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It should be noted that the 96-fold underestimation of the energy of elasticity evidently results
from the model structure. With respect to the model with two p oints of reduction (Fig. 2a), the
structure along the x direction of vibrations di�ers from the structure along the other directions.
The authors of the model choose not to account for elasticityalong this direction { denoted ask2x

(Table 1). The value of the dynamic parameter for this element equals 0, which contributes to
model simpli�cation and results in a considerably lower 
ow of energy through the model.

This fact does not a�ect the order of energy kinds in terms of the degree of similarity between
the models, which is the same in all directions, with the highest level of equivalence for the energy
of inertia, followed by the energy of dissipation and the lowest for the energy of elasticity.

The second factor which a�ects the degree of similarity is the direction of vibrations. The
highest level of equivalence between the models is observedin the y direction { Fig. 3. In this
case, di�erences in energy inputs between the levels are 3% for inertia, 6% for dissipation and
36% for elasticity.

For other directions, the order is not so consistent. In terms of the kind of energy, there is
clearly more similarity between the models along thez direction than in the x direction.

The next aspect of the analysis is related to the combined energy input along one direction. If
one looks only at the directional 
ow of the combined energy input consisting of the three kinds
of energy, the resulting order is reverse. Figure 4 shows thepercentage di�erence in combined
energy inputs along the three directions between the two models.

Fig. 4. The in
uence of the direction of vibrations on the increase in combined energy input
along one direction

The two models of interest can also be analysed in terms of total energy input, which is
calculated by summing up the directional 
ows for each model. From this point of view, the

ow of energy in the model with three points of reduction is higher by 47% compared with the
model with two points of reduction, see Table 3. This means that the human model chosen in the
analysis plays a crucial role in determining the level of protection that is intended for the human
operator of hand-held power tools: the technical standardsthat must be met by hand-held tools
are signi�cantly higher when the assessment of the impact ofvibrations is based on the model
with three points of reduction (Fig. 2b) compared to those based on the model with two points
of reduction (Fig. 2a).

If we assume the acceptable tolerance between the models of no more than 5%, we consi-
derably limit the extent to which the two models can be used interchangeably. With such a
margin of error, the only aspect of the two models that can be regarded as comparable is the
energy of inertia, see Fig. 3. Consequently, the models are not energy equivalent and can yield
incomparable results in the theoretical analysis of the impact of vibrations on the human body.
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4. Conclusions

Based on the above energy comparison of the Human-Tool models, we must conclude that the
two models display considerable di�erences in terms of the similarity criterion, which is the
equivalence between the predicted values of the three kindsof energy. The simulation results
reveal the highest degree of similarity with respect to the energy of inertia (Fig. 3) with a
di�erence of no more than 3%. There is no similarity in terms of the energy of dissipation or
elasticity.

The di�erences are also manifested in the energy levels predicted by the models along the
x, y and z directions (Fig. 4). In this case, the highest degree of equivalence can be observed
along the y direction, with a di�erence of only 1%. It should be remembered, however, that the
models are characterised by di�erent internal structures. It can therefore be concluded that it
is the internal structure of the models that directly a�ects the level of equivalence between the
three kinds of energy. It is also worth pointing out that for b oth models the highest energy input
can be observed along thez direction, which is shown in Table 3. This suggests that it is the
most crucial direction from the point of view of the impact of vibrations of the human body.

When analysed in terms of total energy input along the three directions, the models di�er
from each other by as much as 47%. This means that the ISO 10068:2012 model with three
points of reduction, see Fig. 2b, used in the theoretical study of the impact of vibrations on the
human body will result in raising the technical requirements used in the assessment of power
tools, which has to do with the increased 
ow of energy predicted by this model. It can be
expected that the use of this model in the energy assessment of power tools will increase the
requirements concerning their vibroisolation.
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The paper presents a set of experiments focused on the study of rheological behavior of a
polymer 
owing through a narrow section at the forming by inj ection of thin-walled plastic
parts. The paper addresses the use of ultrasonically activated injection for fabrication of po-
lymeric parts with thin wall features. In the experiment, a p art with six di�erent geometric
features has been created. The design-of-experiments approach is applied to correlate the
quality of the parts with the processing parameters. Four processing parameters are inve-
stigated using a screening factorial experimentation planto determine their possible e�ect
on the �lling quality of the moulded parts. The experiments h ave been conducted on a hot
runner mould with two nests in which the �nal (nest) nozzle has been modi�ed to host,
as the central element, the ultrasonic horn of a sonic system. It has been found that the
ultrasonic activation applied on the active part of the mould does not play an important
role as a stand-alone factor but could amplify or strengthenthe e�ect of classical setting
parameters (and in
uence factors) of the process: the melt temperature and injection pres-
sure. Because it is easier to stimulate and to control rheological properties of the melt by
setting the intensity of ultrasonic energy and, more important, the e�ect is forthwith, the
paper recommends the runner systems with ultrasonic activation as an alternative for the
hot runner with heating elements.

Keywords: ultrasonic activation, design-of-experiments, rheological behavior of the polymer,
thin-walled plastic parts

1. Introduction

Injection moulding is the most common forming method for the manufacturing of plastic parts.
With high productivity, it is based on accurate replication of the nest. In the industrial design
and manufacturing, it is always a challenge to make a proper compromise between the most
desirable shape of parts, tooling cost, their weight and as well as strength and rigidity (Adam
et al., 2013). The primary concern is to respect the quality requirements for the moulded parts.
Especially for thin-walled parts, di�culties in the proces s are due to poor rheological capabilities
of the melt 
owing through thin section (negative of the thin -walled).

Based on the previous research results, for the ultrasonic activation of the extrusion (Stan,
1999; Stanet al., 2000), we supposed that the so called \thermo-pelliculare�ect" of the sonic
activation of the polymer melt under pressure could also be obtained in injection conditions to
improve the 
ow and replication capability of the melt in the above mentioned conditions.

The main approach to identify in
uential processing parameters in thin-wall injection mo-
ulding was by changing one parameter at a time while keeping the others constant, and then
observing the e�ects of that parameter (Wimberger-Friedl, 2000). This approach was inherited
from conventional injection moulding. It was useful in drawing basic conclusions about how each
parameter a�ects the �lling quality of the moulded part. Thi s approach, however, has two main
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limitations (Eriksson et al., 2008): the �rst limitation is that it is relatively time co nsuming
when many parameters are being investigated, the second drawback is that it does not take into
consideration the e�ect of the interaction between two or more parameters, which is relevant
consideration in a complex process such as ultrasonically activated injection used on thin-walled
plastic parts.

In this paper, the design-of-experiments (DOE) approach isintroduced into the research
domain as a useful alternative to conventional methods. A number of research groups have used a
variety of DOE experimentation plans to investigate the relation between processing parameters
and part �lling quality (Attia et al., 2009). The responses chosen for the experiments included
�lling quality of micro-sized channels (M•onkk•onen et al., 2002), part dimensions (Zhaoet al.
2003; Au�ero, 2005; Baltes and Tierean, 2009; Pirskanenet al. 2005; Malloy, 1994) and 
ow
length (Jung et al., 2007).

Results presented in the literature show that di�erent DOE d esigns yield di�erent outputs.
For example, there is disagreement about the importance of holding pressure and injection speed.
Furthermore, certain experiments have highlighted interactions between processing parameters
which have not been seen in other works. These di�erences in experimental results may be
due to di�erent geometrical shapes as well as polymers and experimental set-ups used in each
experiment (Baltes and Tierean, 2009). It would, therefore, seem reasonable to claim that, at
present, signi�cant processing parameters in thin wall injection are identi�ed on case-by-case
basis and cannot be generalized for all situations.

This paper addresses the e�ects of ultrasonically activated injection and speci�c processing
parameters on the �lling quality for thin walled plastic par ts through the design-of-experiments
(DOE) approach.

2. Experimental part

2.1. Mould design

Mould 
ow simulations have been carried out using the �nite element method (FEM) which
is one of the best methods to perform various computer and engineering simulations. This
method incorporates programs that have become essential parts of modern computer aided
design (Bariani et al., 2007).

Generally, using computer aided simulation in plastics technology, consists in assumption of
various scenarios with a certain number of injection pointswith di�erent locations in relation
to the 3D con�guration of the part to be injected with various injection point lengths and
diameters, and determining the correct size of the gate. Forparts with thin walls this kind of
the engineering approach is very important because the location of the injection point should
be achieved as e�ectively as possible, so as to provide balanced mold �lling (Chang, 2007).

For the experiment, a geometric part has been created that has 
ow channels with thickness
(gap, i ) of 0.2 mm, 0.3 mm, 0.4 mm, 0.5 mm and 0.6 mm (Fig. 1).

The experiments were done with the following injection parameters:

1. Tinj = 230� C, Pinj = 200 MPa (2000 bar),

2. Tinj = 280� C, Pinj = 200 MPa (2000 bar).

In the �rst case, the results show that in the 
ow channels wit h smaler gaps the injected
material (ABS) does not completely �ll the whole volume (Fig . 2). The signi�cance of the colours
are: orange shows no problems with the 
ow rate and red/grey that there will be problems with

ow and maybe no complete �lling of the cavity.

In the second case, at a higher injection temperature, the results show that the 
ow channels
are completly �lled, but for smaller gaps (i = 0, 2 and 0, 3), there are still some issues (Fig. 3).
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Fig. 1. Proposed geometrical model of the injected part

Fig. 2. Flow simulations, �rst case

Fig. 3. Flow simulations, second case

2.2. Factorial experiment

For the experiment, we have chosen a patented invention (Fig. 4). The patent (Patent No.
118576 B/2003) relates to an inventive concept for the design of hot-runner injection molds in
which to improve the nests �lling and quality of the parts, an ultrasonic converter (ultrasonic
transducer (1) + concentrator wave adapter (2)) is placed inthe hot block (plate) (3) centered on
each �nal nozzle (4), so that in the proximity of the injectio n point (gate) (5) a powerful thermo-
-pellicular e�ect is created in the molten plastic 
owing in contact with the wave adapter and to
the top of this (Iclanzan et al., 2008). In order to estimate the e�ects of ultrasonic activation, the
second nest was placed in the mould with a classic (without ultrasonic activation) �nal injection
nozzle.
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Fig. 4. Ultrasonically activated mould

The material used for the tests was acrylonitrile-butadiene-styrene (ABS) because of its
higher injection load resistance and a signi�cant melt 
ow r ate (MFI=35 g/10 min).

The tests were carried out on an injection mould (Fig. 5) that was mounted on the Krauss
Ma�ei KM 200-700 C2 injection machine.

Fig. 5. Cores of the injection mould

The injected parts that were obtained during the experiments (Fig. 6) were measured along
the length traveled by the plastic 
ow through the narrow cav ities of the \ribs", as the amount
of rheological capability of the melt.

The experimental plan was designed for four in
uence factors (independent variables), three
of them being the classical setting parameters for the control of rheological properties of the
melt: pressure, temperature and gap (opening of the free 
owing section) plus the fourth factor,
ultrasonic activation of the injection (nest) nozzle. The response (dependent) variable considered
to be relevant for the assessment of rheological capabilities of the melt was the length of the

ow until solidi�cation. The levels of the independent vari ables are presented in Table 1.

Experimental results obtained with and without ultrasonic activation are presented in
Table 2.
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Fig. 6. Parts obtained for di�erent p-T combinations

Table 1. Levels of the independent variables

Pressure Temperature Gap Ultrasonic activation at
[bar] [� C] [mm] maximum amplitude (US)

� 1 +1 � 1 +1 � 1 +1 � 1 +1

without
US

US of the injection nozzle:
1500 2000 230 280 0.2 0.5 Frequency: 35 kHz

Power: 10% (Pnom = 1 kW)

Table 2. Experimental design results

Exp.
ctr.

Independent variables of the experimental design (coded) Dependent variable
Pressure Temperature Gap Ultrasoinc Lenght of the

P T i activation US rib L
[bar] [� C] [mm] [� 1 =NO; +1 =YES] [mm]

1 +1 � 1 +1 +1 30
2 +1 +1 +1 +1 43
3 +1 � 1 � 1 � 1 2
4 � 1 +1 +1 � 1 32
5 � 1 � 1 � 1 � 1 0
6 � 1 � 1 +1 +1 24
7 � 1 +1 � 1 � 1 5
8 +1 � 1 +1 � 1 26
9 � 1 +1 +1 +1 36
10 � 1 +1 � 1 +1 14
11 � 1 � 1 +1 � 1 21
12 +1 � 1 � 1 +1 7
13 � 1 � 1 � 1 +1 6
14 +1 +1 � 1 � 1 10
15 +1 +1 +1 � 1 41
16 +1 +1 � 1 +1 18

3. Experimental results

For the processing of the results, the StatgraphicsTM program has been used. The primary
in
uence factors that are taken into consideration are pressure, temperature and gap. Table 3
shows each of the estimated e�ects and interactions. Also shown is the standard error of each
e�ect, which measures their sampling error, and that the largest variance in
ation factor (V.I.F.)
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equals 1.0. For a perfectly orthogonal design, all factors would be equal to 1. Standard errors
are based on the total error with 5 d.f.

Table 3. Estimated e�ects for the travelled length

E�ect Estimate Stnd. error V.I.F.

Average 19.6875 0.232177
A: Injection pressure 4.875 0.464354 1.0
B: Injection temperature 10.375 0.464354 1.0
C: Gap 23.875 0.464354 1.0
D: Ultrasonic activation 5.125 0.464354 1.0
AB 1.375 0.464354 1.0
AC 1.875 0.464354 1.0
AD � 0:375 0.464354 1.0
BC 2.375 0.464354 1.0
BD 0.625 0.464354 1.0
CD � 1:875 0.464354 1.0

In order to test the statistical signi�cance of the e�ects, t he analysis of variance, called
ANOVA has been used. The results obtained are shown in Table 3. The four independent va-
riables are encoded by A, B, C and D, and the interaction by AB, AC, AD, BC, BD and CD
which are products of the independent factors.

Table 4. ANOVA chart for the travelled length

Source Sum of squares D.f. Mean square F -ratio P-value

A: Injection pressure 95.0625 1 95.0625 110.22 0.0001
B: Injection temperature 430.563 1 430.563 499.20 0.0000
C: Gap 2280.06 1 2280.06 2643.55 0.0000
D: Ultrasoinc activation 105.063 1 105.063 121.81 0.0001
AB 7.5625 1 7.5625 8.77 0.0315
AC 14.0625 1 14.0625 16.30 0.0099
AD 0.5625 1 0.5625 0.65 0.4560
BC 22.5625 1 22.5625 26.16 0.0037
BD 1.5625 1 1.5625 1.81 0.2361
CD 14.0625 1 14.0625 16.30 0.0099
Total error 4.3125 5 0.8625
Total (corr.) 2975.44 15
R-squared = 99.8551%,R-squared (adjusted for d.f.) = 99.5652%
standard error of est. = 0.928709, mean absolute error = 0.445313
Durbin-Watson statistic = 1.7971 ( P = 0 :4020)
lag 1 residual autocorrelation = � 0:0226449

The program determines, for each e�ect individually, the Fisher criteria which compare it
with the F -distribution table (critical values), and �nally establi shes the importance of that
factor which has a signi�cant in
uence. In this case, the main factors and other three interac-
tions have P-values less than 0.05, indicating that they are signi�cantly di�erent from zero at
the 95.0% con�dence level. TheR-squared statistic indicates that the model as �tted expla-
ins 99.85% of the variability in the Travelled length. The adjusted R-squared statistic, which is
more suitable for comparing models with di�erent numbers of independent variables, is 99.56%,
which shows that the mathematical modeling of the phenomenon is very good.
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The in
uence of the travelled lenght can be seen in the Paretochart (Fig. 7), where the
vertical line represented forP = 0 :05 separates the signi�cant factors from the others. The fact
that the release is random can also be seen in Fig. 8, where it can be observed that there is no
systematic arrangement between the experimentally obtained results and the residual dispersion
from the values estimated by the mathematical model.

Fig. 7. Pareto chart for the traveled length

Fig. 8. Diagram of the residual

Based on the regression coe�cients associated with the signi�cant factors P, T, G, and
ultrasonic activation (US), Table 5, the length travelled by the plastic material a mathematical
model could be predicted Mathematical model

Traveled length = 19:6875 + 2:4375P + 5 :1875T + 11:9375G + 2 :5625(US)

+ 0 :6875PT + 0 :9375PG � 0:1875P(US) + 1 :1875T G + 0 :3125T(US)

� 0:9375G(US)

(3.1)

In Fig. 9, the main e�ects of the response function, i.e. the length traveled are shown. It is
noted that the four determinant factors and their interacti ons lead to an increase in the value
of the travelled lenght by increasing their minimum to maximum.

In the next �gures, variation of the estimated response surface (a) and its contours (b)
corresponding to the length travelled by the plastic material depending on combinations of the
four factors is shown.

4. Conclusions

The results of this paper show that for all the analyzed cases, with or without ultrasonic in-
jection, the gap i is the main in
uence factor. This situation is expected because, as in the
scienti�c literature, the lower limit usually considered f or the gap (thinnest wall of the part) is
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Table 5. Estimated regression coe�cients for the length travelled by the plastic material

Coe�cient Estimate

Constant 19.6875
A: Presure 2.4375
B: Temperature 5.1875
C: Gap 11.9375
D: US activation 2.5625
AB 0.6875
AC 0.9375
AD � 0:1875
BC 1.1875
BD 0.3125
CD � 0:9375

Fig. 9. Main e�ects on the travelled length

Fig. 10. The in
uence of pressure and temperature

Fig. 11. The in
uence of pressure and gap
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Fig. 12. The in
uence of pressure andUS activation

Fig. 13. The in
uence of temperature and gap

Fig. 14. The in
uence of temperature and US activation

Fig. 15. The in
uence of gap an US activation
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imin = 0 :5 mm. Any increase of the 
owing gap, even by 0.1 mm, can decideon the capacity of
the melt to �ll that area and may dramatically a�ect the quali ty of the injected product.

Also the temperature T, shown in the Pareto chart (Fig. 7), is the second most important
factor in
uencing the value of the objective function L .

Note that the ordering of the gap and the temperature in the �r st two positions is not a�ected
by including the ultrasonic activation in the study. This si tuation shows no major interactions
of the combined the i -US or T-US, excluding the possibility of spectacular e�ects from the
ultrasonic activation.

However, the sets of factorial experiments 24 in which the nozzle is ultrasonically activated
designate theUS asthe third in
uencing factor after the contribution that i t has to increase the

ow path.

Moreover, comparing the Pareto chart, one can conclude thatthe ultrasonic activation is
more important for the quality of the �lling than the injecti on pressure (exceeding the in
uence
of the pressure in the Pareto charts) that conventionally has an outstanding in
uence on the
length travelled by the melt.

This situation is a solid argument for the implementation of the industrial ultrasonic activa-
tion in injection moldings.
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16. Ŝirbu A.N. , 2009, Theoretical and experimental research on the ultrasonic activation e�ect on the
molten polymers rheology, PhD Thesis, Politehnica University of Timisoara
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In this paper, an analysis is performed on a quarter-car model of car suspension with semi-
-active and active damper utilizing the sliding mode (SMC) and linear-quadratic control
(LQR). The e�ect of control parameters and time delays in the transmission of control
signal on the factors related to the safety and comfort of driving is investigated. The re-
sults obtained from numerical simulations are shown in formof frequency characteristics for
several selected performance factors.

Keywords: active damping, semi-active damping, vibration reduction, car suspension

1. Introduction

For the purpose of checking the chosen concepts of active or semi-active control of car suspen-
sion, either quarter-car (Huang and Chen, 2006; Rajeswari and Lakshmi, 2008; Lin et al., 2009;
Snaminaet al., 2011) or, less often, half-car (Samet al., 2008; Sapi«ski and Rosóª, 2008) vehicle
models are used. These are usually linear models with two- orfour-degrees of freedom depending
on the chosen type. They consist of both spring-supported masses (1/4 or 1/2 car body) and non-
-spring supported ones (wheels with the reduced mass of the suspension system). The perfor-
mance factor of the acting vibroisolation system should provide a compromise between the
passengers' comfort level and their safety during driving (Šuczko and Ferdek, 2012). Several
indexes of the driving comfort are introduced, either related to the displacements and velocities
(Yoshimura et al., 2001; Chen and Huang, 2005; Sam and Osman, 2005) or to accelerations
(Fischer and Isermann, 2004; Rao and Narayanan, 2009) of theso-called spring-supported mass,
i.e. car body. Most often, the values used for this purpose are either mean or peak ones. The
measure of the safety level is on the other hand derived form the net reaction or its dynamic
component (Ahmadian and Vahdati, 2006), e.g. Eusam's index. With a decrease in the net re-
action, the adhesion of the wheels and the steering decreases as well. The same happens to the
performance of force transmission of driving and braking.

In the numerical simulations performed to analyze the behavior of a driving vehicle, the
knowledge of the function describing the kinematic excitation acting on the vehicle is essential.
Several di�erent approaches to describing the irregularities in the road are presented in the
literature. The road pro�le can be de�ned using a random function (Snamina et al., 2011) or
a harmonic one of constant (Chen and Huang, 2005) or modulated frequency. If a vehicle is
crossing some obstacles (e.g. bumps) either an impulse function of unit step type (Ahmadian
and Vahdati, 2006) or other of more complex form (Lin et al., 2009; Šuczko, 2011) are used.

In the active systems, several di�erent types of control canbe used. These are usually based
on algorithms for the linear-quadratic regulation LQR (Rao and Narayanan, 2009; Orman and
Snamina, 2009), PID regulation (Yildirim, 2004; Maciejewski, 2012) or sliding mode control
(SMC) (Huang and Chen, 2006; Samet al., 2008; Tomera, 2010). Theoretically, in the case of
active damping, there are no limitations imposed on the function de�ning the control force.
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In the semi-active systems (Wu and Gri�n, 1997; Fischer and Isermann, 2004; Liuet al.,
2005) the basic restriction imposed on the control is based on the condition of preventing the
introduction of energy to the system. This condition is ful� lled if the product of the control
force and the velocity of spring-supported mass to the non-spring supported one (power) is
less than zero. It is most often considered for the purpose ofcontrolling damping properties of
magneto-rheological dampers (Sapi«ski and Rosóª, 2008; Makowski et al., 2011).

In this study, the emphasis is placed on analyzing the e�ciency of two active control algori-
thms, utilizing LQR and SMC regulation, respectively. Addi tionally, an analysis of performance
of semi-active systems, based on these regulators, is made.In the numerical simulations, the
in
uence of time delay present between the control signal and the actuator is included.

2. Quarter-car suspension model

In this study, a quarter-car model is used as shown in Fig. 1. The motion of both masses: the non-
-spring-supported mw and the spring-supported onemb are de�ned by the variables yw and yb.
The displacement w(t) is the given kinematic excitation, while u(t) is the active or semi-active
system in
uence on the mass elementsmw and mb. The parameterskw and cw de�ne the spring
and damping properties of the wheel, while the parameterskb and cb de�ne the properties of
the suspension system. Due to the negligible e�ect of damping of rubber on the results, this
parameter is omitted in the analysis (cw = 0).

Fig. 1. Quarter-car model

Motion of the system around the static equilibrium position can be describen using the
following matrix di�erential equation

M •y + C _y + Ky = eB u + eFw(t) (2.1)

where y = [ yw ; yb]T . The matrices: massM , damping C and sti�ness K are given as

M =

"
mw 0
0 mb

#

C =

"
cb � cb

� cb cb

#

K =

"
kw + kb � kb

� kb kb

#

(2.2)

while the eB and eF vectors are of form

eB =

"
� 1
1

#
eF =

"
kw

0

#

(2.3)
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A modi�ed state space vector is introduced, which includes generalized velocities

x =

"
x1

x2

#

=

"
y
_y

#

(2.4)

thus allowing one to write Eq. (2.1) in form of the �rst-order di�erential equation

_x = Ax + B u + Fw (2.5)

There is a relation between the matrix A and matrices present in Eq. (2.1)

A =

"
0(2� 2) I (2� 2)

� M � 1K � M � 1C

#

(2.6)

in which the matrices 0(2� 2) and I (2� 2) are respectively the empty and singular matrix of size
2 � 2. The same relation is for the matrices

B =

"
0(2� 1)

M � 1 eB

#

F =

"
0(2� 1)

M � 1 eF

#

(2.7)

where 0(2� 1) is an empty vector of length 2.

3. Linear-quadratic regulator (LQR)

Linear-quadratic regulation is often used for vibration reduction (Rao and Narayanan, 2009;
Orman and Snamina, 2009). The control signal generated by the controller depends on the
actual state of the system

u = � Lx (3.1)

The control if found using the minimal performance factor condition

J =

1Z

0

(xT Qx + Ru2) dt (3.2)

in which Q is a positive half-de�ned weight matrix related to the state vector, while R in the case
of a single-input control is a positive weight coe�cient Whe n minimizing the car body vibration,
it can be assumed thatQ = diag (0 ; qx ; 0; qv). Such a form of the weight matrix should ensure
the minimum of the second and fourth of the state vector variables, i.e. the displacement and
velocity of the spring-supported mass. After the matrix W , which is the solution to the Ricatti
equation

A T W + WA � WB R� 1B T W + Q = 0 (3.3)

is obtained, the matrix L (transposed vector) can be found from the formula

L = R� 1B T W (3.4)
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4. Sliding mode control (SMC)

An alternative option for the active control of the car suspension is to use the algorithm of
sliding mode control SMC (Yoshimura et al., 2001; Sam and Osman, 2005; Huang and Chen,
2006). During the process of regulation, two phases can be distinguished: the approach phase
which lasts till the point that describes the dynamics of the system reaches the so-called \sliding
plane", and the sliding phase. In the analyzed example, the sliding plane can be described using
the formula

S = � xe+ � v _e (4.1)

in which e is the regulation error. When minimizing the displacementsof the spring-supported
mass, this error can be assumed to be equal to the displacement of this mass, meaning
e = x2 = yb. Therefore, after the introduction of the transposed vector

D = [0 ; � x ; 0; � v ] (4.2)

the sliding plane equation can be written in the form

S = Dx (4.3)

The approach to the sliding plane is ensured by the so-calledcompensation (equivalent) com-
ponent of the control, which can be found from the relation

_S = D _x = D (Ax + B u + Fw) = 0 (4.4)

The product DF of the transposed vector D and the vector F de�ned this way is equal
to zero, which means that the equivalent component in this example does not depend on the
excitation. If the model is well-known and no disturbance is present, the equivalent control
de�ned by the formula

ueq(t) = � (DB )� 1DAx (4.5)

compensating all the other forces acting on the spring-supported mass. In theory, the vibration of
the system can be completely damped. Most often, the parameters of the model are not known,
while the structure of the system is more complex, with the model being usually nonlinear. In
a physical system, both the disturbances of the control signal and the time delay between the
regulator and actuator are present. Due to these reasons, additional discontinuous control is
added in form of a switching component: usw(t) (switching control)

usw(t) = � K sw(DB )� 1 sgn (S) = � K sw(DB )� 1 sgn (Dx ) (4.6)

The �nal form of the control signal is given by the formula

u(t) = � (DB )� 1[DAx + K sw sgn (Dx ) (4.7)

in which K sw is found based on the numerical simulation.

5. Semi-active systems

In semi-active systems, the realization of actual LQR or SMCcontrol is not possible because
of their active behavior. Therefore, these algorithms are usually modi�ed to ensure that the
momentary power is always negative (which means that no energy is introduced to the system).
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Additionally, see Orman and Snamina (2009), some sort of limitation is usually imposed on
the control (clipped LQR). For such semi-active control systems, the control is found using the
equation

uclipped = ' (u; umax ; v) (5.1)

in which ' is of form

' (u; umax ; v) =

8
>>>><

>>>>:

0 vu ­ 0

u vu < 0 and juj < u max

umax vu < 0 and u ­ umax

� umax vu < 0 and u ¬ � umax

(5.2)

whereu is the control found from the condition of minimizing functi onal (3.2) or from Eq. (4.7),
umax is the maximal permissible value of control, whilev = vb � vw is the velocity of spring-
supported mass with relation to the non-spring-supported one. The e�ectiveness of semi-active
damping can be estimated through numerical simulations.

6. Results of numerical simulations

The proposed algorithms of active and semi-active damping are based on the assumption that
the model of the system is a precise description of the actualphysical system. In practice, some
sort of uncertainty of the model needs to be taken into account, mostly due to the simpli�ed and
usually linear description of the object and inaccurately determined parameters. Additionally,
the disturbances and the time delay between the control signal and the actuator in
uence the
performance of regulation. The analysis below is limited to�nding the sensitivity of the designed
regulator to the time delay only on the assumption that the acting force U is related to the control
signal u by the equation of a �rst-order �lter

_U = � � (U � u) (6.1)

where � is the inverse of the time constant. In the numerical calculations, the following va-
lues of parameters of the quarter-car model have been chosen: mw = 28 kg, mb = 510 kg,
kw = 180000 N/m, kb = 20000 N/m, cb = 1000 Ns/m.

Below, the e�ect of parameters present in the control algorithms LQR and SMC on the inde-
xes, describing the driving comfort and safety is presented. In order to measure the discomfort
experienced by the passengers, both the displacement and velocity characteristics of the spring-
-supported mass are used. The driving safety is measured using the Eusam index WE , which
calculates the wheel-surface adhesion. Eusam's index is de�ned as a ratio of the maximum force
to the static force acting on the wheel.

The values of indexes related to the driving comfort and safety reach maximum in di�erent
regions of excitation frequency. In the case of the vibration of frequency within the �rst vibration
mode region, the car body displacements are dominant, whichmeans that the driving comfort
is worse. When the frequency of vibration is within the region close to the second natural mode,
the displacements of car suspension are larger, and the wheel adhesion to the road is decreased.
In order to evaluate the global performance of the regulator, it is advised to use either the
frequency characteristics of the system or analyze the response of the system to the excitation
of modulated frequency, e.g. the function \chirp". Below, the function of \chirp" type is used
with a variable amplitude of the excitation. The proposed modi�cation is introduced due to the
fact that the frequency of excitation related to the velocity of the vehicle is increased, with an



816 U. Ferdek, J. Šuczko

increase in the amplitude or, more precisely, with a decrease in the irregularities of the road.
The noticeable e�ect of such a correction to the excitation are more realistic values of the Eusam
index. Without this modi�cation, when the amplitude of exci tation is too high, the Eusam index
is negative within the high frequency range (which denotes the loss of adhesion), and practically
independent of the used vibroisolation system.

Further, it is assumed that with an increase in the excitation frequency, the amplitude
decreases according to the formula

a =
� 1

(� 2 + ! )2 (6.2)

The value of coe�cients � 1 and � 2 are found from the condition that the amplitude value close
to the �rst resonance frequency (! = 8 :396 rad/s) is equal � 0 = 0 :005 m, and around the second
resonance frequency (! = 84:39 rad/s) the amplitude is 0.0004 m (� 1 = 914:2631 ms2/rad 2 and
� 2 = 21:3806 rad/s). Additionally, it is assumed that the frequency increases proportionally to
the square of time

! = ! 1 + "t 2 = ! 1 + ( ! 2 � ! 1)
� t

Tsim

� 2
(6.3)

while in the region limited by the frequencies ! 1 and ! 2 (! 1 = 1 rad/s, ! 2 = 100 rad/s) both
resonance frequencies are present. The parameterTsim is the large enough duration of simulation.
Figure 2 shows the kinematic excitation in the function of time

w(t) = asin
�
! 1t + "

t3

3

�
(6.4)

Fig. 2. Kinematic excitation w(t)

The e�ectiveness of both considered regulators depends on three parameters (qx , qv and R
for LQR, � x , � v and K sw for SMC). As the units of the parameters in both these cases are
di�erent, it is better to use dimensionless control parameters de�ned as follows: � x = qxK 2

x ,
� v = qvK 2

v , � = RK 2
u for LQR and � x = � x K x , � v = � vK v , 
 = K sw=! 0 for SMC, with:

K x = a0, K v = ! 0a0, K u = kba0, ! 0 =
p

kb=mb.
In the case of a linear-quadratic regulator, one of the parameters: � x , � v or � can be chosen

arbitrarily due to the form of functional (3.2). In the numer ical simulation presented here, the
value � v = 1 is chosen. The ratio between the parameters� x and � highly in
uences the results.
With an increase in this ratio, the amplitudes of displacements, velocities and accelerations are
decreased, especially within the range of the �rst resonance. Additionally, the Eusam index is
decreased, which means that the wheel adhesion to the road isworse.

For the values � x = 100 and � = 0 :1 in the wide frequency range, both the amplitude of
vibration (Fig. 3a) and the Eusam index (Fig. 3b) are satisfactory. For example, within the
range of the �rst resonance, a reduction in the displacementamplitude by eight times is visible
(x2 max < 0:6 mm for ! � 8:4 rad/s and a = 5 mm), while in the range of the second resonance,
the index WE > 0:8.
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Fig. 3. LQR controller ( � x = 100, � v = 1, � = 0 :1, � = 100 s� 1): (a) displacement x2, (b) Eusam
index WE

In order to better illustrate the e�ect of control parameter s on the selected frequency cha-
racteristics, in the following �gures (Figs. 4, 5, 6) the maximum (or minimal in the case of the
Eusam index) values of the response of the system to the excitation de�ned by Eqs. (6.2)-(6.4)
are shown.

Figure 4 shows the velocities (Fig. 4a) and the Eusam index (Fig. 4b) as functions of the
excitation frequency acquired for the system with LQR for six di�erent values of parameter � x

and � v = 1, � = 0 :1, � = 100 s� 1. With an increase in the parameter � x , a decrease in the
displacement, velocities and accelerations in the low-frequency range is noticeable, but the Eusam
index (as well as the momentary power) is increased near the second resonance.

Fig. 4. LQR controller { e�ect of parameter � x (� v = 1, � = 0 :1 and � = 100 s� 1): (a) velocity v2,
(b) Eusam index WE

Figure 5 shows the e�ect of the parameter� on the frequency characteristics of the system.
When the value � decreases, both the velocities and displacements decreaseas well (Fig. 5a),
while the acceleration of the spring-supported mass are relatively low within the low-frequency
range (Fig. 5b). As the lower values of the parameter� require less restrictions imposed on the
control signal, with a decreasing of its value, the control forces, Eusam index (Fig. 5c) and the
momentary power (Fig. 5d) begin to rise (rapidly at � < 0:05).

The e�ect of time delay between the control signalu { force U, (Fig. 6; velocities and power),
is notice within the high-frequency range. In a relatively wide range, with an increase in the
parameter � (larger time delay), both the vibration of the spring-supported mass (Fig. 6a) and
the value of dynamic reaction increase, which causes the minimum value of Eusam index to
decrease. Within this range, high values of the power (Fig. 6b), denoting changes in energy
introduced to the system, can be observed. Although the parameters of control are chosen to be
optimal, the active system is not very e�ective in this range of frequencies.

Figure 7 shows the displacements and Eusam index for the SMC regulator obtained in the
similar way as for LQR (Fig. 3). The numerical simulations are performed for � x = � v = 1,

 = 0 :1 and � = 100 s� 1. The function sgn (S), present in Eq. (4.6), is approximated by a
continuous function 2=� arctan(�S ) with the parameter � = 100. In the case of SMC regulator,
much better vibration reduction can be accomplished (Fig. 7a) than for LQR (Fig. 3a) especially
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Fig. 5. LQR controller { e�ect of parameter � (� x = 100, � v = 1, � = 100 s� 1): (a) velocity v2,
(b) acceleration a2, (c) Eusam index WE , (d) momentary power P

Fig. 6. LQR regulator { e�ect of parameter � (� x = 100, � v = 1, � = 0 :1): (a) velocity v2,
(b) momentary power

Fig. 7. SMC regulation (� x = � v = 1, 
 = 0 :1, � = 100 s� 1): (a) displacement x2, (b) Eusam index WE

in the low-frequency range. Similarly, as with LQR, within t he high-frequency range both the
Eusam index (Fig. 7b) and the momentary power (not shown here) are unsatisfactory.

Figure 8 shows the characteristics of the SMC regulator obtained for six di�erent values
of the parameter � x . The e�ect of the parameter � x on the frequency characteristics is, apart
from the slightly di�erent plot, similar to the parameter � x for LQR (Fig. 4). With an increase
in � x , the amplitude of vibration decreases in the lower frequency range. However, if this value
is too high, the so-called e�ect of \chattering" might occur , which causes the characteristic of
the system to greatly deteriorate in the high-frequency range.
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Fig. 8. SMC regulation { e�ect of parameter � x (� v = 1, 
 = 0 :1, � = 100 s� 1): (a) velocity v2,
(b) Eusam index WE

Fig. 9. SMC regulation { e�ect of parameter 
 (� x = � v = 1, � = 100 s� 1): (a) acceleration a2,
(b) Eusam index WE

The \chattering" e�ect { the appearance of high frequency oscillation, is caused mostly by
the switching component of controlusw(t), visible in the time plots. This e�ect is also the cause of
irregular frequency characteristics plots. Figure 9a (maximum accelerations) and Fig. 9b (Eusam
index) obtained for � x = � v = 1, � = 100 s� 1 and �ve di�erent values of 
 partially illustrate
the e�ect of \chattering". From the analysis of numerous results of numerical simulations, a
conclusion can made that with an increase in the parameter
 (and also � x ) the vibration
amplitudes decrease in the range of the �rst resonance, but for the excitation of high frequency,
the maximal value of the control force is increased, while the minimal value of the Eusam index
is decreased (Fig. 9b). Additionally, after exceeding certain values (for 
 > 0:1), a rapid rise in
accelerations in noticeable (Fig. 9a) and the possibly of occuring of the \chattering" e�ect is
high.

The frequency characteristics of the system depend also on the value of the parameter� .
This in
uence is visible in Fig. 10, obtained for six values of � and � x = � v = 1, 
 = 0 :1. With
an increase in� , the regulator is more e�ective in the low-frequency range (see Fig. 10a for
velocities, Fig. 10b for accelerations), however its e�ciency is greatly decreased in the second
resonance range, and the power requirement is much higher, especially for high values of the
parameter � x (for � x > 1).

Figure 11 shows the frequency characteristics of semi-active LQR (denoted as LQR-S) for
� x = � v = 1 and � = 0 :1, and also SMC (SMC-S) for� x = � v = 1 and 
 = 0 :1. Additionally, a
characteristic of the system without regulator is presented (LIN).

For the parameters chosen as such, the e�ciency of the semi-active damper is satisfactory
both in terms of driving comfort (Fig. 11a) and safety (Fig. 11b). Within the range of the
�rst resonance, both semi-active systems are thrice as e�ective as the passive system. In the
high-frequency range on the other hand, the performance of semi-active and passive systems
is compatible. Semi-active regulators, when compared to the active ones, are less vulnerable to
changes in the parameter� . In the calculations, these values have been assumed as� = 100 s� 1

and umax = 10K u .
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Fig. 10. SMC regulation { e�ect of parameter � (� x = � v = 1, 
 = 0 :1): (a) velocity v2, (b) momentary
power

Fig. 11. Comparison of semi-active LQR-S, SMC-S and passiveLIN system (� = 100 s� 1):
(a) displacement x2, (b) Eusam index WE

It needs to be pointed out that the value of the parameter � x for LQR-S is di�erent from
the one used for LQR. For the previously used parameters� x , � v and � , the system with LQR-S
controller does not behave well in the low-frequency regime(below to 60 rad/s). The SMC-S
regulator works well when the parameters� x and 
 are low, but the e�ect of the parameter � x

is less signi�cant than in the case of active control { that is why the same value as for the SMC
is used in the calculations.

Both semi-active systems reduce the amplitude of displacement to the same degree. Although
both areless e�ective in the minimization of vibration when compared to the active systems, but
when compared in terms of driving safety both are better due to much higher minimum values
of the Eusam index.

Fig. 12. Control force characteristic (! = 8 :396 rad/s and a = 5 mm, � = 100 s� 1): (a) LQR-S,
(b) SMC-S

The similar operation of LQR-S and SMC-S, is most probably the e�ect of similar for-
ce characteristics generated by both regulators. Figures 12 and 13 show the relation between
the control force and the relative velocity for LQR-S (� x = � v = 1, � = 0 :1) and SMC-S
(� x = � v = 1, 
 = 0 :1) systems.

It is assumed that the system is exposed to harmonic excitation de�ned by the parameters:
! = 8 :396 rad/s and a = 0 :005 m (�rst resonance) and ! = 84:39 rad/s and a = 0 :0004 m
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Fig. 13. Control force characteristic (! = 84:39 rad/s, a = 0 :4 mm, � = 100 s� 1): (a) LQR-S, (b) SMC-S

(second resonance). The plot of the characteristics in the �rst and third quadrant of the system
is due to the condition imposed on the momentary power. A less-than-ideal plot of the curve
in those quadrants is the result of replacing the discontinuous function (5.2) by a continuous
one. For the angular frequency! = 8 :396 rad/s, both characteristics are similar qualitatively
and quantitaviley. For the second resonance, the di�erences are more signi�cant with the visibly
higher control force values of SMC-S.

7. Conclusions

From the analysis of the results and observations obtained from numerical simulations performed
under di�erent conditions, several conclusions can be drawn:

� The application of both active systems, especially the SMC algorithm, greatly reduces the
amplitude, velocity and acceleration within the frequencyrange close to the �rst resonance,
which in turn slightly increases the comfort of passengers during driving.

� Active systems are however unsatisfactory, within the range of the second resonance fre-
quency, as they decrease the Eusam index describing how wellthe wheel-road adhesion is,
and also increase the momentary power, and so the energy thatneeds to be introduced to
the system.

� The analyzed systems, especially the active controllers, are sensible to time delay between
the regulator and the actuator. This fact should be taken into consideration when choosing
the parameters of the regulator.

� The semi-active systems are visibly less e�ective within the region of the �rst resonance
frequency, however due to their lower cost and higher resistance to control signal time
delays, they can become an alternative to the active systems.
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A fracture mechanics problem for a coating linked to the basis made of another elastic
material is considered. It is assumed that in the vicinity of technological defect (crack) in
the process of loading in the coating, there will arise prefracture zones (damages) that are
modeled as the areas of weakened interparticle bonds of the material. In the prefracture
zones (interlayers of the overstressed material), the coating material is deformed beyond the
limit of elasticity. It is considered that during loading in the cross section of the coating
in the vicinity of the crack, there is an arbitrary number of r ectilinear prefracture zones.
The condition determining the limiting value of the externa l load at which the crack growth
happens is obtained.

Keywords: coating, elastic foundation, crack with plastic end zones,prefracture zones

1. Introduction

Analysis of the present state of coatings revealed that the coating materials have crack-visible
discontinuities. In the cross sections of the coating, there arise transition zones where physico-
-mechanical features of the material di�er from the features of the basic coating. The indicated
damages in the coating cross section may have both natural origin (lamination, inclusions, po-
res) or be caused by technological processes. In spite of importance of the enumerated factors
on coating strength, up today, these issues have not found due consideration in calculation me-
thods. Development of calculation models of investigationof damage of a coating on an elastic
foundation is a very urgent problem. A problem on interactions of damages on crack growth
(Mirsalimov and Rustamov, 2012a,b) is an important problem of strength theory. Wide litera-
ture, e.g. Kulchytsky-Zhyhailo and Rogowski (2007), Haj-Ali (2009), Tukashev and Adilhanova
(2010), Ameri et al. (2011), Hasanov (2010, 2013), Hasanov and Mirsalimov (2014) and others
has been devoted to investigation of the stress strain stateand fracture of the coating on an
elastic foundation.

2. Formulation of problem

Consider with respect to Cartesian coordinatesx; y a double-layer body consisting of a coating
of thicknessh with the elastic characteristics G1 (shear modulus) and� 1 (Poisson ratio) linked
with an elastic half-plane with characteristics G2 and � 2 (Fig. 1).

Consider a fracture mechanics problem for a double layer body when the normal load P is
applied to the external surface of the coating. The remaining part of the coating is not loaded. It is
accepted that the coating material has a crack with end plastic zones (Leonov-Panasyuk-Dugdale
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Fig. 1. A scheme of the problem of interaction of prefracturezones and cracks with end zones in the
coating

crack model), see Leonov and Panasyuk (1959), Dugdale (1960). It is assumed that in the coating
material in the vicinity of the crack, after repeated loading, there appear damages (prefracture
zones) that are modeled as areas of interparticle bonds of the material. At the loading with
external loading in the interlayer of the overstressed material a plastic 
ow is formed. Let,
for de�niteness, the power loadings change so that plastic deformation is realized in the area
of weakened interparicle bonds of the material. Interaction of the faces of prefracture zones
is modeled by the lines of plastic 
ow between them (degenerated plastic deformation zones).
Under constant stress the sizes of plastic 
ow zones (prefracture zones) depend on the form of
the material. General tendency to formation of areas with a broken structure of the material
at early stages of fracture in the form of narrow layers occupying slight volume of the body
compared with its elastic zone (Panasyuk, 1991; Mirsalimov, 1987; Rusinko and Rusinko, 2011)
is known well from practice. The sizes of prefracture zones at the end plastic deformation zones
at the crack tips are unknown beforehand and should be de�ned. Interaction of the prefracture
zones in the vicinity of technological defect (crack) may reduce to the loss of crack stability,
appearance of new cracks. It is assumed that the prefracturezones are oriented in the direction
of action of maximal tensile stresses appearing in the coating.

Since the indicated zones are small compared with the remaining elastic part of the coating,
one can mentally remove them changing it by cuttings whose surfaces interact between them-
selves by some law corresponding to the action of the removedmaterial. In the coating cross
section the crack with end zones is of length 2l1 along the axis x1. Let in the coating in the
vicinity of the crack there will be ( N � 1) prefracture zones of length 2lk (k = 1 ; 2; : : : ; N )
(Fig. 1). In the centers of prefracture zones and the crack with end zones, we locate the origin
of a local system of coordinatesxkOkyk whose axesxk coincide with the prefracture zones and
the crack, and make the anglesak with the axis x (Fig. 1).

Under the action of the external power loadP on the coating surface in bonds connecting
the prefracture zone faces and the cracks in end zones, therewill arise normal qyk = � S and
tangential qxk yk = � S stresses (k = 1 ; 2; : : : ; N ), where � S is the yield point of the coating
material for tension; � S is the yield point of the material for shear.

The boundary conditions of the problem are written in the form (the upper index 1 corre-
sponds to the coating, the upper index 2 to the half-plane):
| for y = 0

� (1)
y = � P � (x) � (1)

xy = 0 (2.1)

| for y = � h

u(1) + i v(1) = u(2) + i v(2) � (1)
y + i � (1)

xy = � (2)
y + i � (2)

xy (2.2)

| for y1 = 0

� 11 < x < � 21 � (1)
y = 0 � (1)

xy = 0 (2.3)



E�ect of damages on crack development in coating on elastic foundation 825

| for y1 = 0, � `1 ¬ x1 ¬ � 11 and � 21 ¬ x1 ¬ `1

� (1)
y1

= � s � (1)
x1y1

= � s (2.4)

and

� (1)
yk

= � s � (1)
xk yk

= � s on L k (k = 1 ; 2; : : : ; N ) (2.5)

where L k are the faces of thek-th prefracture zone; � (x) is Dirac's impulse function, � x ; � y ; � xy

are stress tensor components;u; v are displacement vector components: asy ! �1 the displa-
cements and stresses disappear.

3. The method of the boundary-value problem solution

For the solution of the problem under consideration we use the superposition principle. Then we
can represent the state of a double-layer body in the form of the sum of two stress-strain states:

1) adhesive connection of materials without a crack and prefracture zones under the action
of the external normal load P on the external surface of the coating;

2) stress-strain state of a coating with a crack and prefracture zones on the faces of which
the stresses equal in value and opposite in sign, de�ned by the �rst stress-strain state for
y1 = 0 and on L k are additionally applied.

The boundary conditions for the �rst stress state are of the form (2.1)-(2.2).
For the solution of boundary value problem (2.1), (2.2), we use Papkovich-Neiber's four

functions F m
n (x; y) (n; m = 1 ; 2). Two of them are for the coating (upper index 1) and two for

the half-plane (upper index 2).
The stresses and strains are expressed by the Parkovich-Neiber function by the known for-

mulae (U
yand, 1967)

� (m)
y

2Gm
= 2(1 � � m )

@Fm2
@y

�
@2F m

1

@y2
� y

@2F m
2

@y2

� (m)
xy

2Gm
=

@
@x

h
(1 � 2� m )F m

2 �
@Fm1
@y

� y
@Fm2
@y

i

u(m) = �
@Fm1
@x

� y
@Fm2
@x

v(m) = (3 � 4� m )F m
2 �

@Fm1
@y

� y
@Fm2
@y

(3.1)

Taking into account the symmetry of the problem in x, we use the Fourier cos-transformation.
Accept that

F 1
1 =

1Z

0

(A sinh �y + B cosh�y ) cos�x d�

F 1
2 =

1Z

0

(C sinh�y + D cosh�y )� cos�x d�

F 2
1 =

1Z

0

Ee�y cos�x d� F 2
2 =

1Z

0

F e�y � cos�x d�

(3.2)
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Satisfying by functions (3.1), (3.2) boundary conditions (2.1), (2.2), we get a system of six
linear algebraic equations with respect to six unknown functions A(� ), B (� ), C(� ), D (� ), E (� ),
F (� )

2(1 � � 1)(C cosh�h + D sinh�h ) � A sinh�h � B cosh�h

� �h (C sinh �h + D cosh�h ) = �
P

2�G 1� 2

(1 � 2� 1)(C sinh�h + D cosh�h ) � A cosh�h � B sinh�h

� �h (C cosh�h + D sinh�h ) = 0

B = E (3 � 4� 1)D � A = (3 � 4� 2)F � E

G1[2(1 � � 1)C � B ] = G2[2(1 � � 2)F � E ]

G1[(1 � 2� 1)D � A] = G2[(1 � 2� 2)F � E ]

(3.3)

Solving algebraic system of equations (3.3) by the method ofsuccessive exclusion of unknowns,
we �nd the coe�cients A(� ), B (� ), C(� ), D (� ), E (� ), F (� )

D =
� 1

�
F =

� 2

�
E = B

A =
1

a11
(B1 � a12B � a13C � a14D � a15F )

B =
1

c11

�
B2 �

a21

a11
B1 � c12C � c13D � c14F

�

C =
1

A �
11

�
b�

2 �
c21

c11
b�

1 � A �
12D � A �

13F
�

Here

a11 = � sinh�h a 12 = � cosh�h a 13 = 2(1 � � 1) cosh�h � �h sinh �h

a14 = 2(1 � � 1) sinh �h � �h cosh�h a 15 = 0 a21 = � cosh�h

a22 = � sinh�h a 23 = (1 � 2� 1) sinh �h � �h cosh�h

a24 = (1 � 2� 1) cosh�h � �h sinh �h a 25 = 0 a31 = � 1 a32 = 1

a33 = 0 a34 = 3 � 4� 1 a35 = � (3 � 4� 1) a41 = � G1 a42 = 1

a43 = 0 a44 = G1(1 � 2� 1) a45 = � G2(1 � 2� 2) a51 = 0

a52 = 1 � 2G1(1 � � 1) a53 = 2G1(1 � � 1) a54 = 0

a55 = � 2G2(1 � 2� 2) B1 = �
P

2�G 1� 2 B2 = 0

B3 = 0 B4 = 0 B5 = 0

c11 = a22 � a12
a21

a11
c12 = a23 � a13

a21

a11
c13 = a24 � a14

a21

a11

c14 = a25 � a15
a21

a11
c21 = a32 � a12

a31

a11
c22 = a33 � a13

a31

a11

c23 = a34 � a14
a31

a11
c24 = a35 � a15

a31

a11
c31 = a42 � a12

a41

a11

c32 = a43 � a13
a41

a11
c33 = a44 � a14

a41

a11
c34 = a45 � a15

a41

a11

c41 = a52 � a12
a51

a11
c42 = a53 � a13

a51

a11
c43 = a54 � a14

a51

a11

c44 = a55 � a15
a51

a11
A �

11 = c22 � c12
c21

c11
A �

12 = c23 � c13
c21

c11
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A �
13 = c24 � c14

c21

c11
A �

21 = c32 � c12
c31

c11
A �

22 = c33 � c13
c31

c11

A �
23 = c34 � c14

c31

c11
A �

31 = c42 � c12
c41

c11
A �

32 = c43 � c13
c41

c11

A �
33 = c44 � c14

c41

c11

b�
1 = �

a21

a11
B1 b�

2 = �
a31

a11
B1 b�

3 = �
a41

a11
B1 b�

4 = �
a51

a11
B1

� =
�
A �

22 � A �
12

A �
21

A �
11

��
A �

33 � A �
13

A �
31

A �
11

�
�

�
A �

23 � A �
13

A �
21

A �
11

��
A �

32 � A �
12

A �
31

A �
11

�

� 1 = M 1

�
A �

33 � A �
13

A �
31

A �
11

�
� M 2

�
A �

23 � A �
13

A �
21

A �
11

�

� 2 = M 2

�
A �

22 � A �
12

A �
21

A �
11

�
� M 1

�
A �

32 � A �
12

A �
31

A �
11

�

M 1 = b�
3 �

c31

c11
b�

1 �
�
b�

2 �
c21

c11
b�

1

� A �
21

A �
11

M 2 = b�
4 �

c41

c11
b�

1 �
�
b�

2 �
c21

c11
b�

1

� A �
31

A �
11

By means of formulae (3.1), (3.2), we �nd the stress components jx1j ¬ `1, y1 = 0 and L k

(jxk j ¬ `k , yk = 0, k = 1 ; 2; : : : ; N ).
The boundary conditions of the problem for the second stress-strain state take the form:

| for y = 0

� (1)
y = 0 � (1)

xy = 0 (3.4)

| for y = � h

� (1)
y = 0 � (1)

xy = 0 (3.5)

| for y1 = 0

� y1 � i� x1y1 =

(
� (� 1

y1
� i� 1

x1y1
) on the crack faces

� s � i� s � (� 1
y1

� i� 1
x1y1

) on the end zone faces of the crack
(3.6)

| for yk = 0, jxk j ¬ `k

� yk � i� xk yk = � s � i� s � (� 1
yk

� i� 1
xk yk

) (k = 1 ; 2; : : : ; N ) (3.7)

By means of the Kolosov-Muskhelishvili formulae (Muskhelishvili, 1977), we represent bo-
undary conditions (3.5)-(3.7) in the form of the boundary value problem for �nding the two
analytic functions � (z) and 	 (z)

y = 0 � (z) + � (z) + z� 0(z) + 	 (z) = 0

y = � h � (z) + � (z) + z� 0(z) + 	 (z) = 0

yk = 0 � (xk ) + � (xk ) + xk � 0(xk ) + 	 (xk ) = Fk

(3.8)

where

F1 =

(
� (� 1

y1
� i� 1

x1y1
) on the crack faces

� S � i� S � (� 1
y1

� i� 1
x1y1

) on the end zone faces of the crack

Fk = � S � i� S � (� 1
yk

� i� 1
xk yk

) (k = 1 ; 2; : : : ; N )
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We look for the complex potentials � (z) and 	 (z) (Panasyuk et al., 1977) in the form

� (z) =
1

2�

N +1X

k=0

`kZ

� `k

gk (t)
t � zk

dt

	 (z) =
1

2�

N +1X

k=0

e� 2i� k

`kZ

� `k

h gk (t)
t � zk

�
Tkei � k

(t � zk )2 gk (t)
i

dt

(3.9)

where

Tk = tei � k + z0
k zk = e � i � k (z � z0

k )

Using transformation formulae (Muskhelishvili, 1977) in transfoming into the new system of
coordinates

� k(zk ) = �
�
zkei � k + z0

k

�

	 k(zk ) = e 2i� k
h
	

�
zkei � k + z0

k

�
+ z0

k � 0
�
zkei � k + z0

k

�i (3.10)

we write complex potentials � n(zn ) and 	 n (zn ) for the considered problem in the system of
coordinatesxnOn yn

� n(zn ) =
1

2�

N +1X

k=0

`kZ

� `k

gk (t)
t � zk

dt

	 n(zn ) =
1

2�

N +1X

k=0

e2i� nk

`kZ

� `k

h gk (t)
t � zk

�
(Tk � zn )ei � k

(t � zk )2 g0
k (t)

i
dt

(3.11)

where

zk = e � i � k
�
znei � n + z0

n � z0
k

�
� nk = � n � � k

Having de�ned by the Kolosov-Muskhelishvili formula (Musk helishvili, 1977) the stresses on
the axis xn and substituting into boundary condition (3.8), after some transformations, we get
a system ofN + 2 integral equations:
| for jxj < 1

1Z

�1

hg0
0(t)

t � x
+ g0

N +1 (t)K 0;N +1 (t � x) + g0
N +1 (t)L 0;N +1 (t � x)

i
dt

= �
NX

k=1

`kZ

� `k

[g0
k (t)K 0;k (t; x ) + g0

k (t)L 0;k (t; x )] dt

1Z

�1

hg0
N +1 (t)
t � x

+ g0
0(t)K N +1 ;0(t � x) + g0

0(t)L N +1 ;0(t � x)
i

dt

= �
NX

k=1

`kZ

� `k

[g0
k (t)K N +1 ;k (t; x ) + g0

k (t)L N +1 ;k (t; x )] dt

(3.12)
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| for jxj < ` n (n = 1 ; 2: : : ; N )

`kZ

� `k

g0
n (t)

t � x
+

X

k6= n

" `kZ

� `k

g0
k (t)K nk (t; x ) + g0

k (t)L nk (t; x )

#

dt

+
1Z

�1

[g0
0(t)K n;0(t; x ) + g0

0(t)L n;0(t; x )] dt

+

1Z

�1

[g0
N +1 (t)K n;N +1 (t; x ) + g0

N +1 (t)L n;N +1 (t; x )] dt = �F n (x)

(3.13)

Here

K 0;N +1 (x) = K N +1 ;0(x) =
x

x2 + h2 L 0;N +1 (x) = L N +1 ;0(x) =
ih

(x + i h)2

K 0;k (t; x ) =
ei � k

2

� 1
Tk � x � ih=2

+
1

T k � x + i h=2

�

L 0;k (t; x ) =
e� i � k

2
T k � Tk + i h

(T k � x + i h=2)2

K n;0(t; x ) =
1
2

� 1
t + i h=2 � X n

+
e� 2i� n

t � ih=2 � X n

�

L n;0(t; x ) =
1
2

� 1
t � ih=2 � X n

�
t + i h=2 � X n

(t � ih=2 � X n)2
e� 2i� n

�

K N +1 ;k (t; x ) =
ei � k

2

� 1
Tk � x + i h=2

+
1

T k � x � ih=2

�

L N +1 ;k (t; x ) =
e� i � k

2
T k � Tk � ih

(T k � x � ih=2
� 2

K n;N +1 (t; x ) =
1
2

� 1
t � ih=2 � X n

+
e� 2i� n

t + i h=2 � X n

�

L n;N +1 (t; x ) =
1
2

� 1
t + i h=2 � X n

�
t � ih=2 � X n

(t + i h=2 � X n

� 2 e� 2i� n
�

K nk (t; x ) =
ei � k

2

� 1
Tk � X n

+
e� 2i� n

(T k � X n )2

�

L nk (t; x ) =
e� i � k

2

� 1
Tk � X n

�
Tk � X n

(T k � X n )2
e� 2i� n

�

X n = xei � n + z0
n

(3.14)

For convenience, in (3.12) and (3.13) and further, we omit the index in xn . From the system
of N + 2 singular integral equations (3.12) and (3.13) we excludetwo unknown functions g0

0(t)
and g0

N +1 (t).
We can write the solutions to equations (3.12) in the following way

g0
0(t) =

1Z

�1

[D0(t)W1(x � t) + D0(t)W2(x � t) + DN +1 (t)W3(x � t)

+ DN +1 (t)W4(x � t)] dt (3.15)
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g0
N +1 (t) =

1Z

�1

[D0(t)W3(x � t) + D0(t) W4(x � t) + DN +1 (t)W1(x � t)

+ DN +1 (t) W2(x � t)] dt

Here

D0(x) = �
1
�

NX

k=1

`kZ

� `k

[g0
k (t)K 0;k (t; x ) + g0

k (t)L 0;k (t; x )] dt

DN +1 (x) = �
1
�

NX

k=1

`kZ

� `k

[g0
k (t)K N +1 ;k (t; x ) + g0

k (t)L N +1 ;k (t; x )] dt

W1(x) =
1
2

[M 1(x) + N1(x)] W2(x) =
1
2

[M 2(x) + N2(x)]

W3(x) =
1
2

[M 2(x) � N2(x)] W4(x) =
1
2

[M 1(x) � N1(x)]

M 1(x) = �
i

4�

1Z

�1

sgns[ehjsj + h(jsj + s)]
sinh jsjh + jsjh

eisx ds

M 2(x) =
i

4�

1Z

�1

sgns
sinh jsjh + jsjh

eisx ds

N1(x) = �
i

4�

1Z

�1

sgnsf [ehjsj � h(jsj + s)]eisx � (1 + i sx) + hsg
sinhjsjh � j sjh

ds

N2(x) = �
i

4�

1Z

�1

sgns(eisx � 1 � isx)
sinh jsjh � j sjh

ds

(3.16)

Now substituting into (3.15) the expressions forD0(x) and DN +1 (x) from (3.16), we �nd

g0
0(x) = �

NX

k=1

`kZ

� `k

[g0
k (u)M 0;k (u; x) + g0

k (u)N0;k (u; x)] du

g0
N +1 (x) = �

NX

k=1

`kZ

� `k

[g0
k (u)M N +1 ;k (u; x) + g0

k (u)NN +1 ;k (u; x)] du

(3.17)

Here

M 0;k (u; x) =
1
�

1Z

�1

[W1(x � t)K 0;k (u; t ) + W2(x � t)L 0;k (u; t )

+ W3(x � t)K N +1 ;k (u; t ) + W4(x � t)L N +1 ;k (u; t )] dt

N0;k (u; x) =
1
�

1Z

�1

[W1(x � t)L 0;k (u; t ) + W2(x � t)K 0;k (u; t )

+ W3(x � t)L N +1 ;k (u; t ) + W4(x � t)K N +1 ;k (u; t )] dt (3.18)

M N +1 ;k (u; x) =
1
�

1Z

�1

[W3(x � t)K 0;k (u; t ) + W4(x � t) L 0;k (u; t )

+ W1(x � t)K N +1 ;k (u; t ) + W2(x � t) L N +1 ;k (u; t )] dt
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NN +1 ;k (u; x) =
1
�

1Z

�1

[W3(x � t)L 0;k (u; t ) + W4(x � t) K 0;k (u; t )

+ W1(x � t)L N +1 ;k (u; t ) + W2(x � t) K N +1 ;k (u; t )] dt

Now substituting these formulas into (3.13), after some transformations, we get a system of
N singular integral equations of the considered problem forjxj ¬ `n (n = 1 ; 2; : : : ; N )

`kZ

� `k

g0
k (t)

t � x
dt +

NX

k=1

`kZ

� `k

[g0
k (t)Rnk (t; x ) + g0

k (t)Snk (t; x )] dt = �F n (xn ) (3.19)

where

Rnk (t; x ) = (1 � � nk )K nk (t; x )+ rnk (t; x ) Snk (t; x ) = (1 � � nk )L nk (t; x )+ snk (t; x ) (3.20)

and

rnk (t; x ) =
1Z

�1

[K n;0(�; x )M 0;k (t; � ) + L n;0(�; x )N0;k (t; � )

+ K n;N +1 (�; x )M N +1 ;k (t; � ) + L n;N +1 (�; x )NN +1 ;k (t; � )] d�

snk (t; x ) =

1Z

�1

[K n;0(�; x )N0;k (t; � ) + L n;0(�; x )M 0;k (t; � )

+ K n;N +1 (�; x )NN +1 ;k (t; � ) + L n;N +1 (�; x )M N +1 ;k (t; � )] d�

(3.21)

After substituting into (3.21) integrals (3.18), the kerne ls rnk (t; x ) and snk (t; x ) will be repre-
sented by three-fold iterated integrals. After integration, these expressions may be represented
by single integrals.

Omitting very bulky calculations, for the kernels rnk (t; x ) and snk (t; x ) we �nally �nd

rnk (t; x ) =

1Z

0

h� 1
sinhhs + hs

+
1

sinhhs � hs

�
Hnk (X n ; Tk ; s; � n ; � k )

+
� 1

sinhhs + hs
�

1
sinhhs � hs

�
Gnk (X n ; Tk ; s; � n ; � k )

i
ds

snk (t; x ) =
1Z

0

h� 1
sinhhs + hs

�
1

sinhhs � hs

�
Hnk (X n ; T k ; s; � n ; � � k )

+
� 1

sinhhs + hs
+

1
sinhhs � hs

�
Gnk (X n ; T k ; s; � n ; � � k )

i
ds

(3.22)

where

Hnk (X n ; T k ; s; � n ; � � k ) =
ei � k

4
f sin(X n � T k )s

� sin(Tk � X n )shhs + e � 2i� n [1 � hs + s2(Tk � T k)(X n � X n ) + h2s2]i

+ hs(Tk � T k ) � e� 2i� n [(Tk � Tk ) + hs2(X n � X n � Tk + T k )]i cos(Tk � X n )s

+ e � hs[sin(Tk � X n )s + e � 2i� n sin(T k � X n )s]g

Gnk (X n ; Tk ; s; � n ; � k ) =
ei � k

4
f� [1 + e� 2i� n (� 1 + hs)] sin(T k � X n )s � hs sin(Tk � X n )s

� s(Tk � T k) cos(Tk � X n )s � e� 2i� n (X n � X n )s cos(T k � X n )s + e � hs[sin(Tk � X n )s

� e� 2i� n sin(Tk � X n )s + e � 2i� n sin(X n � X n � Tk + Tk )s cos(Tk � X n )s]g

(3.23)
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Note that the functions rnk (t; x ) and snk (t; x ) are regular. They de�ne the e�ect of faces of
the band on the stress state near the crack tips. To the systemof singular equations (3.19) for
internal cracks, we should add the additional conditions

`kZ

� `k

g0
k (t) dt = 0 ( k = 1 ; 2; : : : ; N ) (3.24)

Using the procedure for converting (Panasyuket al., 1977; Mirsalimov, 1987) at conditions
(3.24), the system of complex singular integral equations (3.19) is reduced to a system of
N � M algebraic equations for determining theN � M unknowns g0

k (tm ) (k = 1 ; 2; : : : ; N ;
m = 1 ; 2; : : : ; M )

1
M

MX

m=1

NX

k=1

`k [g0
k (tm )Rnk (`k tm ; `n xr ) + g0

k (tm )Snk (`k tm ; `nxr )] = F 0
n (x0

r )

MX

m=1

g0
n (tm ) = 0 ( n = 1 ; 2; : : : ; N )

(3.25)

If in (3.25) we pass to complex conjugate values, we get one more N � M algebraic equations.
For completeness of algebraic equations, we need 2� N complex equations determining the

sizes of prefracture zones.
The solution of the system of integral equations is sought inthe class of everywhere bounded

functions (stresses). Consequently, it is necessary to addto system (3.25) the conditions of stress
boundedness at the ends of the crack and prefracture zonesxk = � lk (k = 1 ; 2; : : : ; N ). These
conditions are of the form

MX

m=1

(� 1)m g0
n (tm ) cot

2m � 1
4M

� = 0 ( n = 1 ; 2; : : : ; N )

MX

m=1

(� 1)M + m g0
n (tm ) tan

2m � 1
4M

� = 0

(3.26)

The obtained resolving systems of equations can be determines under the given external
load the stress-strain state of the coating linked with elastic foundation in the availability of a
crack and arbitrary number of prefracture zones in the coating. The united resolving system of
equations becomes nonlinear because of the unknown valueslk (k = 1 ; 2; : : : ; N ). For its solution,
we use the method of successive approximations the essence of which is the following. We solve
system (3.25) at some de�nite valuesl �k (k = 1 ; 2; : : : ; N ) of the sizes of prefracture zones and
the crack end zones with respect to the remaining unknowns. The remaining unknowns enter
into the system linearly. The values of l �k and the found quantities gk (tm ) are substituted into
(3.26), i.e. into the unused equations of the system. The taken values of the parametersl �k and
the appropriate values gk (tm ) will not, generally speaking, satisfy equations (3.26). Therefore,
by selecting the values of the parametersl �k , we will repeat the calculations until equations (3.26)
of system (3.25) and (3.26) are satis�ed with the given accuracy. At each approximation, the
algebraic system is solved by the Gauss method with choosingthe principal element.

Using the solution of the problem, calculate the opening on the faces of the crack and
prefracture zones

�
1 + �
2G1

�` k

M

M 1X

m=1

gk (tm ) = vk (x0k ; 0) � iuk (xok; 0) (k = 1 ; 2; : : : ; N )

Here, M 1k is the number of nodal points contained in the interval (� lk ; x0k ).
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For the displacement vector modulus on the faces of the crackand prefracture zone for
x = x0k , we have

V0k =
q

u2
k + v2

k =
1 + �
2G1

�` k

M

q
A2

k + B 2
k (3.27)

where

Ak =
M 1kX

m=1

vk (tm ) Bk =
M 1kX

m=1

uk (tm ) (k = 1 ; 2; : : : ; N )

To determine the external load at which the crack propagation occurs, we use the criterium
of critical opening of crack faces at the foundation of the plastic deformations zone. Then the
condition determining the limiting value of the external lo ad will be the equality

V01(� 11) = � c V01(� 21) = � c (3.28)

where � c is a characteristic of the fracture toughness of the coatingmaterial de�ned experimen-
tally.

The obtained solution of the problems allows one to predict the appearance of new cracks
in the coating material. Tp achieve that, the problem statement should be complemented with
the condition (criterion) of the crack appearance (discontinuity of interparticle bonds of the
material). In place of such a condition, we accept the criterium of critical opening of prefracture
zone faces

j(v+
k � v�

k ) � i(u+
k � u�

k )j = � cr (k = 2 ; : : : ; N ) (3.29)

where � cr is the characteristics of resistance of the material to cracking.
Using the obtained solution, we can write the limit condition in the form

V0k (x �
k ) = � cr (k = 2 ; : : : ; N ) (3.30)

where x �
k is the coordinate of the point of the prefracture zone at which discontinuity of the

material interparticle bonds occurs.
These additional conditions enables �nding the coating parameters at which new cracks

appear in the coating cross section. Dependences of the length of the crack-tip zone
d1 = ( l1 � � 11)=l1 on the value of the load p� = P=h� s for di�erent values of the crack length
l � = ( � 21� � 11)=l1 for � 1 = 45 � and z0 = (0 :05h� i0:25h) are depicted in Fig. 2. The dependences
of the prefracture zone lengthl2=h on the dimensionless value of the external loadP=h� s under
di�erent orientation angles of the prefracture zone location in the casel � = 0 :75 are depicted
in Fig. 3. The dependences of the opening of prefracture zonefaces�=� 0 along the prefracture
zone x2=l2 at di�erent orientation angles of the prefracture zone location in the case l � = 0 :75
are depicted in Fig. 4. Here� 0 = �E 1� c=8� s. Figure 5 represents the dependence of the critical
load pc = P=h� s on the dimensionless length of the crack� = l � =h for � 1 = 45 � .

4. Conclusions

Experimental data from operational practice of the pair \coating-elastic foundation" convin-
cingly show that at the design stage it is necessary to take into attention the cases when the
coating may have damages and cracks. The existing methods ofstrength analysis of the pair
\coating-elastic foundation" ignore this case. Such a situation makes it impossible to design a pa-
ir \coating-foundation" with minimal speci�c consumption of materials at guaranteed reliability
and durability.
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Fig. 2. Dependence of the length of the left end zoned1 = ( `1 � � 11)=R1 on the dimensionless external
load p� = P=h� s for di�erent values of the crack length ` � = ( � 21 � � 11)=`1 for � 1 = 45 � and

z0 = 0 :05h � i0:25h

Fig. 3. Dependence of the prefracture zone length̀2=h on the dimensionless length of the external load
P=h� s at di�erent orientation angles of the prefracture zone location for the case ` � = 0 :75

Fig. 4. Dependence of the prefracture zone faces opening�=� 0 along the prefracture zone at di�erent
orientation angles of the prefracture zone location for thecasex2=`2. Here � 0 = �E 1� c=8� s

In this connection, it is necessary to realize the limit analysis of the pair \coating-foundation"
in order to establish ultimate loads at which cracking and crack growth in the coating occurs.
The size of the limiting minimal prefracture zone at which a crack appears should be considered
as a design characteristic of the coating material.

Based on the suggested designed model that takes into account the availability of damages
(zones of weakened interparticle bonds of the material) andcracks with end zones in the coating,
we developed a method of calculation of coating parameters at which cracking and crack growth
occurs. Knowing the basic values of critical parameters of cracking and the e�ect of materials
properties on them, cracking and crack growth phenomenon may be controlled by means of
design-technological decisions at the design stage.



E�ect of damages on crack development in coating on elastic foundation 835

Fig. 5. Dependence of the critical loadpc = P=h� s on the dimensionless length of the crack� = `1=h for
� 1 = 45 �

Numerical realization of the obtained equations enables solution of the following practically
important design problems:

1) to estimate the guaranteed resource of the pair \coating-elastic foundation" with regard
to expected defects and loading conditions;

2) to establish the admissible de�ciency level and maximum values of workload ensuring
su�cient reliability reserve;

3) to choose materials with necessary complex of static and cyclic fracture toughness charac-
teristics.

References

1. Ameri M., Mansourian A., Heidary Khavas M., Aliha M.R.M., Ayat ollahi M.R. , 2011,
Cracked asphalt pavement under tra�c loading { a 3D �nite ele ment analysis,Engineering Fracture
Mechanics, 78, 8, 1817-1826

2. Dugdale D.S. , 1960, Yielding of steel sheets containing slits,Journal of the Mechanics and Physics
of Solids, 8, 100-108

3. Haj-Ali R. , 2009, Cohesive micromechanics: a new approach for progressive damage modeling in
laminated composites,International Journal of Damage Mechanics, 18, 8, 691-720

4. Hasanov Sh.H. , 2010, Calculated method of research of fatigue fracture ofthe road covering,
Structural Mechanics of Engineering Constructions and Buildings, 2, 14-20

5. Hasanov Sh.H. , 2013, Solution of fracture mechanics for the transverse crack in the cross section
of road cover,Journal of Mechanics of Machines, Mechanisms and Materials, 2, 23, 35-40

6. Hasanov Sh.H., Mirsalimov V.M. , 2014, Modeling of stress-strain state of road covering with
cracks,Acta Polytechnica Hungarica, 11, 215-234

7. Leonov M.Ya., Panasyuk V.V. , 1959, Propagation of �ne cracks in solid body (in Russian),
Prikladnaya Mekhanika, 5, 391-401

8. Kulchytsky-Zhyhailo R., Rogowski G. , 2007, Stresses of hard coating under sliding contact,
Journal of Theoretical and Applied Mechanics, 45, 4, 753-771

9. Mirsalimov V.M., Rustamov B.E. , 2012, E�ect of damages on crack-visible of the cavity ope-
ning displacement in burning solid fuel, International Journal of Damage Mechanics, 21, 373-384

10. Mirsalimov V.M., Rustamov B.E. , 2012, Interaction of prefracture zones and crack-visible
cavity in a burning solid with mixed boundary conditions, Acta Mechanica, 223, 627-643

11. Mirsalimov V.M. , 1987, Non-One Dimensional Elastoplastic Problems(in Russian), Nauka,
Moscow



836 V.M. Mirsalimov, Sh.G. Hasanov

12. Muskhelishvili N.I. , 1977,Some Basic Problem of Mathematical Theory of Elasticity, Kluwer,
Amsterdam

13. Panasyuk V.V. , 1991, Mechanics of Quasibrittle Fracture of Materials (in Russian), Naukova
Dumka, Kiev

14. Panasyuk V.V, Savruk M.P., Datsyshyn A.P. , 1977, A general method of solution of two-
dimensional problems in the theory of cracks,Engineering Fracture Mechanics, 9, 481-497

15. Rusinko A., Rusinko K. , 2011,Plasticity and Creep of Metals, Springer, Berlin

16. Tukashev J.B., Adilhanova L.A. , 2010, Investigation of stress-strain state of road covering,
Geology, Geography and Global Energy, 37, 2, 163-165

17. Uflyand Ya.S. , 1967, Integral Transforms in the Theory of Elasticity (in Russian), Nauka,
Leningrad

Manuscript received October 20, 2014; accepted for print April 6, 2015



JOURNAL OF THEORETICAL
AND APPLIED MECHANICS
53, 4, pp. 837-846, Warsaw 2015
DOI: 10.15632/jtam-pl.53.4.837

EXPERIMENTAL AND NUMERICAL INVESTIGATION OF FRICTION
COEFFICIENT EFFECTS ON DEFECTS IN HORIZONTAL

TUBE BENDING PROCESS

Jalal Taheri Kahnamouei
Memorial University of NewFoundland, Canada; e-mail: jtk4 41@mun.ca

A.M. Fattahi
Department of Mechanical Engineering, Tabriz Branch, Isla mic Azad university, Tabriz, Iran

The aim of this paper is to investigate defects in a thin-walled tube bending process (without
using mandrel and booster) and e�ects of friction between the dies and tube on wrinkles.
In the tube bending process, there are several e�ective parameters such as wall thickness,
outer diameter-to-wall thickness ratio, centerline bending radius-to-outer diameter ratio and
friction coe�cient. Any mismatch in the selection of the pro cess parameters would cause
defects inducing undesirable variations in wall thicknessand cross-section distortion. In
this work, �rstly, tubes with several wall thickness values are bent, and the �nal depths of
wrinkling and wall thickness change are reviewed. Then, to study the process numerically,
numerical simulations are carried out. Then, a series of experimental tests are carried out
to verify the simulation results. A comparison between numerical and experimental results
shows a reasonable agreement. Finally, in order to obtain a suitable friction condition, the
e�ects of friction coe�cients on defects are studied. For th is purpose, a series of simulations
has been carried out. It shows that at a certain friction coe� cient, a minimum wrinkling
depth can be observed and variations in the friction coe�cient between the dies and tube
has no e�ective in
uence on wall thinning and thickening.

Keywords: tube bending, wrinkle, simulation, friction, wall thickne ss change

1. Introduction

Recently, curved thin-walled tubular elements have been attracting more applications in au-
tomobile, aerospace, and oil industries. Tube bending is used as a hydroforming process and
application that needs high strength/weight ratio product s (Manabe and Amino, 2002; Koc and
Altan, 2001). There are some parameters to be controlled in order to reduce the defect. For
example, geometry parameters and friction conditions are modi�ed to restrain instability of the
process. In the tube forming process, wrinkling can be avoided, but the wall thickness change is
almost inevitable. From among the considerable number of studies dealing with the wrinkling
and thinning of wall thickness in tube bending, only few studies have focused on methods to
reduce the defect. Tang (2000) employed plastic-deformation theory to investigate the plastic
deformation in pipe and tube bending and also explained the seven phenomena in tube bending,
also mentioning their practical formulas. An experimental sample was also tested to illustrate
that the results of the formulae are very similar to the experimental results. Yang et al. (2006)
investigated the e�ect of friction on the cross-section quality of thin-walled tube NC bending.
His results showed that the e�ects of frictions between all dies and tube on wall thinning are
smaller than their e�ects on section distortion. Therefore, in order to improve the section quality,
frictions between mandrel, wiper and tube should be decreased, but the frictions between the
pressure die, bending die and tube should increase. Gaoa andStrano (2004) made a research
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on the e�ect of friction on the quality of tube pre-bending and hydroforming. In that paper,
process variables such as the friction coe�cient, tube material and pre-bent tube radius were
analyzed. It was found that a lower friction coe�cient can re duce thinning in the pre-bending
process, and that a large pre-bending radius is bene�cial toboth pre-bending and subsequent
hydroforming.

Zeng and Li (2002) introduced a tube push-bending process combining axial forces and
internal pressure. Moreover, they also made research on e�ects of the internal pressure, friction
condition and push distance on the tube deformation push-bending process. Yang and Lin (2004)
studied the wrinkling in the tube bending process, where thee�ects of bending angle, geometrical
dimensions, material properties and the original radius and strength coe�cient of tubes on the
minimum bending radius were analyzed. The role of the �lling material on defects in the of thin-
-walled tube bending process was reported as a numerical andexperimental study by Sedighi and
Taheri Kahnamouei (2014). That paper investigated approaches to avoid common defects such
as the wrinkling, cross section distortion and wall thickness variation in the bending process
of a thin-walled tube. So, a series of experimental tests wascarried out by �lling the tube
with melted lead and di�erent types of rubbers. They showed that wrinkle initiation and cross
section distortion can be avoided with a lost core made of lowtemperature melting metal like
lead or tin. Jiang et al. (2011) used a three-dimensional �nite element method to investigate
deformation behavior of medium-strength TA18 high-pressure tubes during NC bending with
di�erent bending radii. The article showed that if a mandrel is used, the thickening ratio increases
from the initial bending section to the bending section.

In the present study, �rstly, the wrinkle phenomenon and the wall thickness change in a
thin-walled tube are studied using theoretical, experimental and FE methods. In order to verify
the �nite element analysis results, some experiments have been done and comparisons drawn
between the experimental and numerical results in Section 2. In Section 3, FEM analysis of
e�ects of friction between the dies and tube on these defectsis studied. Finally, in Section 4
the results are presented and discussed. The results show that at a certain friction coe�cient a
minimum wrinkling depth can be observed and variations in the friction coe�cient between the
dies and tube have no e�ective in
uence on the wall thinning and thickening.

2. Methodology

2.1. Analytical approach

Changes in wall thickness is related to many factors, such asmaterial, size and shape, bending
and wall factors, bending method, tooling and bending operation. When a tube is bent, then
tensile or compressive stresses cause wall thinning or thickening. The wrinkling in the inner wall
of the bending radius is one of the common defects in the tube bending process. It has a direct
relation with the outer diameter-to-wall thickness ratio a nd the centerline bending radius-to-
outer diameter ratio (Fig. 1).

Fig. 1. Example of a wrinkled bending section of a tube and itsparameters (Yang and Lin, 2004)
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Based on the known energy principle, the critical moment of wrinkling onset is when the
internal energy of the wrinkled shell (U) is equal to the work done by the external forces (T), and
the wrinkling happens if the external forces are larger thanthe internal energy of the wrinkled
shell (Yang and Lin, 2004). According to the wrinkling wave function proposed by Wang and
Cao (2001) and Yang and Lin (2004), the depth of wrinkling in the normal direction w can be
characterized with the following function

w = w0

s
R cos�

R0

�
1 � cos

2�m'
� 1 � � 0

�
w0 =

p
r0R0(� 1 � � 0)

�m
(2.1)

where r0 is the tube diameter, R0 is the bending radius, m is the wave number along the
circumferential direction of the tube, ' is the curve coordinate in the tube bending direction
which changes from� 1 to � 2.

When a tube is bent, two typical stress zones can be de�ned. One is the tension zone at the
extrados of the bend; the other is the compressive zone at theintrados of the bend. These cause
tube thickening at the intrados and thinning at the extrados, respectively, as shown in Fig. 2.

Fig. 2. Cross section of tube after bending

Based on plastic deformation theory, equations (2.2) give the rate of wall thinning and wall
thickening for the extrados and intrados of the bend which has been proposed by Tang (2000)

t0 max =
�
1 �

r0

4R0

�
t t i max =

�
1 +

2R0r0 + 3r 2
0

8R2
0

�
t (2.2)

where t is tube wall thickness.

2.2. Material properties and geometry

A uniaxial tension test is used to obtain mechanical properties of steel (USt37) and is listed
in Table 1. The hardening behavior can be described by equation � = K (")n . The Coulomb
friction model is used in the simulation process.

Table 1. Mechanical properties of the tube

Poisson's ratio 0.3
Maximum elongation [%] 44.2
Elasticity modulus [GPa] 210
Yield stress [MPa] 270
K 345
n 0.05

The tooling parameters are shown in Table 2. Circular tubes of diameter r0 = 50 mm, wall
thickness of t0 = 1 :5, 1.25, 0.9 mm, bending radius 150 mm and bending angle 45� were used in
the experiments.
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Table 2. Tooling geometry dimensions

Tooling parameter Length [mm] Dimension [mm]

Bend die 300(D) 52

Rotary die 150 52

2.3. Experimental setup

The experiment is performed to provide a general concept of the tube bending process and to
verify the FE modeling. For this purpose, a hydraulic horizontal tube bending machine has been
used. The horizontal bending is widely used for bending tubes, particularly for tight bending
radii and thin wall tubes. The dies setup on the horizontal bending machine is shown in Fig. 3.
The work piece is held between the bend die and rotary dies. The bend die strokes linearly and,
synchronically, rotary dies are actuated to rotate on the tube, and the work piece bends to any
requested angle.

Fig. 3. Sketch of the tube horizontal bending

2.4. The FE model

A 3D �nite element model is built using ANSYS software. The tu be is modeled by shell
143 which is well suited to model nonlinear, 
at or wrapped, thin to moderately thick shell
structures. Three dimensional rigid elements for the dies models have been used. Shell 143 is
4-node 3D space shell element and has six degrees of freedom at each node: translations in the
nodal x, y, and z-directions and rotations about the nodal x, y, and z-axis. The geometry, node
locations, and the coordinate system for this element are shown in Fig. 4 (ANSYS Help, 2007).

The Coulomb friction coe�cient between the tube and dies are assumed to be equal to 0.15
(Trana, 2002) and all dies and tube geometric parameters arethe same as used in the experimen-
tal setup. In the tube bending process, there are three contact surfaces between the tube/bend
die, tube/rotary dies. The \surface-to-surface contact" method has been employed to describe
the mechanical constraints for di�erent contact pairs using CONTACT174 and TARGET169.
Figure 5 shows a representative �nite element model with theinitial tube blank and the tool
set.
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Fig. 4. Shell (143) geometry (ANSYS Help, 2007)

Fig. 5. FE model for the horizontal bending process

3. Experimental veri�cation of the numerical model

In order to verify the �nite element analysis results, some experiments have been done. In Fig. 6,
a comparison between the experimental and numerical results are presented. No wrinkling can
be seen in the tube with 1.5 mm thickness but in the tube with 1.25 mm and 0.9 mm thickness
wrinkling is observed.

Also the wrinkling depth in the experimental and FE modeling results is compared in Fig. 7.
It can be seen that the amount of wrinkling in the tube is in dir ect correlation with the tube
wall thickness. An increasing in the wall thickness decreases the possibility of wrinkling. From
Fig. 6 and Fig. 7 it can be concluded that the FE results are reasonable and can be used for
further investigation of the friction coe�cients e�ect on w rinkling.

FEM simulations and experimental results for the extrados wall thickness at the bend zone
have been compared and they are shown in Fig. 8. It can be seen that the wall thickness at
the outside of the bend is always decreased. Also by an increase in d=t ratio, the thinning value
decreases. The maximum thinning reduction in 1.5 mm tube is equal to 6.5% and the minimum
thinning reduction in 0.9 mm tube is equal to 3%. It can also beobserved from Fig. 8 that the
wall thickness has a great in
uence on the thinning when the bending radius and tube diameters
are �xed.

Also experimental and FEM results for the intrados wall thickness at the bend zone have
been compared and shown in Fig. 9. It can be seen that the thickness at the inside of the bend
is increased, and the maximum thickness thickening reduction is equal to 10%.
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Fig. 6. Veri�cation of the FE results by experiments. Wall th ickness: (a) 1.5 mm, (b) 1.25 mm,
(c) 0.9 mm

Fig. 7. Comparison of FE and experimental results

Fig. 8. Comparison of the thickness distribution in FE and experimental results at the extrados radius
(without considering hardening and friction parameters)
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Fig. 9. Comparison of the thickness distributions in FE and experimental results at the intrados radius
(without considering hardening and friction parameters)

4. Results and discussion

The friction conditions between the bend die, rotary die and tube have a large e�ect on the
wrinkling in thin-walled tube horizontal bending, especially for small R=D and large D=t. In
order to study the e�ects of friction on defects after veri�c ation of the FE model, a set of
runs have been implemented. There are two di�erent cases of friction in the horizontal bending
process. One refers to friction between the bend die and tube; another refers to friction between
the tube and rotary dies. For this purpose, two series of friction conditions are employed. These
runs include values of the friction coe�cient between the bend die and tube as 0.05, 0.1, 0.2, 0.3,
0.4, 0.5 and friction between the rotary dies and tube as 0.05, 0.1, 0.2, and 0.3. In the following,
the obtained results will be discussed for four di�erent subsections separately.

4.1. The e�ect of friction between rotary dies and tube on wri nkling

The FE modeling of the bending process for di�erent amounts of friction between the rotary
dies and tube have been carried out. Variations in the friction coe�cient and wrinkling depths
are shown in Fig. 10. It shows that the depth of wrinkling for all three thicknesses are decreased
when the friction coe�cient is decreased from 0.3 to 0.2 and the depth of the wrinkling is
increased when the friction coe�cient is reduced from 0.2 to 0.05. This shows that the least
wrinkling depth will happen at a certain friction coe�cient .

Fig. 10. Variations in wrinkling depth vs. friction coe�cie nt between the tube and rotary dies

4.2. The e�ect of friction between rotary dies and tube on the wall thickness change

The e�ects of the friction coe�cient between the rotary die a nd tube on the wall thickness
are shown in Figs. 11 and 12. It can be found that it has no in
uence on the thinning and
thickening of the tube wall.
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Fig. 11. Variations in wall thinning vs. friction coe�cient between the tube and rotary dies (without
considering hardening and friction parameters)

Fig. 12. Variations in wall thickening vs. friction coe�cie nt between the tube and rotary dies (without
considering hardening and friction parameters)

4.3. The e�ect of friction between bend die and tube on the wri nkling

Variations in the friction coe�cient and wrinkling depths f or di�erent thicknesses (1.5, 1.25,
0.9 mm) are presented in Fig. 13. It shows that for all three thicknesses, the depth of wrinkling
is decreased when the friction coe�cient is reduced from 0.5to 0.2. But when the friction
coe�cient is reduced from 0.2 to 0.05, the depth of wrinkling increases. It is found that the
minimum wrinkling depth takes place at friction coe�cient o f 0.2.

Fig. 13. Variations in wrinkling depth vs. friction coe�cie nt between the tube and bend die

4.4. The e�ect of friction between bend die and tube on the wal l thickness change

The e�ects of the friction between the bend die and tube on thewall thickness are shown in
Figs. 14 and 15. Same as in the previous Subsection, it can be found that friction between the
bend die and tube has no in
uence on the thinning and thickening of the tube wall.
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Fig. 14. Variations in wall thinning vs. friction coe�cient between the tube and bend die (without
considering hardening and friction parameters)

Fig. 15. Variations in wall thickening vs. friction coe�cie nt between the tube and bend die (without
considering hardening and friction parameters)

According to the results given in these �gures, it can be concluded that friction between the
tube, bend die and rotary dies have a signi�cant and important e�ect on the wrinkling, and
have no in
uence on the thinning and thickening of tube wall thickness in the tube horizontal
bending process.

5. Conclusion

A 3D FE model has been created to study the e�ect of friction on defects in the bending
process. The FE results have been veri�ed by experimental tests and they are in good agreement.
According to the results of the analysis, it can be concludedthat:

� The minimum wrinkling depth occurs at a certain value of the friction coe�cient.

� Friction conditions may a�ect the balance of internal energy between the wrinkled shell
and the work done by the external forces. So, there should be acertain friction coe�cient
value for which a stable state exists between the two mentioned energies.

� Extremely low or high friction conditions are detrimental f or the tube bending process. A
perfect tubular part can be obtained at a suitable friction condition.

� Variations in the friction coe�cient between the dies and tu be have no in
uence on the
thinning and thickening of the tube wall.

Finally, it should be noticed that there are other e�ective p arameters in the tube bending
such as bending speed, bending radius. Future works should address these factors in detail.
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This paper is concerned with the \Study of photoelasticity and a photoelastic theoretical
investigation of the stress distribution in Square Blocks subjected to concentrated diagonal
loads", a thesis topic by M.M. Frocht who developed the well-known semi empirical Shear
Stress Di�erence method. Indeed, the use of the Beltrami-Michell methodology remains
quick, when complemented by photoelasticity to acquire Dirichlet's conditions. The synergy
of both methods is enhanced with the use of the �nite di�erence method. In addition, a �nite
element analysis has provided results that will be a supplementary reference for validation.
The results obtained have been of lower cost than those obtained by Frocht.

Keywords: photoelasticity, hybrid method, Beltrami-Michell, squar e-plate, diagonal com-
pression

1. Introduction

The objective of this paper is to present an alternative solution to the stress distribution in square
blocks to that presented in Frocht's thesis entitled \Study of photoelasticity and a photoelastic
theoretical investigation of the stress distribution in Square Blocks subjected to concentrated
diagonal loads" (Frocht, 1931). Furthermore, some features of the stress distribution are exami-
ned by both techniques. We will show, moreover, maps of the whole �eld of each of the stress
components individually, which the method by Frocht cannot provide. In addition, the �nite
element analysis has provided results that will be a supplementary reference for the validation.

Stress analysis is a classical subject in the �eld of elasticity theory. Exact solutions to practical
problems are not easily determined because of the exact incorporation of the associated physical
conditions. The usually used displacement approach degrades the order of the approximation,
especially when the state of stress is of principal interest. Therefore, in the alternative direct
formulation in terms of stress, the tensor stress �eld is used as the principal unknown variable
(Boresi et al., 2011). This technique is associated with the elliptic equation of Beltrami-Michell
forming a well-posed Dirichlet's problem which can be partitioned into two parts; the �rst
approach provides a harmonic �eld function subject to certain boundary conditions, while the
second one investigates the behavior of this function in theneighbourhood of the boundary.
Actually, a correct treatment of boundary conditions is one of the major obstacles to the reliable
solution to practical problems.
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Although, photoelasticity provides an incomplete solution within the �eld, nevertheless it
always gives a complete one on the boundaries (Frocht, 1941). Isoclinic information will not
be needed here, since the isochromatics on the boundaries isthe su�cient information (Rezini,
1984) and will be thoroughly used for the proposed stress analysis. However, enhanced with
the use of Finite Di�erence Method (FDM), the aim of this pape r is to propose a photoelastic-
-numerical hybrid method for stress analysis within any irregularly shaped domain in plane
stress conditions. Thus, the Square Block will be an appropriate application for the validation
of the present model.

2. Elastic plane stress boundary value problem

The plane stress problem considered is referred to as an elastic planar layer subjected to sym-
metric in-plane loading in the case of the diagonal compressed Square Block. Given the plane
stress assumptions, this problem is �rstly governed by the necessary equilibrium conditions. As
a result of the forces applied at the boundary, the stress tensor � , a symmetric rank two tensor
�eld, satis�es the following equilibrium condition either in the absence or for constant body
forces for eachi

2X

j =1

@�ij
@xj

= 0 (2.1)

Moreover, the plane stress problem is de�ned as the elastic planar layer 
 on the stress as-
sumption that ( � 33 = � 13 = � 23 = 0); ( x1; x2; x3) 2 
 . Furthermore, the stress �eld in the
middle layer is reasonably described by the three �eld components � 11(x1; x2), � 22(x1; x2), and
� 12(x1; x2) which form the symmetrical stress tensor, of which the trace is expressed as follows

trace(� ) = � � (x1; x2) = � 11 + � 22 (2.2)

In terms of stress, the invariant � � (x1; x2) has the fundamental properties of a harmonic function
that satis�es the Laplace-potential equation. In fact, if t he Laplace operator is applied to the
trace of the stress tensor given in (2.2), the well-known Laplace potential equation for the stress
sum is obtained

2X

j =1

@2� � (x1; x2)
@x2j

= 0 (2.3)

Equation (2.3) as stated is the compatibility condition in t erms of stress for planar version. When
equilibrium equations (2.1) are derived in a suitable form and subtracted from each other, the
following equality in terms of the second order derivativeswill result

@2� 11

@x21
=

@2� 22

@x22
(2.4)

In a similar way, by adding both equations, the determining Poisson equation for the shear stress
is obtained, and is given as follows

�� 12 = �
@2(� 11 + � 22)

@x1@x2
(2.5)

where � is referred to as the two-dimensional Laplace operator. Laplace's potential equation
(2.3) may be rewritten in the extended form shown below

�� 11 = �
@2� 22

@x21
�

@2� 22

@x22
(2.6)
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The incommoding member in equation (2.6) will be replaced byits equivalent one given in
equation (2.4), so that an equation of the Poisson type for the normal stress component is
obtained

�� 11 = �
@2(� 11 + � 22)

@x21
(2.7)

In a cyclic permutation, the equation for the normal stress in the other direction is established
likewise

�� 22 = �
@2(� 11 + � 22)

@x22
(2.8)

Equations (2.5), (2.7) and (2.8) are the well-known Beltrami-Michell equations; with the require-
ment that the potential equation solution of the sum of stresses given in (2.3) at the stress �eld
must be available. Other formulations shown in the literature may lead to the same equations
(Hetnarski and Ignaczak, 2011). Furthermore, it is essential, however, to notice the fact that
the Beltrami-Michell equations are independent of elasticconstants for the two-dimensional case
(Muskhelishvili, 1975).

3. Photoelasticity treatment of the problem

The photoelastic experiment (Ramesh, 2008; Frocht, 1941, 1948) provides only two experimental
parameters for each point: the isochromatic fringe orderN which is proportional to ( � 1 � � 2)
and � , the isoclinic parameter. However, three characteristicsare needed to fully de�ne the stress
state. Photoelasticity provides therefore an incomplete solution as is symbolically sketched below

(� 11; � 22; � 12) ()

(
N isochromatic order

� isoclinic parameter

Both the two-dimensional basic equation of photoelasticity and the procedure are well documen-
ted in the literature (Sharafutdinov, 2012). Photoelasticity and the SSD-method form a single
semi empirical hybrid method which calculates stress components within a grid starting from
initial values at the boundary points. The SSD-method is based on the step-by-step integration
of one of the di�erential equations of equilibrium. In a Cart esian (x; y) plane, for any particular
y-ordinate, equation (2.1) can be integrated in thex-direction

� x (x1) = � x (x0) �

x1Z

x0

@�xy

@y
dx (3.1)

where the partial derivative @�xy =@yis a function of the x-coordinate. In practice, � xy is deter-
mined by photoelasticity from the isochromatic fringe order N and the isoclinic parameter �
viewed in the (x; y)-plane (Fig. 1) using the following photoelasticity law

� xy =
Nf
2t

sin 2� (3.2)

where f and t are the material constant and thickness of the model, respectively. When the
loaded Square Block model is viewed in the polariscope, a fringe pattern called isochromatic is
apparent.

The Square Block photoelastic data are shown in Fig. 1 where the stress patterns are on the
right-hand side, and the corresponding isoclinics are on the left-hand side. The stress separation
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Fig. 1. Isoclinics and isochromatic fringes data of the diagonally compressed Square Block

will be carried out along the straight line, indicated by X . Along the horizontal line y = const ,
for the SSD-method, the central-di�erence between 2 auxiliary lines parallel to y at a distance
of �y , the partial di�erential quotient of the shear stress is approximated as follows

@�xy

@y
�=

�� xy

�y
(3.3)

Substituting expression (3.3) into equation (3.1) and using elementary summation along the grid
nodes in the photoelasticity law, equation (3.2) leads to the following separated stresses both in
the x and y-directions

� y
�
�
i = � y

�
�
0 +

iX

k=1

� ��
�x

�y
�

k
� x

�
�
i = � x

�
�
0 +

iX

k=1

� ��
�y

�x
�

k
(3.4)

It is shown that even if the error introduced by the measurement of the isochromatic parameter
may not be important, the error due to the isoclinic (stress direction) measurement can be very
signi�cant (Kuske, 1959, 1971). Since the SSD-method involves step-by-step integration, the
error introduced will be cumulative.

Concerning the boundary values, the state of stress is most evident on the free boundaries.
At each point of the free boundary either � 1 or � 2 vanishes; the stress fringe pattern gives
immediately the numerical value of the remaining principal stress. In addition, the sign of the
boundary stress can be determined by considering the external loading or by \nail" pressure on
the boundary (Kuske and Robertson, 1974). The required boundary potentials arise automati-
cally from photoelastic study of the specimen in which the principal stress sum can be obtained
readily because they are identical to the principal stress di�erence on the free boundary (Mangal
and Ramesh, 1999; Petrucci, 1997; Pinit and Umezaki, 2007),from which the equality of their
absolute values at the boundary is deduced

� B =
�
�
�(� 1 + � 2)@


�
�
� =

�
�
�(� 1 � � 2)@


�
�
� (3.5)

Besides, the harmonic state of the stress invariant satis�es Laplace equation (2.3); and it is
usually used to determine the interior potential of the stress sum with the necessary knowledge
of boundary conditions (Fern�andez et al., 2010). The accuracy of the boundary values of the
stress sum is absolutely decisive for the results. This is true because the stress sum occurs each
time as a source function of the set of the Beltrami-Michell equations. According to the law of
photoelasticity, the stress sum is proportional to the fringe order on the free boundaries

(� x + � y)
�
�
@
 = �N (x; y)

�
�
@
 (3.6)
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Knowing the inclination angle � (or the slope) at a given point on the model edge and the
tangential stress� B = �N (x; y) at the same point, the Cartesian stresses components are easily
computed using separately the equilibrium conditions as follows

� x = � B cos2 � � y = � B sin2 � � xy = � � B sin � cos� (3.7)

Commonly, only one black-and-white photograph of the boundary-isochromatic fringe patterns
of the model for the input data is needed. The simplest way of fringe data recording is to use a
digitizing tablet and to \click" (pick up) on the centre of ea ch fringe at a density that adequately
represents the fringe centreline (such as Gauss distribution) on the breadth (Rezini, 1984).
This simple acquisition technique has the signi�cant advantage of allowing the user maximum
control of the number and location data. Per boundary, the coordinates of the boundary points
are recorded along with their isochromatic values and tabulated in an array (x i ; yi ; N i ), where
i = 1 ; : : : ; n labelling each recorded point in this array. It is also all of the entire work necessary
for the data input procedure. It is to be pointed out that the m atrices of each system of the �nite
di�erence algebraic equations will be automatically occupied, taking into account the recorded
boundary values, as described above. In the next step, a processing subprogram (solver) is started
in order to perform the numerical analysis. An output program shall be provided.

4. Finite di�erence implementation on the Square Block

Due to its de�nition, the FDM is the most important and certai nly still dominant numerical
method in the partial di�erential equations modelling. In o rder to approximate the solution of
a partial di�erential equation by its nodal values at a set of grid points, the FDM often requires
the mesh points to be uniformly placed, so that the derivatives of the unknown function at grid
points can be accurately approximated. Di�culties princip ally occur in the FDM discretization
of the homogeneous and mixed derivatives at irregular shaped boundaries. To overcome this
restriction and in order to solve partial di�erential equat ions that are de�ned on domains with
irregular geometry, numerous variants are proposed in several works (Collatz, 1960; McKenney
et al., 1996). Many procedured exist on this subject; e.g. McKenney et al. (1996) propose a fast
Poisson solver for complex geometries. In this way, Zhang (1998) developed a multigrid solution
to Poisson's equation. In the present implementation, a 
exible 5-point stencil is systematically
used for the discretization of the homogeneous and the mixedpartial derivatives occurring in
both Laplace equation (2.3) and in the right-hand side of Poisson equations (2.5), (2.7) and
(2.8).

Fig. 2. Unequal armed di�erence star: (a) normal grid, (b) skewed grid

Consider the general case of a group of �ve points, of which spacing is non-uniform, arranged
in an unequal-armed star. We represent each distance by� i h, where � i represent the respective
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fractions of the standard spacingh from the discretization central point as shown in Fig. 2a.
Based on Taylor's theorem, the derivative of a function at a point can be approximated by the
linear combination of function values at nearby points including the function itself (Dahlquist
and Bjorck, 1974; Smith, 1985). The de�nition of di�erence quotients and of the discrete Laplace
operator also has to be modi�ed. This leads to the Shortley-Weller approximation (Shortley and
Weller, 1938)

��
�
�
h = C+

0 � 0 + C+
1 � 1 + C+

2 � 2 + C+
3 � 3 + C+

6 4� 4 =

(
0 Laplace

f
�
�
k=0 Poisson

(4.1)

In this symbolic equation, (4.1), the coe�cients of the �nit e di�erence equations are de�ned
depending on the spacing to the boundaries. The Shortley-Weller coe�cients for the discrete
Laplace operator � jh will be distinctly expressed as follows

C+
1 =

1
h2� 1(� 1 + � 3)

C+
2 =

1
h2� 2(� 2 + � 4)

C+
3 =

1
h2� 3(� 3 + � 1)

C+
4 =

1
h2� 4(� 4 + � 2)

C+
0 = �

4X

k=1

C+
k

(4.2)

The motivation of the following approach is to produce an accurate method for treating
mixed derivatives. Near the boundary, the approximation of the second order mixed derivatives
requires a 9-point stencil. This task is not easy to handle with respect to the aimed \automati-
zation" of the method. A transformation by rotation 45 � of the grid (stencil) to obtain a 5-point
formula is also suggested. Notice that the 2-dimensional Taylor series approach, according to
the approximation of mixed derivatives, leads to a similar form of Shortley-Weller's coe�cients
in a 45� skewed stencil as shown in Fig. 2b

@2�
@x@y

�
�
�
h

= C �
0 � 0 + C �

1 � 1 + C �
2 � 2 + C �

3 � 3 + C �
4 � 4 (4.3)

The �nite di�erence coe�cients for mixed derivates (4.3) ca n be expressed in individual terms
as follows

C �
1 =

1
2h2� 1(� 1 + � 3)

C �
2 =

� 1
2h2� 2(� 2 + � 4)

C �
3 =

1
2h2� 3(� 3 + � 1)

C �
4 =

� 1
2h2� 4(� 4 + � 2)

C �
0 = �

4X

k=1

C �
k

(4.4)

The above symbols (+; � ) are used for normal and skewed network stencil, respectively. By
de�nition, the irregular 5-point-di�erence star is presen t when at least one of its star boughs
(arms) becomes smaller than the mesh sizeh. The irregular di�erence star is the most general
case and for the regular ones, the following condition is required � k = � k = 1, k 2 f 1; 2; 3; 4g.

Furthermore, in this study, the direct method which produces an exact solution in a �nite
number of operations is used (Du� et al., 1986). When solving successively the Laplace and the
Poisson systems of equations, the errors in the solutions arise only from the rounding o� and
truncation errors in the computational calculation (Smith , 1985; Collatz, 1960). This method is
tested on several application examples and is found to produce very good results (Rezini, 1984).
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5. Results of methods and discussion

Before the PCs had appeared, the SSD-method was done by manual calculations. One imagines
the excess of labour to investigate the Square Block problem. However, because we already have
the results of Frocht (1948, pp. 265-269), the feasibility of this method will be proved on this
application example. Isochromatics (in orders) have been superimposed for convenience over the
isoclinic parameters in the �eld around the straight line X , as depicted in Fig. 1. The stress-
integration can be started from the initial values, and the stress-separation will be accomplished
according to numerical integrations (3.4), as mentioned previously. The initial stress values are
obtained from the boundary values at a point from conditions (3.7). For the stress-separation
along the straight line, instead of using relation (3.4), Frocht proceeds as follows

� x
�
�
i = � x

�
�
0 �

iX

0

�� xy

� �x
�y

�

� y = � x �
q

(� 1 � � 2)2 � 4� 2
xy

(5.1)

The plus or minus signs in front of the radical in (5.1)1 correspond to the two possible positions
of the centre of Mohr's circle. Accordingly, � 1 lies furthermost on the right and � 2, being the
furthermost, on the left of the circle.

The initial value of � x j0 for the step-by-step integration is evaluated from the boundary
value of q0 (fringe order negative) and � 0, which are 0.80 fringe and 45� , respectively. The initial
stresses in both thex direction and the y direction get the following respective values

� x
�
�
0 = q0 cos2 45� = � 0:8 � 0:5 = � 0:40 fringe (5.2)

and

� y
�
�
0 = q0 sin2 45� = � 0:8 � 0:5 = � 0:40 fringe (5.3)

The initial shear stress value becomes

� xy
�
�
0 = � q0 sin 45� cos 45� = �

q0

2
= +0 :8 � 0:5 = +0 :40 fringe (5.4)

In this case, it is important to point out the di�erence betwe en both procedures: in Frocht's
SSD-process, the stress component� y is determined by means of Mohr's circle statement (5.1)2;
while the isoclinic parameter� is used for the integration. The cumulative error in the integration
process has also an e�ect on the stress-separation. It is noted that the determination of �
isoclinic parameter in its physical range remains, generally, a di�cult problem (Fern�andez, 2011).
Several works have been published concerning this topic; see for example (Mangal and Ramesh,
1999; Siegmannet al., 2011; Ajovalasit and Zuccarello, 2000). Besides, in the Beltrami-Michell
Boundary Value Problem (B-M BVP), each stress component being subject to its values on the
boundary form a BVP individually. In addition, it is noted th at the Square Block edges direction
(slope) is a principal stress direction itself in the case ofa free boundary. Otherwise, this shows
the long process in achieving the results by means of the SSD-method (see diagram; Fig. 3).
Mainly, the fact it is noticed that the separation of stresses is established along a straight line
only.

The need for full-�eld separation of stresses is more advantageous, and this is why B-M BVP
is more appropriate. In order to make full comparisons, the same representation as that of Frocht
(Fig. 3) is adapted.

In order to re-examine the stress distribution for further validation, a numerical analysis has
been carried out using the �nite element analysis for the same Square Block loading situation.
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Fig. 3. Cartesian stress components distributions on section X (Frocht, 1948, pp. 265-269)

Fig. 4. Cartesian stress component distributions on section X (referring to this work)

The FEA has been performed using ANSYS software. PLANE82 elements have been used to
model the Square Block subjected to diagonal compression. This type of element provides more
accurate results for mixed (quadrilateral-triangular) automatic meshes and can tolerate irregular
shapes without as much loss of accuracy. Such 8-node elements have compatible displacement
shapes and are well suited to model curved boundaries (Madenci and Guven, 2005).

After preliminary tests, the meshing con�guration shown in Fig. 5 has been opted for; a
number of 3491 PLANE82-elements (10720 Nodes) have been used.

The static balance across section X is then stated when the sum of vertical forces vanishes.
This condition of equilibrium in the loading direction prov ides the necessary (check) veri�ca-
tion of each method used, permitting the comparison of the numerical results. All geometrical
dimensions and the load necessary for the result veri�cation are shown in Fig. 5. The units are
also kept Anglo-American. Furthermore, the stress distributions along the straight line X will
be compared with those of the SSD-method and of FEA. Accordingly, the equilibrium across the
horizontal section may be re-examined. The normal stress� y acting within each cross section
must balance the loadPy each time. The area under the� y-curve (Fig. 3) has been measured
by means of a planimeter and found to be 11.2 in2. The length of the half section 0:6h has been
found to be 4.065 in (Frocht, 1941, pp. 270). Hence

�y =
11:2
4:065

= 2 :75 in = 2:2 fringes
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Fig. 5. Meshing con�guration of the Square Block and associated boundary conditions

Fig. 6. Cartesian stress component distributions on section X using FEA

Multiplying this value by the model compressive fringe value of 284 psi, we have:� y = 2 :2�284 =
625 psi. The forcePy acting on the section of length 0:6h is then given by: Py = 625 � 1:855�
0:255� 0:6 = 177:5 lb. This result di�ers from the applied load of 180 lb approximately by � 1:5%.
Concerning our results, the integral of the�y -curve (Fig. 6) is calculated. By taking into account
our scale, the following result is obtained:� y = 2 :18 � 284 = 619 psi. Hence, the calculated force
resulting from our calculation method is: Py = 619 � 1:855� 0:255� 0:6 = 175:7 lb.

Therefore, the error induced is approximately � 2:4%. This discrepancy is not a crucial one.
The reasons leading to this error magnitude will be discussed later. In contrast, the FEA results
are the most accurate (see Table 1) in this analysis.

Table 1. Comparison of present results with Frocht's and FEA

Result of Py [lb] Error [%]

Frocht 177.50 � 1:5
FEA 179.75 � 0:1
this work 175.70 � 2:4

Referring to the available experimental results, those achieved by the photoelastic-numerical
hybrid method are in good agreement with a relative di�erence of about � 1%. Furthermore,
it is worth emphasizing that the occurring small deviations in the results obtained are due
to the procedure of the graphical representation rather than to inaccuracy in the calculation.



856 D. Rezini et al.

Moreover, the component stress distribution is automatically interpolated at the grid points
in the neighbourhood of the straight line X , which explains once more the deviation of the
results. On the one hand, the designated lines along which the results will be compared cannot
be identical in the absolute. Moreover, there is a signi�cant di�erence in terms of the process
used to expose stress distribution maps in the reference work (Fig. 4) likewise for FEA (Fig. 6).
Separating the result data in individual components usually provides stresses at only discrete
locations. For this purpose, the �eld results are presentedin Figs. 7 and 8.

Fig. 7. Isopachic stress patterns; LHS calculated and RHS measured

Fig. 8. Full-�eld distributions of each stress

6. Conclusion

In the present study, validation of the stress state resultsobtained by two comparative methods
has been carried out using supplementary FEA numerical models. A very good qualitative agre-
ement between the three methods has been found. As treated byFrocht, the true whole �eld
isoclinic angle and phase di�erence are the key data to obtain the stress distribution in a bire-
fringent model. The feasibility of this method has been proved by the Square Block experiment
under in-plane compression, wherein only boundary isochromatic fringe data are needed. Fur-
thermore, the developed SSD-method by Frocht still provides accurate results. The aim of this
paper is to show the e�ciency of an additional method for stress-separation without needing �eld
information as in the case of the SSD-method; and to quickly obtain results with an acceptable
accuracy. Based on the numerical solving of the B-M BVP of Dirichlet's type, this method redu-
ces the photoelastic data to the minimum, in order to separate the prevailing stresses. Further,
the method facilitates the automatic process for generating stress component maps (Ajovalasit
and Zuccarello, 1998) and reconstructing the full-�eld stress tensor using little equipment. In
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regard to large utilization in the experimental-numerical photoelasticity, the next step will be
to develop an automatic system that allows the computer to control both the image acquisition
of boundary isochromatic fringes and the shape recognitionsimultaneously. In fact, the present
paper has shown that the successful use of a hybrid method canthereby reduce the amount of
measurements required, increase the accuracy of numericalresults and, at the same time, allow
quick determination of the complete stress distribution within the studied part.
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Low velocity impact behavior of rectangular plates made of functionally graded materials
(FGMs) based on three-dimensional theory of elasticity is studied in this paper. The modi�ed
Hertz contact law, which is appropriate for graded materials, is employed. On the basis
of the principle of minimum potential energy and the Rayleigh Ritz method, the graded
�nite element modeling is applied. Solution of the nonlinear resulted system of equations
in the time domain is accomplished via an iterative numerical procedure based each time
on Newmark's integration method. The e�ects of various involved parameters, such as the
graded property pro�le, projectile velocity and projectil e density on time histories of contact
force, lateral de
ection and normal stresses are investigated in detail. To present e�ciency
of the present work, several numerical examples are included. The main novelty of the
present research, which has not been reported in literature, is considering the di�erence of
lateral de
ection through the thickness of the FGM plate due to analyzing three-dimensional
elasticity of the plate.

Keywords: low velocity impact, functionally graded plate, three dimensional elasticity, graded
�nite element

1. Introduction

Functionally graded materials yield as a category of novel composite materials in which mecha-
nical properties vary in one, two or even three speci�c direction(s). FGMs are mainly composed
of metal and ceramic components. Unlike the traditional composites, which are piecewise ho-
mogeneous mixtures or layered structures, material properties of FGMs are a�ected by those of
all constituent materials, so that mechanical properties of the FGMs can be monitored to vary
continuously throughout the structure. Advantages of FGMs over laminated composites are the
elimination of the delamination mode of failure, reduction thermal stresses, residual stresses and
stress concentration factors.

Low velocity impact response of solid structures is a conventional topic in structural me-
chanics. There are various approaches to model the contact between the projectile and target.
Spring mass models, energy balance technique and a direct approach are the commonly utilized
methods. A complete survey of these approaches with their defects or advantages may be found
in a book by Abrate (1998).

A wide range of studies has been carried out on dynamic analysis of FGM structures which
mostly used the plate and shell theories (Asemiet al., 2010; Qianet al., 2004; Sun and Luo, 2011;
Behjat et al., 2009; Kiani et al., 2012; Nodaet al., 2012; Derraset al., 2013; Ghannad and Nejad,
2013; Yaghoobi and Torabi, 2013). For thin plates, the classical plate theory (CPT) is used to
analyze FG plates. Due to neglecting the e�ect of shear deformation through the thickness of
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FG plates, the application of this theory to moderately thick or thick plate structures can lead
to considerable errors. Therefore, for eliminating the lack of CPT for moderately thick and
thick FG plates, the �rst, third and higher shear deformatio n theories and also the 3D elasticity
solutions, some modi�cations are done to include the e�ectsof transverse shear deformation.
Among these analyses, 3D elasticity analysis of plates not only provides accurate results but
also allows further physical insights, which cannot otherwise be estimated by the other two
dimensional or plate theory analyses.

A literature review on the subject of FGM structures under low velocity impact as a dynamic
analysis discloses that researches on this topic are rare inthe open literature. There are a class of
works dealing with the simulation of low velocity impact response of FGMs using the commercial
software. For instance, Gunes and Aydin (2010) modeled the three dimensional response of FGM
media using the commercial �nite element software. In that research an FGM circular plate was
divided into a number of layers in the thickness direction, where each one was supposed as an
isotropic homogeneous layer. Guneset al. (2011) developed their previous work for the case
of elasto-plastic impact response of circular FGM plates. Mori-Tanaka scheme was applied to
obtain the equivalent properties of each single layer. For the case of a sandwich beam with FGM
core, Etemadi et al. (2009) extended a three dimensional simulation on the low velocity impact
response of the structure.

To achieve the low velocity impact response of FGM plates, Larson and Palazotto (2009)
and Larson et al. (2009) developed a combined experimental, computationaland analytical
method. In those investigations, a property estimation sequence was introduced for specifying
the local elastic properties of a two-phased, two constituent FGM plate subjected to impact
loading. Numerical simulations and experimental tests were carried out on Ti-TiB FGM plates.
The evaluated results were then used to accomplish a �nite element model of the problem. It
was indicated that the low-velocity impact response of the plate based on FEM results were in
good agreement with those obtained experimentally. To date, a few works have been studied on
dynamic behavior of plates made of functionally graded materials in two directions. Wirowski
(2009) studied free vibrations of thin annular plates made of a functionally graded material that is
made of a two-phase functionally graded composite. The plate has a periodically inhomogeneous
microstructure slowly varying along a circular coordinate, but smoothly graded properties in
the radial direction. Also, Wirowski (2011, 2012) analyzedthe free vibration response of a thin
rectangular plate band made of a nonlinear functionally graded material. The material properties
varied periodically in one direction and non-linearly in the other one. The e�ect of the material
distribution on the overall response of the composite was studied. As might be concluded, a very
strong dependency of frequency of free vibrations of the plate band on the material distribution
was observed for the bracket and very weak for the simple support on both sides.

There are only a few investigations related to the mathematical formulation of low velocity
impact in FGMs. The main reason may be the contact force modeling between the projectile
and target. Giannakopoulos and Suresh (1997) studied the indentation of solids into a graded
half-space. Two types of grading pro�les, i.e. the exponential distribution and polynomial type
of dispersion were considered in their works. In addition, the two-dimensional contact was also
studied by Giannakopoulos and Pallot (2000). Those investigations may be useful to deduce
the contact-force expression for graded materials. For example, Mao et al. (2011) analyzed the
response of a shallow spherical shell under the low velocityimpact in a thermal �eld. Properties
of the FGM media were distributed across the thickness basedon an exponential function. The
immovable case of clamped edges was considered and the resulted equations were solved via
the Galerkin method. The developed contact force formulation for the exponential property
distribution revealed that the force-indentation relatio n in exponential FGMs was similar to
the Hertz contact force, where force is proportional to� 3=2. The contact sti�ness, however, was
related to geometrical and material parameters of contacting structures, impacting a sphere and
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an FGM shallow spherical shell. For media with transverselyisotropic characteristics, Conway
(1956) and Turner (1980) concluded a force-indentation relation through the Hertz contact force
expression. In those researches, also only the contact sti�ness was in
uenced by a property
variation of the structure and again, force was proportional to � 3=2.

Such a character motivates the investigators to modify the Hertz contact force of �nite
thickness media in a way to account the graded pro�le through the thickness. For instance,
Larson and Palazotto (2006) developed a Hertzian type of thecontact force in which the contact
sti�ness was modi�ed to account the grading pro�le. The impa ct response of a circular FGM plate
was analyzed in their work. Shariyat and Jafari (2013) obtained the low velocity impact behavior
of a circular plate with both radial and transverse graded pro�les. In their work, symmetrical
motion equations were obtained based on the �rst order sheardeformation plate theory and
the results were found via the Galerkin method. In another study, Shariyat and Farzan (2013)
investigated the response of an FGM plate in rectangular shape under the eccentric impact.
In that research, the �rst order shear deformation beam theory was used and the e�ect of in-
-plane loads was also taken into consideration. Khaliliet al. (2013) studied the response of a
thin FGM plate in rectangular shape that was subjected to low velocity impact. However in that
research, in-plane inertia e�ects were neglected. With theintroduction of Airy stress function,
the in-plane motion equations were replaced by the compatibility equation. Besides, a linear
contact force model was employed in which the contact force varied linearly with respect to
indentation. The contact sti�ness was obtained based on themass-spring model and the results
were compared with the ABAQUS software. In another study, Dai et al. (2012) studied the low
velocity impact behaviour of shear deformable FGM circular plates. In that investigation, also
the contact formulation of Giannakopoulos and Suresh (1997) was implemented. The solution
in space and time domains was obtained based on the orthogonal collocation point method and
Newmark's method, respectively.

According to the above literature review, to date, the equivalent single-layer theories have
been applied to analyze the low velocity impact response of FGM plates. Due to di�culty in ob-
taining solutions for low velocity impact analysis of FGM plates based on 3D elasticity, solutions
are available only through a number of problems by the use of plate theories. Therefore, power-
ful numerical methods are needed to solve the governing equations. The graded �nite element
method (GFEM) is a relatively new numerical technique in structural analysis. Kim and Paulino
(2002), and Zhang and Paulino (2007), developed a GFEM approach for modeling nonhomo-
geneous structures. In their studies, it was shown that the conventional FE formulations cause
a discontinuous stress �eld in the direction perpendicular to the material property gradation,
while the graded elements gave a continuous and smooth variation. Also, Asemi et al. (2012)
studied the dynamic response of thick short length FGM cylinders under an internal impact
loading using the graded �nite element method. Ashra� et al. (2013) presented a comparative
study between the graded �nite element and boundary elementformulations capable of modeling
nonhomogeneous behavior of FGM structures. They showed that using the conventional �nite
element modeling such that the material property is constant within an element for dynamic
problems leads to considerable discontinuities and inaccuracies. On the other, hand by using the
graded �nite element method in which the material property i s graded continuously through the
elements, the accuracy of results can be improved without increasing the mesh size.

To the best knowledge of the authors, there are no accessibledocuments in literature on
involving e�ects of the material inhomogeneity of the FGM pl ates based on the graded elements
and three dimensional elasticity theory on low velocity impact response of FGM plates. So,
the present study aims at developing a numerical approach for low velocity impact of FGM
rectangular plates based on the three-dimensional theory of elasticity. The governing equations
are derived based on the principle of minimum potential energy and the Rayleigh Ritz method. In
this regard, variations of the material properties are interpolated using general shape functions.
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An iterative numerical procedure in the space domain is usedwhich is suitable for an arbitrary
case of boundary conditions. This style accompanied with Newmark's method is employed to
solve the nonlinear resulted �eld equations. The modi�ed contact force model of Larson and
Palazotto (2006), which considered the property variations through the thickness, is utilized. The
in
uences of various involved parameters such as projectile velocity, power law index, projectile
mass on time histories of the contact force and lateral de
ection of the target are studied in
detail.

2. The governing equations

2.1. Description of variations of the material properties

A functionally graded rectangular plate whose length, width, and thickness are marked bya,
b, and h, respectively, is considered as it is shown in Fig. 1. The topsurface of the plate is made
of pure metal and the bottom surface of pure ceramic. The material properties of the plate vary
continuously through the thickness direction according toa power law distribution

P = Pc + ( Pm � Pc)
� z

h

� n
(2.1)

whereP is material property such as elasticity modulus and mass density. n is the non-negative
volume fraction index and the z coordinate is measured from the bottom surface of the plate.
The subscripts c and m are referred to a ceramic and metal, respectively.

Fig. 1. Geometry of the plate and the impactor

2.2. The e�ective sti�ness of the contact region

Integrating the local volume fraction of the constituent material of the top layer leads to the
total volume fraction of the mentioned material

Vm =
1
h

hZ

0

� z
h

� n
dz =

1
1 + n

Vc = 1 � Vm (2.2)

Therefore, the apparent material properties of the FGM plate at the impact region can be
expressed as

Ez =
� Vc

Ezc

+
Vm

Ezm

� � 1
Gxz = Gyz =

� Vc

Gc
+

Vm

Gm

� � 1

Ex = Ey = EcVc + Em Vm � = � cVc + � mVm

(2.3)

where G is the shear modulus of the material.
Based on the investigation carried out by Olsson (1992), theimpact load applied by a sphe-

rical projectile may be related to the indentation value of an isotropic half space through the
following Hertz-type relation

F (� ) = K h � 3=2 (2.4)
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where � is the indentation value, and the impact sti�ness is

K h =
4
3

Q�
p

R (2.5)

where R is the indenter nose radius, andQ� is de�ned as

1
Q�

=
1

Qzi
+

1
Qzp

Qzk =
Ezk

1 � � 2
zk

k = i; p (2.6)

where Ezk is the elastic modulus in the transverse direction and� zk is Poisson's ratio of the
plate (p) or impactor ( i ). For the case in which the rigidity of the impactor is much more than
that of the impacted half space, Eq. (2.6) may be reduced to

Q� = Qzp (2.7)

It is evident that the impact force and the indentation value are considerably smaller when the
same indenter impacts a very thin plate instead of a half space. For this reason, Swanson (2005)
modi�ed Eq. (2.4) in the following form for a transversely isotropic plate with a �nite thickness

F (� ) = �K h � 3=2 (2.8)

where � is an empirical correction factor that tends to unity for thi ckness to indentation ratios
exceeding three. On the other hand, Turner (1980) proved that the apparent modulus of a plate
that incorporates in
uences of the transverse variations of material properties at the impact
region may be determined as follows

Q� =
2

� 1� 3
(2.9)

where

� 1 =

s
1

1 � � 2
xy

� Ex

Ez
� � 2

xz

�
� 2 =

1
1 � � 2

xy

h Ex

2Gxz
� � xz (1 + � xy )

i

� 3 =
r

� 1 + � 2

2

� 1 � � xy

Gxy

�
(2.10)

2.3. Equations of motion of an FGM plate

In absence of the body forces, the equations of motion for an FGM rectangular plate can be
written as follows

� ij;j = � (z)•ui (2.11)

where i; j = x; y; z, and the comma denotes partial di�erentiation with respect to Cartesian
coordinate variables. Hence,ux = u, uy = v, uz = w are displacement components along the
x, y and z axes, respectively. Also,� is mass density which depends on thez coordinate, and
� ij are the stress components.

2.4. Stress-strain relations

The constitutive relation based on the three- dimensional theory of elasticity is as follows

� = D "

D =
E(z)(1 � � )

(1 + � )(1 � 2� )
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(2.12)
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where D is the elastic coe�cients matrix. It is assumed that the elasticity modulus E varies in
the z direction while Poisson's ratio � is constant. The constant part of the matrix D is de�ned
as � .

2.5. Strain-displacement relations

The strain displacement relations of the in�nitesimal theory of elasticity in the rectangular
Cartesian coordinates are

" ij =
1
2

(ui;j + uj;i ) (2.13)

Strain-displacement relations (2.13) may be written as
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2.6. Boundary and initial conditions

For a simply supported plate, the essential boundary conditions are de�ned as

w(0; y; z) = w(a; y; z) = w(x; 0; z) = w(x; b; z) = 0

v(0; y; z) = v(a; y; z) = u(x; 0; z) = u(x; b; z) = 0
(2.15)

And initial conditions for the system of equations are as follows

q0 = _q0 = 0 � 0 = 0 _� 0 = V0 (2.16)

3. Graded �nite element modeling

The three-dimensional 8-node linear brick element is considered. In contrast to the conventional
solid (brick) elements, material properties are interpolated using the shape functions. Following
the common FE approximation, the displacement components vector q of an arbitrary point of
the element may be related to the nodal displacement vectorsof the element � (e) through the
shape function matrix N , as

q(�; �; � ) = N (�; �; � )� (e) � (e) =
n

U1 V1 W1 : : : U8 V8 W8

oT

(3.1)

N =

2

6
4

N1 0 0 N2 0 0 N3 0 0 N4 0 0 N5 0 0 N6 0 0 N7 0 0 N8 0 0
0 N1 0 0 N2 0 0 N3 0 0 N4 0 0 N5 0 0 N6 0 0 N7 0 0 N8 0
0 0 N1 0 0 N2 0 0 N3 0 0 N4 0 0 N5 0 0 N6 0 0 N7 0 0 N8

3

7
5

The components of the shape matrix may be expressed in terms of the natural coordinates
(Zienkiewicz and Taylor, 2005)

N i (�; �; � ) =
1
8

(1 + � i � )(1 + � i � )(1 + � i � ) (3.2)

where � 1 ¬ � ¬ 1, � 1 ¬ � ¬ 1 and � 1 ¬ � ¬ 1.
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In addition to the displacement �eld, the heterogeneity of t he material properties of the
FGM may also be determined based on their nodal values. Therefore, a graded �nite element
method (GFEM) may be used to e�ectively trace smooth variati ons of the material properties
at the element level. Using GFEM for the modeling of gradation of the material properties leads
to more accurate results than dividing the solution domain into homogenous elements. In this
regard, the shape functions similar to those of the displacement �eld may be used

E =
8X

i =1

E i N i = N� � =
8X

i =1

� i N i = N R (3.3)

where E i and � i are the modulus of elasticity and mass density corresponding to node i . N , �
and R are vectors of shape functions, modulus of elasticity and mass densities of each element,
and they are as

N = [ N1; : : : ; N8]1� 8 � = [ E1; : : : ; E8]T1� 8 R = [ � 1; : : : ; � 8]T1� 8 (3.4)

Therefore, Eq. (2.12) may be rewritten as

D = �N� (3.5)

Substituting (3.1) into (2.14) gives the strain matrix of th e element (e) as

" (e) = dN (e) � (e) = B � (e) (3.6)

The governing equations of the FE model may be derived based on the principle of minimum
potential energy and the Rayleigh Ritz method. The total potential energy of the plate may be
expressed as

� (e) =
1
2

Z

V ( e)

(" (e) )T � (e) dV �
Z

A ( e)

qT p dA +
Z

V ( e)

� qT •q(e) dV

+ mpwp •wp �
2
5

K h

h
wp � W

� a
2

;
b
2

; h
�i 5

2

(3.7)

where W (a=2; b=2; h) is nodal transverse displacement of the contact node,mp and wp are the
mass and displacement value of the impactor.

By employing (3.5) and (3.6) in (3.7), the following equation could be derived

� (e) =
1
2

Z

V ( e)

(� (e) )T BT �N�B � (e) dV �
Z

A ( e)

(� (e) )T N T p dA

+
Z

V ( e)

N R (� (e) )T N T N •�
(e)

dV + mpwp •wp �
2
5

K h

h
wp � W

� a
2

;
b
2

; h
�i 5

2
(3.8)

whereV (e) and A (e) are respectively the volume and area of the element,p is the traction vector
and the two last terms of Eq. (3.8) represent the work of inertial loads.

Therefore, employing the principle of minimum total potent ial energy leads to the following
result

@� (e)

@(� (e) )T
= 0 )

 Z

V ( e)

N R N T N dV

!

•�
(e)

+

 Z

V ( e)

B T �N�B dV

!

� (e)

�
Z

A ( e)

N T p dA + K h

h
wp � W

� a
2

;
b
2

; h
�i 3

2 = 0

(3.9)
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Equation (3.9) for each element of the FGM plate may be written in a compact form as

M (e) •�
(e)

+ K (e) � (e) = F (e) (3.10)

where

K (e) =
Z

V ( e)

B T �N�B dV M (e) =
Z

V ( e)

N R N T N dV

F (e) =
Z

A ( e)

N T p dA � K h

h
wp � W

� a
2

;
b
2

; h
�i 3

2
(3.11)

It should be noted that the contact force should be set equal to zero after separation of the
impactor from the plate.

Also by minimizing the total potential energy with respect t o the displacement of the im-
pactor, we have

@� (e)

@wp
= 0 ) mp •wp � K h

h
wp � W

� a
2

;
b
2

; h
�i 3

2 (3.12)

On the other hand, the governing equation of the impactor is as follows

F (� ) = � mp •wp = K h �
3
2 (3.13)

Based on the deformation kinematics

� = wp � W
� a

2
;

b
2

; h
�

(3.14)

Equation (3.12) may be rewritten as

•W
� a

2
;

b
2

; h
�

= �
K h

mp
�

3
2 � •� (3.15)

Now, by assembling the element matrices, the global dynamicequilibrium equations for the
FGM plate can be obtained as

M •� + K � = F (3.16)

Various numerical methods can be employed to solve Eq. (3.16) in the space and time domains.
The Newmark direct integration algorithm (Zienkiewicz 2005) is used to discretize the system of
ordinary di�erential Eq. (3.16) in time domain. With the giv en initial conditions shown in Eq.
(2.16), Eq. (3.15) and Eq. (3.16) have to be solved simultaneously. However, since the system
of equations is nonlinear, the Newton-Raphson technique has to be used in each time step to
reach a convergent solution. For each time step, the iteration lasts until the di�erence between
the previous two iterative steps is smaller than 0.1%.

4. Results and discussion

4.1. Veri�cation of the results

To validate the current work, the low velocity impact response of a homogenous plate is
considered. So the geometry and material properties of the plate are considered as:a = 0 :2 m,
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b = 0 :1 m, E = 70 GPa, � = 2707 kg/m 3, and for the rigid spherical impactor: R = 15 mm,
V0 = 1 m/s.

Due to inaccessibility to experimental results, the empirical constant � of Swanson's equ-
ation (Eq. (2.8)) is presumed unity in the present analysis (Turner, 1980). The calculated time
histories of the contact force and mid-plane de
ection (x = a=2, y = b=2, z = h=2) for the
simply supported FGM rectangular plate is compared with the numerical results obtained by
commercial FEM software ANSYS Workbench as shown in Fig. 2. In order to model the pro-
blem in ANSYS Workbench, 25� 25 � 4 brick elements through the x, y and z directions are
utilized. The frictionless type of contact between surfaces of the projectile and plate is used. The
results are in good agreement with those obtained from software simulation. The di�erences are
probably due to using a real contact in ANSYS Workbench and modi�ed Hertz contact law in
the present research.

Fig. 2. Time history of the contact force and mid-plane de
ection of the plate compared with ANSYS
Workbench

4.2. Evaluation of e�ects of di�erent parameters on the low v elocity impact responses of
the FGM plate

In this Section, an e�ective analysis is employed based on various parameters. The FGM
rectangular plate and a rigid spherical impactor are speci�ed as the following: a = 200 mm,
b = 100 mm, h = 20 mm, Ri = 15 mm, � i = 7800, 8900, 9850 and 11300 kg/ms, V0 = 1, 2,
3, 4 m/s, Em = 70 GPa, � m = 2707 kg/m 3, Ec = 380 GPa, � c = 3800 kg/m 3, � = 0 :3.

The e�ects of the volume fraction index on the time histories of the contact force, projectile
velocity, mid-plane (x = a=2, y = b=2, z = h=2) de
ection of the plate, top displacement
(x = a=2, y = b=2, z = h) of the plate, and normal stress components of the mid-planeare
shown in Figs. 3-5, respectively, forn = 1 ; 3; 5. The results are obtained forV0 = 1 m/s and
mp = 110 gr, (� i = 7800 kg/m 3). According to Fig. 3a, it may be observed that since the volume
fraction index of the material properties increases, the volume fraction of the ceramic part and
the sti�ness of the FGM plate increases so that the peak contact force is increased and, as a result
of this, the contact time duration is decreased. Figure 3b indicates that whatever the material
property index of FGM plate is increased, the departure velocity of projectile is elevated. This
result reveals that by increasing the sti�ness of the FGM plate, the stored energy in the plate
is reduced. Furthermore, as illustrated in Fig. 3b, the higher index case yields a more rapid
velocity reduction compared with the lower one, because theFGM plate is strengthened by an
increase in the index of material property.

On the other hand, according to Fig. 4a increasing the volumefraction index and, consequ-
ently, enhancing the sti�ness of the plate leads to a decrease in the de
ection of the plate. As
a result of this occurrence, the curvature of the plate decreases and the in-plane normal stress
component � yy is reduced, see Fig. 5a. The observed result for peel stress� zz is vague. That
is probably a�ected by the material nonlinearity of the FGM p late, see Fig. 5b. Also Figs. 4a
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Fig. 3. A comparison among time histories of the contact force (a) and of the projectile velocities (b) for
di�erent volume fraction indices

and 4b illustrate that the top displacement of the FGM plate i s greater than the mid-plane
one, because the FGM plate is analyzed by three dimensional theory of elasticity, therefore, the
lateral compressibility of the plate is considered. The mentioned result has not been reported
due to using Equivalent Single Layer (ESL) theories in such works in the literature.

Fig. 4. A comparison among time histories of the mid-plane de
ections (a) and of the top
displacement (b) for di�erent volume fraction indices

Fig. 5. A comparison among time histories of the in-plane stress� yy (a) and of the peel stress� zz (b)
for di�erent volume fraction indices
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The e�ects of the initial velocity of the projectile on the co ntact force, mid-plane de
ection
of the plate and departure velocity of the projectile are depicted in Figs. 6a,b and 7, respectively
(n = 1, mp = 110 gr). It may be concluded that increasing the initial velocity of the projectile
causes enhancement of the peak contact force. However, the high initial velocity of projectile
decreases the contact time duration. Figure 7 reveals how the departure velocity may vary as the
initial velocity of the projectile increases. According to this result, the ratio of the departure to
the initial velocity of the projectile is decreased by increasing the initial velocity of the projectile.
This is because that by increasing the initial velocity, the stored energy in the plate is increased.
On the other hand, whatever the initial velocity of projecti le is increased, the velocity during
the contact time is reduced more rapidly.

Fig. 6. In
uence of the initial velocity of the projectile on the time history of the contact force (a) and
of the lateral de
ection of the plate (b); n = 1

Fig. 7. In
uence of the initial velocity of the projectile on the departure velocity of the projectile; n = 1

The e�ects of the projectile mass on the contact force and mid-plane lateral de
ection of
the plate for the simply supported FGM plate are presented inFigs. 8a and 8b, respectively for
n = 1 and V0 = 1 m/s. As it may be deduced from Fig. 8a, an increase in the projectile mass
increases the peak contact force due to increasing the impact energy. Also, it elevates the contact
time duration, and this result is in contrast with the e�ect o f initial velocity of the projectile.
It is because the increase in the mass of projectile highlights the inertia e�ect. As it may be
observed in Fig. 8b, an increase in the projectile mass reduces the de
ection wave propagation
because this increase raises the contact duration time. Also, by increasing the projectile mass,
the maximum de
ection is enhanced.
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Fig. 8. E�ect of the projectile mass on the time history of the contact force (a) and of the lateral
de
ection of plate (b); n = 1

5. Conclusion

In this research, a numerical approach for the low-velocityimpact of FGM plates based on the
three-dimensional theory of elasticity is extended. By applying the three-dimensional graded
elements for analysis of the plates, discontinuities of thestress distribution that are present in
the conventional FE results, are eliminated. The in
uence of the volume fraction index of the
FGM plate, initial velocity of the projectile and projectil e mass on the parameters such as time
histories of the contact force, velocity of the projectile, lateral de
ection and normal stresses are
studied. The main novelty of the present research which has not been reported in literature is
the consideration of the di�erence of lateral de
ection thr ough the thickness of the FGM plate
due to analysis of three-dimensional elasticity of the plate.
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Free vibration analysis of homogeneous and isotropic circular thin plates with variable di-
stribution of parameters by using Green's functions (solution to homogeneous ordinary dif-
ferential equations with variable coe�cients) is considered. The formula of Green's function
(called the in
uence function) depends on the Poisson ratioand the coe�cient of distribu-
tion of plate 
exural rigidity, and the thickness is obtaine d in a closed-form. The limited
independent solutions to di�erential Euler equations are expanded in the Neumann power
series using the Volterra integral equations of the second kind. This approach allows one to
obtain the analytical frequency equations as the power series rapidly convergens to exact
eigenvalues for di�erent values of the power index and di�erent values of the Poisson ratio.
The six lower natural dimensionless frequencies of axisymmetric vibration of circular pla-
tes of constant and variable thickness are calculated for di�erent boundary conditions. The
obtained results are compared with selected results presented in the literature.

Keywords: circular plates, Green's function, Neumann series

1. Introduction

The study of vibration of a thin circular plate is basic in str uctural mechanics because it has
many applications in civil and mechanical engineering. Circular plates are the most critical
structural elements in high speed rotating engineering systems such as circular saws, rotors,
turbine 
ywheels, etc. In reality, a lot of complicating fac tors may come into play: non-uniform
thickness, elastic constraints, anisotropic or compositematerials, etc. The natural frequencies
of the plates have been studied extensively for more than a century, if only because when the
frequency of external load matches the natural frequency ofthe plate, destruction may occur.

The free vibration of circular plates of constant and variable thickness has received consi-
derable attention in the literature. The vibration of circu lar plates has been discussed by many
authors. The work of Leissa (1969) is an excellent source of information about methods used for
free vibration analysis of plates. Free vibration analysishas been carried out by using a variety
of weighting function methods (Leissa, 1969) such as the Ritz method, the Galerkin method or
the �nite element method. Conway (1957, 1958) analyzed the axisymmetric vibration of thin
circular plates with a power function thickness variation for a particular Poisson ratio in terms
of the Bessel functions. Jainet al. (1972) studied the axisymmetric vibration of thin circula r
plates with linearly varying thickness using by the Frobenius method. Yang (1993) studied the
same problem using by perturbation method. Wang (1997) usedthe power series method for
free vibration analysis of circular thin plates with power variable thickness. Wu and Liu (2001,
2002) proposed a generalized di�erential quadrature rule (GDQR) for free vibration analysis
of circular thin plates of constant and variable thickness.Jaroszewicz and Zoryj (2006) studied
free vibration of circular thin plates with variable distri bution of parameters using the method
of partial discretization (MPD). Taher et al. (2006) studied free vibration of circular and annu-
lar plates with variable thickness and di�erent combinatio ns of boundary conditions. Gupta et
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al. (2006) analyzed free vibration of nonhomogeneous circular plates with nonlinear thickness
variation by using the di�erential quadrature method (DQM) . Yalcin et al. (2009) studied free
vibration of circular plates by using the di�erential trans formation method (DTM). Zhou et al.
(2011) applied the Hamiltonian approach to solution of the free vibration problem of circular
and annular thin plates. Duan et al. (2014) proposed the DSC element method for free vibration
analysis of circular thin plates with constant and stepped thickness.

In the works by Leissa (1969), Conway (1957, 1958) the solutions for free axisymmetric
vibration of clamped circular plates with a power function t hickness variation were presented.
Those solutions were possible to obtain only for few combinations of the Poisson ratios and
Bessel functions. That kind of solutions have limited practical applications. The aim of the
paper is frequency analysis of circular plates with di�erent values of the power indexm of the
plate parameters and di�erent values of the Poisson ratios.The characteristic equations are
obtained for two di�erent values of the Poisson ratio and di� erent boundary conditions such as
free, clamped, simply supported, sliding and elastic supports. The limited independent solutions
of di�erential Euler equations are expanded in the Neumann power series using the properties
of integral equations. This approach allows one to obtain analytical frequency equations as the
power series rapidly converges to the exact eigenvalues. The numerical results of investigation
are in good agreement with selected results presented in theliterature.

2. Statement of the problem

Consider an isotropic, homogeneous circular thin plate of variable thickness h = hR r m=3 and

exural rigidity D = DR r m in the cylindrical coordinate system (r; �; z ) with the z-axis along
the longitudinal direction. hR and DR are thickness and 
exural rigidity of circular plates on
the edge (r = R), respectively. The geometry and coordinate system of the considered plate are
shown in Fig. 1. For free axisymmetric vibration of circular plates, the de
ection is independent
of � . The partial di�erential equation for free vibration of thi n circular plates has the following
form (Timoshenko and Woinowsky-Krieger, 1959)
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where� is mass density,r is the radial coordinate andW (r; t ) is the small axisymmetric de
ection
compared with the thicknessh of the plate.

Fig. 1. Geometry and coordinate system of the circular plate

The axisymmetric de
ection of a circular plate may be expressed as follows

W (r; t ) = w(r )ei !t (2.2)
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where w(r ) is the radial mode function and ! is natural frequency. Substituting Eq. (2.2) into
Eq. (2.1) and using the dimensionless coordinate� = r=R, the governing di�erential equation of
the circular plate becomes

L(w) � � 2� � 2m=3w = 0 (2.3)

where L(w) is the operator de�ned by

L(w) �
d4w
d� 4 +

2(m + 1)
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d3w
d� 3 +

m2 + m + �m � 1
� 2

d2w
d� 2 +

m2� � m� � m + 1
� 3

dw
d�

(2.4)

and the dimensionless frequency� of vibration is given by

� = !R m=3

s
�h R

DR
(2.5)

The governing di�erential equation for the circular plate o f constant thickness has the form

L(w) � � 2w = 0 (2.6)

where
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The boundary conditions at the outer edge (� = 1) of the circular plate may be one of
the following: clamped, simply supported, free, sliding supports and elastic supports. These
conditions may be written in terms of the radial mode function w(� ) in the following form:
| clamped

w(� )
�
�
� =1 = 0

dw
d�

�
�
�
� =1

= 0 (2.8)

| simply supported
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| free

M (w)
�
�
� =1 = 0 V(w)

�
�
� =1 =

� d3w
d� 3 +

1
�

d2w
d� 2 �

1
� 2

dw
d�

�

� =1
= 0 (2.10)

| sliding (vertical) supports
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| elastic supports
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(2.12)

M (w) and V(w) are the normalized radial bending moment and the normalized e�ective shear
force, respectively. � = K � R=DR and  = K  R3=DR are parameters of the elastic supports.
K � and K  are the rotational and translational spring constants (Fig. 2), respectively.
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Fig. 2. Cross-section of a uniform circular plate with elastic supports

3. Finding Green's functions

The characteristic equation of a homogeneous di�erential Euler equation for thin circular plates
with variable thickness, see Eq. (2.4)

L (w) = 0 (3.1)

has the following form

s4 + (2 m � 4)s3 + ( m2 + m� � 5m + 4) s2 + ( � m2 + m2� � 2m� + 2m)s = 0 (3.2)

The roots of Eq. (3.2) are

s1 = 0 s2 = 2 � m s3 = 1 �
m
2

� H s4 = 1 �
m
2

+ H (3.3)

where

H =
1
2

p
m2 � 4m� + 4 (3.4)

The general solution to Eq. (3.1) is

w(� ) = C1 + C2� 2� m + C3� 1� m
2 �H + C4� 1� m

2 + H (3.5)

Green's function (solution to the homogeneous Euler equation L(K m (�; � )) = 0) for di�erent
values of the power indexm may be received from a formula presented in the following form
(Jaroszewicz and Zoryj, 2005)

K m (�; � ) =
Am

W (� )m p0(� )
(3.6)

where p0(� ) = 1 is a coe�cient placed before the highest order of the derivative of Euler
di�erential equation (3.1) and

Am =

�
�
�
�
�
�
�
�
�
�
�
�
�
�

1 � 2� m � 1� m
2 �H � 1� m

2 + H

0
d� 2� m

d�
d� 1� m

2 �H

d�
d� 1� m

2 + H

d�

0
d2� 2� m

d� 2

d2� 1� m
2 �H

d� 2

d2� 1� m
2 + H

d� 2

1 � 2� m � 1� m
2 �H � 1� m

2 + H

�
�
�
�
�
�
�
�
�
�
�
�
�
�

W (� )m =

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

1 � 2� m � 1� m
2 �H � 1� m

2 + H

0
d� 2� m

d�
d� 1� m

2 �H

d�
d� 1� m

2 + H

d�

0
d2� 2� m

d� 2

d2� 1� m
2 �H

d� 2

d2� 1� m
2 + H

d� 2

0
d3� 2� m

d� 3

d3� 1� m
2 �H

d� 3

d3� 1� m
2 + H

d� 3

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

(3.7)
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The functions 1, � 2� m , � 1� m
2 �H , � 1� m

2 + H are linear independent solutions, then the Wronskian
must satisfy the condition (Stakgold and Holst, 2011)

W (� )m = �
H
8

(� 2 + m)[( � 2 + m)2 � 4H 2]2� � 2(1+ m) 6= 0 for m 6= 0 ^ m 6= 2 (3.8)

After calculations, Green's function (GF) has the following form

K m (�; � ) =
2� � m�H � 1�H

H(m � 2)(4 � 4m + m2 � 4H 2)

�
h
(2 � m)� 1+ m

2 +2 H � 1+ m
2 + 2 � m+ H H� 2+ H � 2� 2+ H H� m+ H + ( m � 2)� 1+ m

2 � 1+ m
2 +2 H

i(3.9)

and satis�es the conditions

K m (�; � ) =
@Km (�; � )

@�

�
�
�
� = �

=
@2K m (�; � )

@�2

�
�
�
� = �

= 0

@3K m (�; � )
@�3

�
�
�
� = �

= 1
(3.10)

according to the properties of in
uence functions (Kukla, 2009; Stakgold and Holst, 2011).
The function K m (�; � ) is indeterminate for m = 0 and m = 2. After calculation of lthe

imits of the function K m (�; � ) for m ! 0 and m ! 2, the determinate Green function have the
following form

lim
m! 0

K m (�; � ) =
�
4

h
� 2 � � 2 + ( � 2 + � 2) ln

�
�

i
(3.11)

when Poisson ratio� = 0 :25

lim
m! 2

K m (�; � ) =
1
9

� �
p

3
2 � 3

hp
6� �

p
3
2 (�

p
6 � �

p
6) � 6�

p
3
2 (ln � + ln � )

i
(3.12)

and � = 0 :33

lim
m! 2

K m (�; � ) =
3� 3

16

hp
3� � 2p

3 � � 2p
3

�
�

4p
3 � �

4p
3

�
� 4 ln � + 4 ln �

i
(3.13)

Examples of the formulas of Green's functionK m (�� ) for di�erent values of the power index m
m 2 f� 3; � 2; � 1; 0; 2; 3; 4g are presented as in the following:
| for Poisson ratio � = 0 :25

K � 3(�; � ) =
1

45� 2

�
4� 5 � 5�

9
2
p

� + 5
p

��
9
2 � 4� 5

�

K � 2(�; � ) =
1

30�

�
5� 4 � 5� 4 � 2

p
10� 2+

p
5
2 � 2�

p
5
2 + 2

p
10� 2�

p
5
2 � 2+

p
5
2

�

K � 1(�; � ) =
2
9

�
2� 3 � 2� 3 �

p
6�

3
2 +

p
3
2 �

3
2 �

p
3
2 +

p
6�

3
2 �

p
3
2 �

3
2 +

p
3
2

�

K 0(�; � ) =
�
4

h
� 2 � � 2 + ( � 2 + � 2) ln

�
�

i

K 2(�; � ) =
1
9

� �
p

3
2 � 3

hp
6� �

p
3
2 (�

p
6 � �

p
6) � 6�

p
3
2 (ln � + ln � )

i

K 3(�; � ) =
2
45

�
� 10� 3 +

10� 4

�
+

p
10� � 1

2 +
p

5
2 �

7
2 �

p
5
2 �

p
10� � 1

2 �
p

5
2 �

7
2 +

p
5
2

�

K 4(�; � ) =
(� � � )3� 2(� + � )

12� 3

(3.14)
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| for Poisson ratio � = 0 :33

K � 3(�; � ) =
1

170

� 17r 5

� 2 � 17� 3 � 5
p

17�
1
2 (5+

p
17)�

1
2 �

p
17
2 + 5

p
17�

5
2 �

p
17
2 �

1
2 (1+

p
17)

K � 2(�; � ) =
3

32�

�
2� 4 � 2� 4 �

p
6� 2+2

p
2
3 � 2� 2

p
2
3 +

p
6� 2� 2

p
2
3 � 2+2

p
2
3

�

K � 1(�; � ) =
1
38

�
19� 3 � 19� 3 � 3

p
57�

1
6 (9+

p
57)�

1
6 (9�

p
57) + 3

p
57�

1
6 (9�

p
57)�

1
6 (9+

p
57)

�

K 0(�; � ) =
�
4

h
� 2 � � 2 + ( � 2 + � 2) ln

�
�

i

K 2(�; � ) =
3� 3

16

hp
3� � 2p

3 � � 2p
3

�
�

4p
3 � �

4p
3

�
� 4 ln � + 4 ln �

i

K 3(�; � ) =
(� � � )3� 2

6� 2

K 4(�; � ) =
3� 3

176

� 11� 2

� 2 +
p

33� � 1+
p

11
3 � 1�

p
11
3 �

p
33� � 1�

p
11
3 � 1+

p
11
3 � 11

�

(3.15)

4. Solution of the problem

The ordinary di�erential equations with constant or variab le coe�cients can be transformed to
the Volterra or Fredholm integral equations by using e.g. Fubini's method (Pogorzelski, 1958).
The solutions to these equations are solutions to the transformed ordinary di�erential equation.
If Green's function (kernel of integral equation) is well known (or determined), the linear in-
dependent solutions can be expanded in the Neumann (called Liouville-Neumann) power series
rapidly convergent to the eigenvalues (spectrum of integral kernel) based onthe method of suc-
cessive approximations (Tricomi, 1957; Shestopalov and Smirnov, 2002).

The limited (for � = 0) independent solutions of Eq. (3.1) arew1(� ) = 1 and w2(� ) = � 2� m

(or w2(� ) = � 1� m
2 + H for m ­ 2). These solutions are expanded in the Neumann power seriesin

the following form

K m (�; � )u = K 0(� )u +
�X

i =1

K i (� )u � 2i � 2 R +

K m (�; � )v = K 0(� )v +
�X

i =1

K i (� )v � 2i

(4.1)

where K i (� )u and K i (� )v are integral iterated kernels given by

K i (� )u =

�Z

0

K m (�; � )� � 2
3 m K i � 1(� )u d� K 0(� )u = � u

K i (� )v =

�Z

0

K m (�; � )� � 2
3 m K i � 1(� )v d� K 0(� )v = � v

(4.2)

and � is the degree of approximations.� u and � v are limited independent solutions to Eq. (3.1)
for � = 0. � u = 1 for all values of the parameter m. Values of � v depend on the power indexm
and the Poisson ratio � (for m ­ 2). They are shown in Table 1.
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Table 1. Values of � v for some considered values of the power indexm

m � 3 � 2 � 1 0 2 3 4

� v � 5 � 4 � 3 � 2 � 2
p

3=3 � � � 1+
p

11=3

The characteristic equations � m = 0 for di�erent boundary conditions and di�erent values
of the parameter m are obtained from well known characteristic determinants given by:
| clamped

� m (� ) �

�
�
�
�
�
�
�

K m (�; � )u K m (�; � )v

@Km (�; � )u

@�
@Km (�; � )v

@�

�
�
�
�
�
�
�
� =1

(4.3)

| simply supported

� m (� ) �

�
�
�
�
�

K m (�; � )u K m (�; � )v

M [K m (�; � )u ] M [K m (�; � )v ]

�
�
�
�
�
� =1

(4.4)

| free

� m (� ) �

�
�
�
�
�
M [K m (�; � )u ] M [K m (�; � )v ]
V [K m (�; � )u ] V [K m (�; � )v ]

�
�
�
�
�
� =1

(4.5)

| sliding supports

� m (� ) �

�
�
�
�
�
�

@Km (�; � )u

@�
@Km (�; � )v

@�
V[K m (�; � )u ] V [K m (�; � )v ]

�
�
�
�
�
�
� =1

(4.6)

| elastic supports

� m (� ) �

�
�
�
�
�
� [K m (�; � )u ] � [K m (�; � )v ]
	 [K m (�; � )u ] 	 [K m (�; � )v ]

�
�
�
�
�
� =1

(4.7)

For all boundary conditions, the formula of � m has the following form

� m = a0 +
�X

i =1

(� 1)i ai � 2i (4.8)

where a0; a1; : : : ; a� are coe�cients of characteristic equations depending on the boundary con-
ditions and the parameter m.

5. Results and discussion

The numerical results for dimensionless frequencies of theuniform and non-uniform circular
plates with di�erent boundary conditions are presented in Tables 2-5. The Neumann power
series (Eq. (4.1)) expanded only for� = 15 allows one to obtained six lower exact eigenvalues
for all considered cases. The numerical dimensionless frequencies of the uniform circular plates
are presented in Table 2 with comparison to the results by Duan et al. (2014), Leissa (1969), Wu
and Liu (2002) and Yalcin et al. (2009). The numerical results for uniform circular plates with
elastic supports are shown in Table 3 with comparison to the results by Wu and Liu (2002).
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Table 2. The �rst six lower dimensionless frequencies� = !R 2
p

�h R=DR of the uniform circular
plates

�

Boundary conditions

Clamped
Simply

Free
Sliding

supported supports
� = 0 :3 � = 0 :25 � = 0 :3 � = 0 :25

� 0 GF 10.216 4.935 4.860 9.003 8.889 14.682
Duan et al. (2014) 10.215 4.935 { 9.003 { {
Wu and Liu (2002) 10.216 4.935 { 9.003 { 14.682
Yalcin et al. (2009) 10.215 4.935 { 9.003 { {

� 1 GF 39.771 29.72 29.66 38.443 38.335 49.218
Duan et al. (2014) 39.771 29.72 { 38.443 { {
Wu and Liu (2002) 39.771 29.72 { 38.443 { 49.218
Yalcin et al. (2009) 39.771 29.72 { 38.443 { {

� 2 GF 89.104 74.156 74.101 87.750 87.645 103.499
Duan et al. (2014) 89.104 74.155 { 87.753 { {
Wu and Liu (2002) 89.104 74.156 { 87.750 { 103.499
Yalcin et al. (2009) 89.104 74.156 { 87.750 { {

� 3 GF 158.184 138.318 138.26 156.818 156.71 177.521
Duan et al. (2014) 158.184 138.317 { 156.826 { {
Wu and Liu (2002) 158.184 138.318 { 156.816 { 177.521
Yalcin et al. (2009) 158.184 138.318 { 156.818 { {

� 4 GF 247.006 222.215 222.25 245.634 245.53 271.282
Duan et al. (2014) 247.006 222.213 { 245.651 { {
Wu and Liu (2002) 247.007 222.215 { 245.634 { 271.282
Yalcin et al. (2009) 247.006 222.215 { 245.633 { {

� 5 GF 355.569 325.849 325.79 354.6 354.08 384.782
Leissa (1969) 355.568 { { { { {

Wu and Liu (2002) 355.569 325.849 { { { {
GF { Green's function

Table 3. The �rst six lower dimensionless frequencies� = !R 2
p

�h R=DR of the uniform circular
plates with elastic supports, Poisson ratio� = 0 :3

Elastic parameters
� � = 0 :1 � = 10 � = 100

	 = 100 	 = 100 	 = 100

� 0 GF 4.854 7.790 8.809
Wu and Liu (2002) 4.854 7.790 8.809

� 1 GF 22.097 22.128 22.142
Wu and Liu (2002) 22.098 22.128 22.143

� 2 GF 44.938 49.253 51.441
Wu and Liu (2002) 44.938 49.254 51.442

� 3 GF 90.469 98.741 104.413
Wu and Liu (2002) 90.469 98.741 104.413

� 4 GF 158.359 168.599 177.926
Wu and Liu (2002) 158.359 168.599 177.926

� 5 GF 246.673 258.213 271.391
Wu and Liu (2002) 246.673 258.213 271.391
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Table 4. The �rst six lower dimensionless frequencies� = !R m=3
p

�h R=DR of the non-uniform
circular plates

m �

Boundary conditions

Clamped
Simply

Free
Sliding

supported supports
� = 0 :33 � = 0 :25 � = 0 :33 � = 0 :25 � = 0 :33 � = 0 :25 � = 0 :33 � = 0 :25

� 3

� 0 16.902 17.209 10.851 10.981 25.643 25.501 36.543 36.676
� 1 86.044 86.188 67.382 67.403 90.847 90.722 114.63 114.75
� 2 197.11 197.25 167.37 167.38 210.79 201.67 236.94 237.07
� 3 352.64 352.78 311.75 311.76 357.14 357.01 403.59 403.71
� 4 552.55 552.69 500.53 500.54 556.94 556.82 614.61 614.74
� 5 796.86 796.99 733.71 733.72 801.18 801.05 870.03 870.16

� 2

� 0 15.147 15.331 9.280 9.314 19.555 19.398 28.537 28.625
� 1 68.932 69.027 53.458 53.440 71.203 71.062 90.109 90.192
� 2 156.66 156.75 132.43 132.41 158.85 158.71 186.69 186.77
� 3 279.52 279.61 246.49 246.47 281.60 281.46 318.33 318.41
� 4 437.46 437.54 395.64 395.61 439.47 439.33 485.04 485.13
� 5 630.48 630.56 579.87 579.85 632.45 632.31 686.84 686.92

� 1

� 0 12.868 12.951 7.302 7.256 14.041 13.868 21.254 21.297
� 1 53.504 53.551 40.917 40.860 53.762 53.604 68.307 68.349
� 2 120.65 120.70 101.37 101.31 120.86 120.70 142.21 142.25
� 3 214.70 214.74 188.69 188.63 214.85 214.69 242.97 243.01
� 4 335.61 335.65 302.88 302.82 335.72 335.57 370.60 370.64
� 5 483.38 483.42 443.93 443.87 483.48 483.32 525.09 525.13

2

� 0 8.894 9.111 3.297 3.334 5.302 5.412 8.876 9.193
� 1 25.837 26.306 19.076 19.410 22.951 23.296 28.472 29.011
� 2 51.575 52.278 42.759 43.337 48.776 49.363 56.510 57.279
� 3 86.082 87.017 75.135 75.949 83.323 84.144 93.262 94.260
� 4 129.36 130.52 116.25 117.30 126.62 127.67 138.76 139.99
� 5 181.41 182.81 166.13 167.41 178.68 179.97 193.03 194.49

3

� 0 8.719 8.965 3.002 3.073 4.686 4.843 8.787 7.170
[1] 8.720 { { { { { { {
[7] 8.708 { { { { { { {
[16] 8.719 8.965 { { { { { {
� 1 21.145 21.609 15.761 16.110 18.152 18.520 21.638 22.170
[1] 21.15 { { { { { { {
[16] 21.145 21.609 { { { { { {
� 2 38.453 39.122 32.031 32.595 35.607 36.187 40.402 41.133
[1] 38.45 { { { { { { {
[16] 38.453 39.122 { { { { { {
� 3 60.680 61.551 53.108 53.879 57.892 58.677 63.964 64.894
� 4 87.834 88.910 79.076 80.052 85.077 86.066 92.411 93.577
� 5 119.91 121.19 109.95 111.03 117.18 118.31 125.78 126.78

4

� 0 8.458 8.705 2.877 2.965 4.395 4.569 3.644 4.273
� 1 16.735 17.137 12.781 13.096 14.093 14.427 15.778 16.236
� 2 27.094 27.643 22.827 23.299 24.645 25.131 27.042 27.639
� 3 39.611 40.303 34.898 35.418 37.240 37.872 40.255 41.007
� 4 54.305 55.139 49.123 49.866 51.975 52.751 55.925 56.484
� 5 70.806 71.542 65.087 66.243 68.884 69.791 70.875 74.118

[1] { Conway (1957), [7] { Jaroszewicz and Zoryj (2006), [16]{ Wang (1997)
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Table 5. The �rst six lower dimensionless frequencies� = !R m=3
p

�h R=DR of the non-uniform
circular plates with elastic supports

m �
Elastic parameters

� = 0 :1, 	 = 10 � = 100, 	 = 10 � = 10, 	 = 10
� = 0 :33 � = 0 :25 � = 0 :33 � = 0 :25 � = 0 :33 � = 0 :25

� 3

� 0 3.595 3.670 2.965 3.011 0.317 0.322
� 1 27.042 26.920 36.525 36.650 33.285 33.379
� 2 91.487 91.369 113.22 113.34 104.64 104.72
� 3 202.25 202.13 233.81 233.93 218.85 218.90
� 4 357.53 357.41 398.25 398.37 376.43 376.46
� 5 557.30 557.18 606.59 606.71 577.83 577.84

� 2

� 0 3.818 3.873 3.344 3.377 0.354 0.357
� 1 21.143 21.012 28.709 28.790 26.104 26.164
� 2 71.857 71.723 89.165 89.246 82.728 82.772
� 3 159.29 159.16 184.49 184.58 173.21 173.23
� 4 281.972 281.83 314.55 314.63 297.95 297.95
� 5 439.81 439.67 479.34 479.42 457.28 457.27

� 1

� 0 3.860 3.886 3.749 3.769 0.394 0.396
� 1 15.947 15.818 21.624 21.662 19.520 19.546
� 2 54.447 54.297 67.746 67.787 63.101 63.114
� 3 121.29 121.14 140.76 140.80 132.60 132.60
� 4 215.20 215.04 240.43 240.47 228.33 228.31
� 5 336.06 335.88 366.76 366.77 350.51 350.48

2

� 0 3.140 3.168 7.330 7.148 0.729 0.723
� 1 9.061 9.195 8.855 9.317 8.250 8.546
� 2 23.752 24.096 28.495 29.027 26.982 27.482
� 3 49.197 49.784 56.260 57.022 53.862 54.581
� 4 83.620 84.442 92.740 93.731 89.265 90.204
� 5 126.86 127.918 137.94 139.16 133.27 134.43

3

� 0 3.100 3.156 21.623 22.157 1.050 1.023
� 1 8.804 8.954 40.302 41.028 6.374 6.733
� 2 18.947 19.309 63.727 64.651 20.771 21.271
� 3 36.010 36.589 92.023 93.149 38.923 39.615
� 4 58.170 58.955 125.22 126.24 61.783 62.668
� 5 85.295 86.304 153.08 155.33 89.454 90.552

4

� 0 3.166 3.239 15.354 15.859 2.642 1.999
� 1 8.651 8.803 26.962 27.562 15.401 15.832
� 2 14.881 15.204 40.184 40.919 26.395 26.966
� 3 25.028 25.512 55.473 56.347 39.575 40.040
� 4 37.810 38.129 72.903 73.921 48.253 55.200
� 5 45.062 52.949 92.495 93.111 59.544 72.493

The dimensionless frequencies of the non-uniform circularplates with di�erent boundary
conditions are presented in Table 4 with comparison to the results by Conway (1957), Jaroszewicz
and Zoryj (2006), Wang (1997). The numerical results for thenon-uniform circular plates with
elastic supports are shown in Table 5.

The dimensionless frequencies of the non-uniform circularplate (Table 4) decrease when
values of the power index increase. However, the absolute values of frequencies! increase if
the power index increases, which is according to physical properties of this kind of plates with
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variable thickness (Wu and Liu, 2002). Additionally, the di mensionless frequencies depend on
functions describing the distribution of plate parameters such as thickness or rigidity. The di-
mensionless frequencies and absolute values! for the uniform and the non-uniform circular
plates with elastic constraints (Table 3 and 5) depend on combination of values of the elastic
parameters.

6. Conclusions

In this paper, Green's functions have been employed to solvethe problem of natural vibration of
uniform and non-uniform circular thin plates with di�erent boundary conditions. The universal
Green function for di�erent power indices m and di�erent Poisson ratios is de�ned. The limi-
ted solutions to the Euler equation expanded in the Neumann power series allow one to obtain
characteristic equations of circular plates rapidly convergent to the exact eigenvalues. The cha-
racteristic equations have been obtained for di�erent values of the parameterm, di�erent values
of Poisson's ratio and di�erent boundary conditions. The considered values of Poisson's ratio
have not large in
uence on the dimensionless eigenvalues, but the numerical results of the inve-
stigation can be used to validate the accuracy of other numerical methods as benchmark values.
The obtained results are in good agreement with the results obtained by other methods presen-
ted in the literature. The calculations have been carried out with the help of Mathematica v10,
which is a symbolic calculation software.
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In this study, the author presents a theoretical model of a semi-active magnetorheological
(MR) twin-tube damper concept. The model relies on geometric variables and material
properties and can be used in engineering and research studies on damper structures. Other
non-linear characteristics, namely, the 
uid chamber compressibility, 
uid inertia, cylinder
elasticity, friction, one-way check valves are included into the model as well. The author
studies the performance of the damper model as design variables are varied, and the results
are analysed and discussed.

Keywords: MR damper, twin-tube damper concept, lumped parameter model

1. Introduction

Magnetorheological (MR) 
uids have always been attractive to engineers and researchers within
the automotive industry. The material adapts to changing external conditions within millise-
conds. Automotive (vehicle) dampers utilizing MR 
uids are now found in a number of semi-
-active platforms in vehicles. In the industry, the monotube damper con�guration (de Carbon,
1952) is the most common structure of a 
ow-mode MR damper. The cylinder tube houses the

oating piston (gas cup) separating the 
uid from the gas-�l led chamber. The piston divides
the MR 
uid volume into the compression chamber (
uid volume between the 
oating piston
and the main piston assembly) and the rebound chamber (
uid volume between the rod guide
and the main piston). The piston assembly contains an annular gap to permit the 
uid to 
ow
between the chambers and secondary 
ow paths (bypasses) fortuning the MR damper low-speed
performance. In a typical MR damper, the rod is attached to the vehicle body and the cylinder
to the wheel hub. The relative motion of the wheel and the bodydrives the 
uid 
ow between the
chambers through the annulus in the piston. The design has been a natural choice for MR ap-
plications due to its simplicity, however, high operating pressures and packaging limit its scope.
Moreover, manufacturing issues due to high surface �nish requirements of the cylinder tube are
a factor here, too. Also, gas high pressures in monotube dampers would translate into rod guide
friction well above that of twintube hardware. Therefore, t he research on other structures of MR
dampers continues (Poynor, 2001). A standard twin-tube damper features concentric cylinder
tubes. The inner cylinder houses a piston valve for controlling the 
ow between the adjacent

uid chambers and a base (foot) valve for regulating the 
ow between the 
uid chamber below
the piston in the inner cylinder and a reservoir (
uid volume contained between the outer tube
and the inner one). The reservoir is partially �lled with oil to accommodate volume changes due
to rod displacement. The dampers work at a lower gas pressure, but only upright positions are
possible in vehicles, and they incorporate more valves. However, research e�orts on MR twin-
-tube structures have not fully succeeded. Two studies focused on a twin-tube structure of an
MR damper in which the MR control valve was located in the piston inside the inner cylinder
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(Poynor, 2001; Jensenet al., 2001). In the design of Jensenet al. (2001), a standard base valve
was used for controlling the MR 
uid 
ow into the outer reserv oir. The damper structure, ho-
wever, might su�er from hydraulic imbalance (a common problem a�ecting twintube dampers),
and the range of damping forces that can be achieved with thisdesign could be limited. The
imbalance phenomenon occurs when the damper is in compression and the pressure drop across
the piston is larger than the pressure drop across the base valve. As a result, most of the 
uid
volume is pushed through the base valve causing lags in the chamber above the piston. Another
study revealed a twin-tube damper in which the MR valve regulates the 
uid 
ow from the upper
chamber above the piston into the reservoir volume between the cylinders (Oakley, 2006). Two
one-way check valves are used for directing the 
ow between the 
uid chambers. Another feature
of this concept is its ability to tune its non-energized condition with passive valves. Apparently,
there is no published research on the twin-tube design of Oakley (2006) related to its performan-
ce. The proposed model ful�lls this gap. Brie
y, the generic goal of this study was to provide
a lumped parameter model of a twin-tube MR damper for component as well as vehicle level
analyses. The task is complicated { damper and 
ow channel geometry, magnetic �eld induced
yield stress and resistance-to-
ow build-up, 
uid compliance, cavitation, friction, gas absorption,
etc. have been among the contributors to the force output of MR dampers (Honget al., 2006).
At the same time, vehicle dampers have been a subject of intensive modelling work. In the past,
researchers developed various models of dampers to copy their non-linear characteristics. For
example, Lang (1977) as well as Segel and Lang (1981) developed a math model of a twintube
automotive damper and concluded the observed hysteretic behavior was due to the compressi-
bility of the 
uid, cylinder tube elasticity and cavitation . The models of Lang (1977), Segel and
Lang (1981) remain the key work on conventional dampers operating at high frequencies. Also,
Lee (1997) obtained a complex model of a monotube vehicle suspension damper. The model
included compressibility of 
uid dampers, 
oating gas cup inertia and �rst-order heat transfer
e�ects in addition to a de
ected disc piston model. Also, Mollica (1997) proposed a non-linear
model of a monotube damper using bond graph techniques. The model of Mollica incorporates
friction elements, 
uid compressibility, gas, leakage andhydraulic resistance components in the
piston (Mollica, 1997). Those studies were a basis for developing the lumped parameter model
described in detail below. Speci�cally, the goal was to obtain a damper model capable of copying
the performance characteristics of twin-tube MR dampers and important phenomena occurring
inside the device as well as the operational logic of the damper. Also, 
uid compressibility e�ects
and 
uid inertia are modeled, and their in
uence on the dampi ng force output of an MR damper
is analysed for a selected con�guration.

2. Modelling

The MR twin-tube damper concept is illustrated in Fig. 1. The inner tube houses the piston
separating the 
uid volume into the rebound (upper) chamber volume and the compression
(lower) chamber volume. The damper is driven by the displacement (velocity) input xp (vp)
applied to the rod. MR valve (1) controls the 
uid 
ow between rebound and reservoir chambers.
The 
ow rate through the MR valve is Qv;1. The 
ow through the piston Qv;2 is controlled by
check valve (2). The valve allows 
ow in one direction only, from chamber (2) (compression)
into chamber (1) (rebound). The 
ow between chambers (3) (reservoir) and (2) (compression)
is controlled by one-way valve (3). This valve allows 
ow from chamber (3) (reservoir) into (2)
(compression). Both valves are schematically shown in Fig.1 { they may take the form of a
standard de
ected disc stack assembly or a preloaded springand plate. The 
ow rate through
check valve (3) isQv;3. The reservoir contains MR 
uid and pressurised gas. The 
uid rheology
in the annulus is controlled by the magnetic �eld H due to the current I c in the coil of the piston
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core. The 
uid is described by the yield stress� 0, viscosity � , density � , and bulk modulus B f .
The MR annulus height is h, and its cross-section areaAg. L g is the annular length, and the
active section length (magnetic poles) isL a (L a < L g). In rebound (see Fig. 1), the rod moves
out of the damper. The 
ow is through valves (1) and (3), and there is no 
ow through valve (2);
the 
ow through MR valve (1) is uni-directional. In compress ion, the rod would move into the
damper. Flow through check valve (3) would be prevented, andit would occur through valves
(1) and (2). In the sections that follow below, the author discusses the key phenomena occurring
in the damper and outside of the MR valve.

Fig. 1. MR twin-tube damper: internal MR valve

2.1. Damper model

Consider the damper model in Fig. 1. With the inertia of the lumped mass of 
uid in the
MR valve annulus, the force balance equation is (Goªdasz andSapi«ski, 2013)

_Qv;1 =
Ag

�L g
(Pr � Pg � �p a � �P H ) (2.1)

where �p a is the �eld-induced pressure drop along the annular gap, and�P H denotes losses at
the holes in the inner cylinder. The term �p a is discussed in detail in Section 2.2. Also, 
uid
continuity expressions for the pressures above and below the piston are

_Pr = � (Pr )
(Ap � A r )vp � (Qv;1 + Qv;2)

Vr; 0 � (Ap � A r )xp

_Pc = � (Pc)
� Apvp + ( Qv;2 + Qv;3)

Vc;0 + Apxp

(2.2)

where � (P) refers to the combined bulk modulus due to 
uid compressibility and cylinder
compliance, whereasVr; 0 and Vc;0 are midstroke 
uid chamber volumes. Gas pressure in the
reservoir Pg can be expressed assuming the adiabatic process, i.e. without heat transfer between
the damper and the environment

Pg = Pg;0

� Vg;0

Vg;0 �
R

(Qv;1 � Qv;3) dt

� n
(2.3)
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In the above equation, Pg;0 and Vg;0 are the initial gas pressure and volume, respectively, and
n is the adiabatic gas constant. Also in this analysis, the e�ects of wall expansion with pressure
are combined with the in
uence of 
uid bulk modulus via the re lationship

1
�

=
1

� f
+

1
� s

(2.4)

where the variation of the 
uid bulk modulus with pressure can be as

� f (P) = � 0

1 + �
�

Pa
Pa + P

� 1
n

1 + � P
1
n

a

n(Pa + P )
1+ n

n

(2.5)

Equation (2.5) reveals the bulk modulus variation with pressure of the mixture of the 
uid
and non-dissolved air (Manring, 2005). � 0 is the pure 
uid bulk modulus, Pa refers to the
atmospheric (or reference) pressure, and� denotes the relative gas content. The compliance of
the steel cylinder � s is (Mollica, 1997)

1
� s

=
2

Es

�
� +

D 2
o + D 2

p

D 2
o � D 2

p

�
(2.6)

whereEs is Young modulus (steel),� { Poisson's coe�cient, Do { outer diameter of the cylinder.
Cavitation e�ects are simply modeled by imposing a constraint on the pressuresPr and Pc,
Pr ­ Pv and Pc ­ Pv . Also, the pressure drop at the holes�P H in the inner cylinder is

�P H = �
Q2

v;1

2(CH AH )2 (2.7)

whereCH is the discharge coe�cient and Ao cross-sectional area of the holes. Using the one-way
valve in the piston, the piston 
ow rate Qv;2 can be

Qv;2 =

8
><

>:

C2A2

s

2
jPr � Pcj

�
Pr � Pc < 0

0 Pr � Pc ­ 0
(2.8)

Similarly, the 
ow rate Qv;3 through check valve (3) is

Qv;3 =

8
><

>:

C3A3

s

2
jPc � Pgj

�
Pc � Pg < 0

0 Pc � Pg ­ 0
(2.9)

The check valves are assumed to open with no delay. Considering forces on the piston, the
damping force Fd including friction Ff becomes

Fd = ( Ap � A r )Pr � ApPc + Ff
�

sgn (vp)
�

(2.10)

To summarize, equations from (2.1) to (2.10) form a set of expressions for simulating the output
of a twin-tube MR damper.
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2.2. MR valve model

This Section shows the application of a biplastic Bingham scheme for deriving the pressure
vs. 
ow rate characteristics of an MR valve model. The MR valve (annulus) contains a parallel

ux bypass feature. The 
ux bypass often takes the form of a slot feature on either surface
constituting the annulus. Due to the increased (local) height of the annulus, it is characterized
by a region of low 
ux density (yield stress) (Goªdasz and Sapi«ski, 2012) where the MR 
uid
is allowed to 
ow through the 
ux bypass section at a lower breakaway pressure drop than in
the other portion of the 
ow channel. As a result, low forces are achieved at near-zero 
ow rates
through the MR piston. Medium and high 
ow rate performance i s not a�ected. Application
of the bi-plastic scheme is based on the assumption that the dual behavior can be described
with the arti�cial material model of parameters related to b oth material properties of the MR
(Bingham) 
uid and the piston geometry. By expressing the pressure drop�p a across the control
valve in terms of the dimensionless pressure numberG and the plasticity S, the equation linking
the term �p a with the 
ow rate through the MR valve Qv;1 is (Goªdasz and Sapi«ski, 2012)

�p a =
2� 2L a

h
G(S) + C

�Q 2
v;1

A2
g

=
2� 0L a

h[1 � 
 (1 � � )]
G(S) + C

�Q 2
v;1

A2
g

G = �
h�p a

2L a� 2
S =

12�Q v;1

wh2� 2

(2.11)

In equation (2.11), high velocity losses are accounted for in the model in quadratic form, and the
tuning coe�cient C captures the e�ects of the 
uid entry and exit, 
ow developme nt, turbulent
losses, etc. The parameters
 and � refer to the slope of the damper force (pressure) variation
against velocity (
ow rate) and the interception force in th e pre-yield region, and � 2 is the
bi-plastic material yield stress. The pre-yield viscosity (slope) � r is related to the material
viscosity � via 
 = �=� r , and the yield stress � 2 is linked to the yield stress � 0 through the
equation � 0 = � 2[1 � 
 (1 � � )]. At 
 ! 1 and � ! 1, the model would reduce to that of classic
Bingham's.

The bi-plastic model was studied by various authors (Goªdasz and Sapi«ski, 2012, 2013;
Dimock et al., 2002). For example, Goªdasz and Sapi«ski (2012) analyzedthe performance of
a dual coil MR piston with the 
ux bypass feature and extracted non-dimensional parameters
for it. The authors concluded that the non-dimensional viscosity 
 was relatively invariant of
the magnetic �eld, whereas the yield stress parameter� varied with the current level (or 
ux
density). The model allows for separating the 
ow regime into two distinct 
ow regimes with the
threshold plasticity S0 = 
 (2� 3� + � 3). Brie
y, the pre-yield (bypass) regime is characterized by
the plasticity number S < S0 and the post-yield regime byS ­ S0. In the model, the post-yield
relationship between the pressure drop and the 
ow rate through the annulus for (S ­ S0 and
G ­ 1) is

G =
1
6

[3(1 � 
 (1 � � )) + S]
h
2 cos

� 1
3

arctan 2(y; x)
�

+ 1
i

(2.12)

where

y = 12
p

� 81b2 + 12ba3 x = � 108b+ 8a3

a =
3
2

(1 � 
 (1 � � )) +
1
2

S b=
1
2

(1 � 
 (1 � � 3))
(2.13)

In the pre-yield 
ow regime, S < S0, the material behavior is governed by the modi�ed Bingham
plastic formula

G = �
1
6

� S
�


+ 3
�h

2 cos
� 1

3
arctan 2(y0; x0)

�
+ 1

i
(2.14)
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where

x0 = � 27 + 27
S

�

+ 9
� S


�

� 2
+

� S

�

� 3

y0 = 6
p

3

s

27
S

�

+ 9
� S


�

� 2
+

� S

�

� 3
(2.15)

To summarize, equation (2.11) accompanied by equations (2.14) and (2.15) allow for calculation
of the pressure drop�p a across the energized annulus.

3. Simulations

The simulations involved the MR twin-tube damper model subjected to a displacement waveform
at the rod as in Fig. 1 and used the data in Table 1. The friction estimate Ff of 70 N has been
obtained from a real damper; the gas pressurePg;0 is equal to 0.8 MPa, and the adiabatic
constant 1.4. The MR 
uid bulk modulus � f is 1500 MPa, the density� is 2.68 g/cc, and its air
contents � equal to 0.001. The viscosity of the 
uid � is 62 cP at the temperatureTa of 30� C {
see Fig. 2. The steel modulus of elasticityEs is 2:1 � 105 MPa, and the Poisson coe�cient equals
to 0.29.

Table 1. Twin-tube damper model inputs

Symbol Description Value

L r; 0 Initial rebound chamber length, [mm] 150
L c;0 Initial compression chamber length, [mm] 150
Ae� = Ap � A r Upper chamber cross-section area, [mm2] 683.48
Ap Cylinder cross-section area, [mm2] 804.24
Vr; 0 Initial rebound chamber volume, [mm3] 1:206� 105

Vc;0 Initial compression chamber volume, [mm3] 1:025� 105

Vg;0 Initial gas chamber volume, [mm3] 0:861� 105

A2, A3 Check valve 
ow areas, [mm2] 220
C2, C3, CH Discharge coe�cients, [{] 0.7
AH Cylinder holes area, [mm2] 301
tw Cylinder wall thickness, [mm] 1.8
L a Active length, [mm] 25.8
L Annulus length, [mm] 37
h Annulus height, [mm] 0.89
w Mean circumferential width, [mm] 88.60
C Flow coe�cient, [{] 0.1

The piston parameters, the yield stress ratio and the viscosity ratio variation with current,
respectively, copy the dual-coil assembly by Goªdasz and Sapi«ski (2012). In the study, the two
parameters 
 and � are identi�ed from real piston performance data. The identi�ed viscosity
ratio 
 varied from 0.0175 at the coil current I c of 1 A through 0.0167 at 3 A to 0.0149 at
the maximum coil current level of 5 A. The yield stress ratio varied from 0.179 (I c = 1 A)
through 0.363 (I c = 3 A) to 0.492 ( I c = 5 A). Here, the MR piston is simply described by the
steady-state pressure vs. 
ow rate characteristics in Fig.3. The �p a � Qv;1 characteristics in
Fig. 3 are based on the geometry and material properties, andthen input into the Simulink
model. The 
uid data are in Fig. 2; B { magnetic 
ux density, H { �eld strength. The results
given by equations (2.2) through (2.10) are presented in Figs. 4 through 7. Brie
y, the model
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Fig. 2. MR 
uid characteristics: B -H , � 0-B (Goªdasz and Sapi«ski, 2012)

Fig. 3. MR piston steady-state characteristics:�p a vs. Qv;1

Fig. 4. In
uence of rod size on the damping force;X p = 30 mm, Vp = 1024 mm/s
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Fig. 5. Graphs of force-displacement and force-velocity;X p = 30 mm, I c = 5 A

Fig. 6. Graphs of pressure-displacement and pressure-velocity; X p = 30 mm, I c = 5 A

is subjected to the displacementxp(t) = X p sin !t applied to the rod. The results are shown
as force-velocity and force-displacement loops. In the simulations, the e�ects of velocity, coil
current and rod size on the damping force output are examined. Speci�cally, Fig. 4 shows the
impact the rod diameter (area) has on the damper force. As seen in Figs. 4a through 4d, smaller
rod sizes (Dp = 12:4 mm) contribute to major asymmetry in the damping force. The rebound-
-to-compression ratio (asymmetry ratio) for the damping force is above 5:1 at the peak velocity of
1024 mm/s. In the cases shown, the rebound forces decreased when the piston diameter increased
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Fig. 7. In
uence of the frequency; Vp = 382 mm/s

up to 22 mm. The asymmetry decreased at the expense of reboundforces. It can be shown that
as the piston rod is in compression, check valve (2) in the piston is opened, and check valve (3)
in the base valve is closed, so that the annular 
ow rate is related to the rod area A r . Smaller
rod sizes develop larger force output asymmetry. Increasing the rod size impacts the hysteresis
between the force and velocity (see Figs. 4a and 4c and 5) and rotates the damping force ellipses
into the �rst quadrant of the force-displacement plane due to the gas force. The hysteresis is
larger when in compression than in rebound. Also, it can be shown that the gas force change
magnitude is directly related to the rod area. Next, Fig. 6 reveals the pressures in each chamber
of the damper vs. piston displacement and velocity. Note that the rebound chamber pressure
dominates regardless of the damper operating conditions, i.e. it is clear that when the damper
is in rebound the pressure in the lower chamber drops below gas pressure. Check valve (3) in
the base valve opens, and there is 
ow through check valve (3)from the reservoir and into the
compression chamber. In compression, the check valve in thepiston opens and there is 
ow
from the compression chamber into the rebound one. The e�ectof frequency manifested by an
increase in the hysteresis in the force-velocity loops and force oscillations are shown in Fig. 7.

4. Conclusions

The author has analysed a novel model of a twin-tube MR damperconcept. The study shows
numerical results, however, the MR valve model is based on a veri�ed bi-plastic theory and
against real data which allows one to analyze the results with con�dence (Goªdasz and Sapi«ski,
2012, 2013). Apart from the MR valve, the damper utilizes twoone-way check valves in the piston
and the base valve, respectively. The check valves o�er extra means of tuning the output force in
o�-state conditions; this aspect of the concept is beyond the scope of this paper. Additionally, by
using the check valves at the piston and the base of the damper, the 
ow through the piston is
always in the same direction. To the author's knowledge no such model has been developed so far.
As opposed to present MR structures, this con�guration is asymmetric rebound-to-compression;
the asymmetry is related to the rod size. To conclude, largerrod sizes minimize the asymmetry
at the cost of rebound forces. The damper is more complex thansingle-tube structures but
any performance and cost bene�ts, namely, lower friction, less stringent cylinder surface �nish,
may favour its applications. The damper works at a lower gas pressure than other MR damper
structures, too. The twin-tube damper model can be a useful tool in various studies. The model
relies on the information extracted mainly from engineering drawings and 
uid data, which
makes it suitable for fast sizing studies early in the designdevelopment stage. Transient studies
through the B -� 0 coupling are possible, too.
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Identi�cation of mechanical properties of isotropic and anisotropic materials that demon-
strate non-linear elastic behavior, such as rubbers and soft tissues of human body, is critical
for many industrial and medical purposes. In this paper, a method is presented to obtain the
mechanical constants of Mooney-Rivlin and Holzapfel hyper-elastic material models which
are employed to describe the behavior of isotropic and anisotropic hyper-elastic materials,
respectively. By using boundary measured data from a samplewith non-standard geometry,
and by using an iterative inverse analysis technique, the material constants are obtained.
The method uses the results of di�erent experiments simultaneously to obtain the mate-
rial parameters more accurately. The e�ectiveness of the proposed method is demonstrated
through three examples. In the two �rst examples, the simulated measured data are used,
while in the third example, the experimental data obtained from a polyvinyl alcohol sample
are used.

Keywords: hyper-elstic material, inverse analysis, anisotropic, polyvinyl alcohol

1. Introduction

Many materials such as rubbers, elastomers and tissues of human body experience large defor-
mation under small loads. Further, some materials such as wood, �ber-reinforced composites
and some body tissues like arterial walls, show anisotropicbehavior in addition to large elastic
deformation due to the presence of preferred directions in their structure. The large strains in
the response of these materials clarify that their mechanical behavior is nonlinear, and getting
back to the reference con�guration after load removal demonstrates their elastic response. Be-
cause of the wide use of these materials in industry and the crucial role of di�erent tissues in
human body, presenting a model with known parameters that can predict the mechanical be-
havior of these materials is essential. When these materials experience small deformations (less
than 2 to 5 percent), their mechanical behavior can be modeled using common linear elastic
models (Czabanowski, 2010), but under large deformations,their mechanical response must be
represented by nonlinear models such as hyper-elastic material models. Therefore, many e�orts
have been made to present constitutive laws that model the behavior of these materials proper-
ly. Pamidi and Advani (1987) proposed nonlinear constitutive relations for human brain tissue.
Fung (1993) showed that the elastic properties of rabbits' mesentery could be simply modeled
as an exponential function. Holzapfel and Gasser (2000) considered arterial walls as thin-walled
cylinders and presented a constitutive equation for describing their behavior. They obtained the
numerical values of the constants of their model using experimental data. A constitutive law for
arterial layers with distributed collagen �ber orientatio n was presented in the work of Gasseret
al. (2006).

Many researchers used hyper-elastic models to predict material behavior especially for hu-
man body tissues. Moulton et al. (1995) used a combination of �nite element model, nonlinear
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optimization algorithm, and a set of strains obtained by magnetic resonance imaging (MRI) to
determine passive myocardial material properties. Millerand Chinzei (1997) conducted pressure
experiments on brain tissue to model the destructions that may happen during brain surgery.
They obtained force-displacement diagrams from the experiments. Then, they computed the
unknown constants for di�erent hyper-elastic models usingthe least squares method. Krouskop
et al. (1998) conducted some pressure experiments on di�erent parts of breast and prostate
tissue, such as fat, and obtained Young's modules for each part.

Hartman (2001) conducted some tension and torsion tests on di�erent samples made of
rubber to identify their properties based on incompressible Rivlin's hyper-elastic model. Ogden
et al. (2004) used a non-linear least squares optimization method to obtain the constants of
hyper-elastic models for incompressible materials by �tting experimental data to their model.
In the work of Hu and Desai (2004), a tissue indentation test was conducted on liver to identify
its biomechanical properties.

Balaraman et al. (2005) conducted di�erent experiments on 19 samples of muscle tissue and
used the experimental data in a �nite element analysis. Theyobtained mechanical properties
of the muscle by an inverse method using Taguchi's approach.Mehrabian (2008) estimated the
constants of an incompressible hyper-elastic material based on three di�erent energy functions.
Some samples made of polyvinyl alcohol were used in pressureexperiments. The tests were
modeled in the �nite element analysis and the unknown constants were computed using the
least square method.

Ahn et al. (2008) conducted biomechanical experiments on macro and micro liver samples
to characterize their mechanical behavior using a nonlinear least squares method and an inverse
�nite element (FE) method based on a parameter estimation algorithm. In the work of Mesa-
M�unera et al. (2012), several hyper-elastic models were used to predictand model mechanical
behavior of a silicone rubber. They conducted a uniaxial compression test on a phantom with
mechanical properties close to brain tissue. They could obtain force-displacement diagrams for
compression tests on the phantom.

Rauchs et al. (2010) used a depth-sensing spherical indentation technique to determine the
parameters of di�erent rubber materials by using an inverse method based on a gradient-
-based numerical optimization method. Czabanowski (2010)conducted some pressure expe-
riments on machinery elastomers to obtain their material properties. Czabanowski obtained
force-displacement diagrams �rst. Then, by using a function in ABAQUS �nite element softwa-
re, he determined the constants of Mooney-Rivlin model for the materials.

Abyaneh et al. (2013) used an inverse method to obtain viscoelastic material properties of
porcine cornea by performing tension and indentation tests. They used a sample with possible
maximum length for the tension test. Using the results of thetension test, material properties
for an isotropic viscoelastic material were obtained usinga curve �tting procedure. Due to
insu�ciency of this model, to match the indentation test res ults, an anisotropic model with
the results of the indentation test was also used in an inverse algorithm to obtain anisotropic
parameters. Parameters of the isotropic model were the initial guesses for the inverse algorithm.
Baker and Shrot (2013) proposed a new method for inverse identi�cation of material parameters.
They used auxiliary quantities to describe material behavior.

In all of the works reviewed above, the sample that was used toobtain the measurement
data was cut to a cubic or cylindrical shape to provide standard test specimens. Therefore,
these methods cannot be applicable to �nd the material constants of a hyper-elastic material
with a non-standard shape nondestructively. The inverse method presented in this paper uses
the measured displacement data from a su�cient number of sampling points on the original
hyperelastic body to obtain unknown material constants. If the properties of the material are
dependent on size and geometry, the properties, which are obtained by this method, are suitable
for that special shape. Unlike previous researches, the method presented in this research uses the
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results of di�erent experiments simultaneously to obtain the material parameters more accura-
tely. This inverse problem is highly nonlinear and encounters various di�culties. Simultaneous
use of measured data from several experiments with di�erentload cases reduces the ill-posedness
of the inverse problem. It is observed that using the measured data from several experiments
results in a better solution than the case where only the measured data from one experiment
is used. The Mooney-Rivlin and Holzapfel models are considered for isotropic and anisotropic
materials, respectively. The Tikhonov regularization method is used in the inverse analysis. A
method to determine the initial guesses for the unknown constants is also presented. The inverse
method needs a sensitivity analysis, which is carried out using the �nite element method (FEM).

2. Materials modeling

2.1. Hyper-elastic materials

For hyper-elastic materials, the stress-strain relationsare determined using the strain energy
density function  which is de�ned in terms of a deformation gradient or strain tensor. The
derivative of  with respect to a component of strain gives its corresponding stress component
(Holzapfel, 2000)

Sij =
@ 
@"ij

(2.1)

whereS is the second Piola-Kirchho� stress tensor and" is the Lagrangian strain tensor de�ned
as follows

" ij =
1
2

(Cij � � ij ) (2.2)

In Eq. (2.2), C is the right Cauchy-Green deformation tensor (C = FT F). F is the deformation
gradient, which can be expressed in terms of the displacement vector u (F = r u + I ).

Local shape deformation of a material element is described by F. The strain energy function
is usually a function of deformation gradient F. Indeed, the function  is expressed in terms of
the right Cauchy-Green deformation tensor, i.e., =  (C). The following relation holds between
the second Piola-Kirchho� and Cauchy stress tensors (Holzapfel, 2000)

S = J F � 1� F � T (2.3)

where J = det F. Therefore, according to Eqs. (2.1), (2.2) and (2.3) the Cauchy stress tensor is
de�ned as follows

� = 2J � 1F
@ 
@C

FT (2.4)

For an isotropic material,  is dependent onC based on its invariants. The invariants of C are

I 1 = tr C I 2 =
1
2

[( tr C)2 � tr C2] I 3 = det C (2.5)

For an isotropic material  is just dependent onI 1, I 2 and I 3 (Holzapfel and Ogden, 2010) and
the Cauchy stress equation is expanded as follows

� = 2J � 1
�
F

@ 
@I1

@I1
@C

FT + F
@ 
@I2

@I2
@C

FT + F
@ 
@I3

@I3
@C

FT
�

(2.6)
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By obtaining the derivatives of the invariants with respect to C (Holzapfel, 2000) and knowing
that B = FF T Eq. (2.6) yields to

� = 2J � 1[ 1B +  2(I 1B � B 2) + I 3 3I ] (2.7)

where  i = @ =@Ii . For an incompressible isotropic material I 3 = det F = 1 and the Cauchy
stress tensor is modi�ed as follows (Holzapfel, 2000)

� = � pI + 2F
@ 
@C

FT (2.8)

wherep is a scalar identi�ed as hydrostatic pressure. Therefore, the Cauchy stress tensor for an
incompressible material with respect toB is expressed as follows

� = � pI + 2  1B + 2  2(I 1B � B 2) (2.9)

2.2. Isotropic hyper-elastic materials

The polynomial hyper-elastic model is a proper model for rubbers and other soft mate-
rials with isotropic behavior. In this research, the Mooney-Rivlin hyper-elastic model, which is
obtained from the polynomial model, is used to predict the mechanical behavior of isotropic
materials. In this model, density of strain energy for an incompressible material is a function of
the �rst and second invariants of the left Cauchy-Green deformation tensor. The strain energy
function for the polynomial model is de�ned as follows (Rivlin and Saunder, 1951)

 =
nX

i;j =0

A ij (I 1 � 3)i (I 2 � 3)j (2.10)

where A ij are the constants of the material and A00 = 0. The Mooney-Rivlin strain energy
function is obtained by consideringn = 1 and A11 = 0 in equation (2.10), i.e.

 = A10(I 1 � 3) + A01(I 2 � 3) (2.11)

By considering relations (2.9) and (2.11), the Cauchy stress for the Mooney-Rivlin hyper-elastic
material is obtained as follows

� = � pI + 2A10B + 2A01(I 1B � B 2) (2.12)

2.3. Anisotropic hyper-elastic materials

In the structure of human soft tissues, the presence of collagen �bers (Unnikrishnan, 2012)
causes the material to have one or more preferred direction.This preferred direction is presented
here by M . In this case, the strain energy density is a function of bothC and M . Two more
dependent pseudo invariants are de�ned for these materials(Holzapfel and Gasser, 2000)

I 4 = M (CM ) I 5 = M (C2M ) (2.13)

where, for example,CM represents the action of the second order tensorC on the vector M .
For an incompressible material reinforced with one family of �bers,  is dependent onI 1,

I 2, I 4 and I 5. In this case, the Cauchy stress has two additional terms which show the e�ect
of anisotropy. Therefore, the Cauchy stress tensor can be expressed as follows (Holzapfel and
Ogden, 2010)

� = � pI + 2  1B + 2  2(I 1B � B )2 + 2  4m 
 m + 2  5[m 
 Bm + Bm 
 m] (2.14)
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where 
 denotes the dyadic product of two vectors andm = FM is the deformed form of the
vector M in current con�guration. For some tissues like arterial walls, two families of �bers with
di�erent directions can be detected within the tissue. M 0 is considered to be the unit vector in
the direction of the second family of �bers. In this case, three more invariants are considered,
which are expressed as follows (Holzapfel and Ogden, 2010)

I 6 = M 0(CM 0) I 7 = M 0(C2M 0) I 8 = [ M (CM 0)](MM 0) (2.15)

In this case, the Cauchy stress is expressed as follows (Holzapfel and Ogden, 2010)

� = � pI + 2  1B + 2  2(I 1B � B )2 + 2  4m 
 m + 2  5[m 
 Bm + Bm 
 m]

+ 2  6m 0 
 m 0+ 2  7[m 0 
 Bm 0+ Bm 0 
 m 0] + 2  8(M 
 M 0)(m 
 m 0+ m 0 
 m)
(2.16)

In this research, the Holzapfel's strain energy function for anisotropic materials is used. This
function is described as follows (Holzapfel and Ogden, 2010)

 = R10(I 1 � 3) +
k1

k2
f exp[k2(I �

4 � 1)2] � 1g (2.17)

R10, k1, k2 and � are material constants andI �
4 is de�ned as follows

I �
4 = �I 1 + (1 � 3� )I 4 (2.18)

In this model, it is assumed that the direction of each family of �bers is dispersed around a
mean direction. This dispersion is shown by� (0 ¬ � ¬ 1=3) (Holzapfel and Ogden, 2010). By
using relations (2.16), (2.17) and (2.18), the Cauchy stress tensor can be obtained.

3. Computation of unknown material parameters of hyper-ela stic materials

In this paper, an inverse method is used to obtain the constants of hyper-elastic material models.
The inverse analysis is used to convert the measured data to some information about the material
or system under study. In the inverse analysis, the outputs of the system may be available from
an experiment but loading parameters, material properties, geometry of structure, boundary
conditions or a combination of these factors have to be determined (Liu and Han, 2003). In
the present study, unknowns are constants of hyperelastic materials. These unknowns are found
using the measured displacements at some sampling points onthe boundary of the body. The
measured displacements are collected from a few load cases (for example, 3 cases). Then by
using the inverse analysis in an iterative process, the constants are obtained. A proper initial
guess is required for the iterative process.

3.1. Inverse analysis

In this section, the inverse formulation for evaluation of constants of isotropic and anisotropic
hyper-elastic material models is presented.

For an incompressible material, the Mooney-Rivlin hyper-elastic model constants areA10

and A01. Therefore, the vector of unknowns for the problem is de�nedas follows

x =
h
x1 x2

i T
(3.1)

where x1 = A10 and x2 = A01. For the Holzapfel hyper-elastic model, these constants are R10,
k1, k2 and � . The vector of unknowns for this case is de�ned as follows

x =
h
x1 x2 x3 x4

i T
=

h
R10 k1 k2 �

i T
(3.2)
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In order to obtain material constants, a few experiments (load cases) are performed on the
material. These experiments must be di�erent with each other to provide suitable data for the
inverse analysis. The number of these experiments is 2, 3 or more. In this work, 3 load cases are
considered for describing the formulation.

In each experiment, the displacement at some boundary points is measured and restored in
vectors Y (1) , Y (2) and Y (3) . If they are N1, N2 and N3 measured data in load cases 1, 2 and 3,
respectively, Y (i ) (i = 1 ; 2; 3) are de�ned as follows

Y (i ) =
h
Y (i )

1 Y (i )
2 � � � Y (i )

N i

i
i = 1 ; 2; 3 (3.3)

By solving the problem numerically using the estimated constants, the displacement vector at
sampling points is obtained and stored inD (1) , D (2) and D (3) which are de�ned as follows

D (i ) =
h
D (i )

1 D (i )
2 � � � D (i )

N i

i
i = 1 ; 2; 3 (3.4)

In order to �nd the constants of the material, the Tikhonov re gularization method is used. In
this method, the objective function � is de�ned as follows

� = ( Y � D )T (Y � D ) + � X T X (3.5)

where the vectorsY and D are de�ned as follows

Y =
h
Y (1) Y (2) Y (3)

i T
D =

h
D (1) D (2) D (3)

i T
(3.6)

In equation (3.5), � is the regularization parameter. The objective function � should be mi-
nimized to �nd the unknown vector X . By taking the derivative of � with respect to X and
equating to zero, the following equation is obtained

@�
@X

= � 2ST (Y � D ) + 2 � X = 0 (3.7)

In Eq. (3.7), S is the sensitivity matrix and is de�ned as follows

S(L ) =

2

6
6
6
6
6
4

S(L )
11 S(L )

12 � � � S(L )
1q

S(L )
21 S(L )

22 � � � S(L )
2q

...
...

. . .
...

S(L )
NL 1 S(L )

NL 2 � � � S(L )
NL q

3

7
7
7
7
7
5

(3.8)

where L is the number of the load case andq is the number of unknowns or the number of
components ofX .

The components of the sensitivity matrix are de�ned as follows

S(L )
ij =

@D(L )
i

@Xj
(3.9)

In order to compute the constants in an iterative process andcalculate the sensitivity matrix,
a program is written in python for the �nite element software ABAQUS. This program uses
the �nite di�erence method to calculate the sensitivity mat rix. For this purpose, each material
constant is changed by a very small value and displacements at sampling points are obtained.
The di�erences between these displacements are used to compute the sensitivity coe�cients.
The sensitivity coe�cient S(L )

ij is computed through the following �nite di�erence equation

S(L )
ij =

D (L )
i (X 1; : : : ; X j + �X j ; : : : ; X q) � D (L )

i (X 1; : : : ; X q)
�X j

(3.10)

where � is a small value such as 0.001.



Determination of material parameters of isotropic and anisotropic... 901

For example, if there are four unknown material constants, the sensitivity of the displacement
at sampling point 3 with respect to material constant 2 is computed as follows

S(2)
32 =

D (2)
3 (X 1; X 2 + �X 2; X 3; X 4) � D (2)

3 (X 1; X 2; X 3; X 4)
�X 2

(3.11)

It is possible to obtain the unknown vector X through equation (3.7). Let the vector of unknown
constants in the current step of the iterative process is represented by X c and the correspon-
ding displacement vectors for load cases 1, 2, and 3 are represented by D (1)

c , D (2)
c and D (3)

c ,
respectively. The total displacement vectorD c is de�ned as follows

D c =
h
D (1)

c D (2)
c D (3)

c

i T
(3.12)

The total displacement vector in the new step, i.e.D , can be expressed as follows

D = D c + S(X � X c) (3.13)

whereX is the vector of unknown constants in the new step. By using Eqs. (3.13) and (3.7) the
following equation is obtained

X = [ ST S + � I ]� 1[ST (Y � D c) + ST SX c] (3.14)

Equation (3.14) is used iteratively through the following equation to obtain the constants

X k+1 = [( Sk )T Sk + � k I ]� 1[(Sk )T (Y � D k ) + ( Sk )T SkX k ] (3.15)

k and k + 1 are the numbers of iterations, and the convergence rule isde�ned as follows

kX k+1 � X kk ¬ e (3.16)

where e is the speci�ed tolerance. In the cases where a large number of sampling points and/or
many load cases are considered, selecting a small value or even zero for � results in stable
solutions.

Inequality constraints on material constants (for example 0 ¬ � ¬ 1=3) are not considered
in the inverse formulation of this study. In other words, the inverse formulation of this research
uses an unconstrained optimization formulation. However,the obtained results must satisfy all
the constraints. Otherwise, the problem has to be solved with di�erent initial guesses.

3.2. Initial guesses

In order to start the iterative process and obtain the material constants, proper initial guesses
are required. Selecting appropriate initial guesses reduces the number of iterations and increases
the convergence rate. To �nd proper initial guesses for the unknown parameters of the hyper-
-elastic material, we try to �nd unknown Young's modulus E and Poisson's ratio � for an
isotropic linear elastic material, which can approximately reconstruct the measured data for
the original hyper-elastic material. For this purpose, the measured dataY are used in a simple
inverse analysis to �nd appropriate values for the two parameters of the pseudo linear elastic
material. Then, the calculated parameters are used to compute initial guesses for the original
material parameters. A similar approach has been used by Hematiyan et al. (2012) for providing
initial guesses for identi�cation of material constants of linear elastic anisotropic materials.

The pseudo material is assumed incompressible with� = 0 :5. The displacement vector obta-
ined from the experiments on the hyper-elastic material, i.e.Y , is assumed to be the displacement
vector for the pseudo material with unknown E. The unknown parameter E can be simply found
as follows.
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The displacement vector at the sampling points of the pseudomaterial can be computed as

D =
D
E

(3.17)

where D is the displacement vector at the same sampling points for a linear elastic material
with E = 1 Pa and � = 0 :5. The vector D can be computed using a direct analysis by the FEM.
To �nd a suitable value of E , we minimize the di�erence betweenD and Y . This can be carried
out by minimizing the following expression

F =
�
Y �

D
E

� T �
Y �

D
E

�
(3.18)

which gives

E =
D T D

D
T

Y
(3.19)

Now, we have found elastic constants of a pseudo linear elastic isotropic material for the inverse
problem. After obtaining the Young modulus from equation (3.19), by selecting di�erent values
for " , a set of stress-strain data is provided using the relation� = E" . This set of data is used
to �nd initial guesses for the unknown constants of the original hyper-elastic material.

Consider a case of uniaxial loading with the axial stress� which causes the axial strain" in
direction 1 for the pseudo material. The deformation of the material can be expressed as follows

x1 = � 1X 1 x2 = � 2X 2 x3 = � 3X 3 (3.20)

where (X 1; X 2; X 3) are rectangular Cartesian coordinates that identify material particles in
some unstressed reference con�guration, (x1; x2; x3) are the corresponding coordinates after
deformation with respect to the same axes, and the coe�cients (� 1; � 2; � 3) are principal stretches
of the deformation. Therefore, the deformation gradient tensor Fij = @xi =@Xj is expressed as
follows

F =

2

6
4

� 1 0 0
0 � 2 0
0 0 � 3

3

7
5 (3.21)

Substituting B ij = Fik Fjk in equation (2.12), the following equation is obtained

� = 2
�
� 2

1 �
1
� 1

��
A10 +

1
� 1

A01

�
(3.22)

On the other hand, for the pseudo material we have

" =
@(x1 � X 1)

@X1
= 1 � � 1 (3.23)

Substituting � 1 = 1 + " into Eq. (3.22) results in

� = 2
h
(1 + ")2 �

1
1 + "

i�
A10 +

1
1 + "

A01

�
(3.24)

Equation (3.24) can be written in the following form

Y = A10X + A01 (3.25)
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where Y and X are

Y =
� (1 + ")

2
h
(1 + ")2 � 1

1+ "

i X = 1 + " (3.26)

By using the previously generated set of stress-strain data, a set ofX -Y data is computed using
Eq. (3.26). Then a line is �tted through the X -Y data by a simple linear regression. Considering
Eq. (3.25) and by using the coe�cients of the �tted line, the v alues ofA10 and A01 are obtained.
These values are considered as initial guesses for the inverse analysis.

A method to obtain the initial guesses for constants of anisotropic hyper-elastic materials
is also presented here. These constants areR10, k1, k2, and � , see Eqs (2.17) and (2.18). Since
0 ¬ � ¬ 1=3, we simply select the value of 0.25 as an initial guess for� . To simplify the process
of obtaining the initial guesses we also setk1 = k2. Therefore, only the initial guesses forR10

and k1 should be determined. Substituting Eqs. (2.17) and (2.18) into Eq. (2.16), the Cauchy
stress is expressed as follows

� = 2R10B + k1

� I 1

4
+

I 4

4
� 1

�
exp

h
k1

� I 1

4
+

I 4

4
� 1

� 2i
(B + m 
 m) (3.27)

As discussed for the isotropic case, by using Eq. (3.19) Young modulus is obtained for the
pseudo incompressible linear elastic material. Using the calculated Young's modulus and Hooke's
law, the components of the stress tensor� and the strain tensor " at two di�erent points are
computed. The strain tensor is used in Eq. (2.2) to obtain theright Cauchy-Green deformation
tensorC from which the deformation gradient tensorF and the tensorB can be obtained. Having
F and M , the vector m = FM is also known and the unknowns in Eq. (3.27), i.e.R10 and k1,
can be found. These computed values are considered as initial guesses for the corresponding
parameters.

4. Numerical examples

In this Section, three examples are presented to show the e�ciency of the presented method.
In the two �rst examples, numerically simulated measured data are used; however, in the third
example, the experimental data obtained from a polyvinyl alcohol sample are used for the
identi�cation of material parameters.

4.1. Example 1. Isotropic hyper-elastic material

In this example, a rectangular plate with a non-circular hole made of an isotropic hyper-
-elastic material is considered. As shown in Fig. 1, the bodyis subjected to three load cases. The
loading location and directions vary in each case to obtain more useful measurement data. The
measurement data were numerically simulated. For this purpose, three direct problems corre-
sponding to the three load cases were solved by the exact material constants and displacement
at sampling points where obtained. Then, some errors with a normal distribution were added to
the displacement data to account for practical inaccuracies.

The exact material constants of the Mooney-Rivlin hyper-elastic model for the material
are assumed 80 Pa and 20 Pa forA10 and A01, respectively. The initial guesses for the ma-
terial constants obtained from the method presented in Section 3.2, are A10 = 90:34 Pa and
A01 = 3 :497 Pa. These initial guesses are used in the developed program, and by using equation
(3.15) the unknowns are updated in each step until they satisfy convergence rule.

At �rst, the problem was solved without any measurement error. Table 1 shows the number
of iterations and obtained values for the constants when theresults of the load cases where
used separately (1, 2 or 3) or together (1+2 or 1+2+3) for the inverse analysis. The tolerance
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Fig. 1. Load cases applied to the material

for the convergence rule was assumed 0.01. Then the problem was solved by applying 1 and 5
percent error in the measurement data. These errors are applied in the exact solution of the
problem using the normal distribution function. The result s of these cases are shown in Table 1
as well. The convergence process for the case with 5% measurement error is shown in Fig. 2.
From the results of Table 1, it is clear that when there is no error in the measurements, the
solution for all load cases converge easily to the material constants and the number of iterations
is almost the same whether the load cases are solved togetheror separately. Further, when the
error percentage in measurements increases, the number of iterations and errors in the obtained
results increase too. In addition, the number of iterationsis less for the cases that the problem
is solved by using 2 or 3 load cases. Moreover, it is seen that the obtained results are more
accurate when more than one load case is considered in the inverse analysis.

Table 1. Results for material constants with di�erent values of measurement errors, Example 1

Load case 1 2 3 1+2 1+2+3

without
measu-
rement
error

No. of iterations 6 6 6 5 5

Constants [Pa]
(Error [%])

A10 =80 A10 =80 A10 =80 A10 =80 A10 =80
(0) (0) (0) (0) (0)

A01 =20 A01 =20 A01 =20 A01 =20 A01 =20
(0) (0) (0) (0) (0)

1%
measu-
rement
error

No. of iterations 8 12 8 6 7

Constants [Pa]
(Error [%])

A10 =77:17 A10 =80:36 A10 =77:66 A10 =81:15 A10 =80:81
(3.5) (0.4) (2.9) (1.4) (1)

A01 =23:18 A01 =19:52 A01 =22:15 A01 =18:74 A01 =19:04
(15.9) (2.4) (10.7) (6.3) (4.8)

5%
measu-
rement
error

No. of iterations 10 11 17 4 5

Constants [Pa]
(Error [%])

A10 =70:058 A10 =72:97 A10 =75:66 A10 =86:43 A10 =80:53
(12.4) (8.7) (5.4) (8) (0.6)

A01 =31:09 A01 =25:93 A01 =25:18 A01 =12:60 A01 =19:39
(55.4) (29.6) (25.9) (36.9) (3)

4.2. Example 2. Anisotropic hyper-elastic material

In this example, the same geometry of the previous example but with an anisotropic hyper-
-elastic material is considered. The exact material constants of the Holzapfel hyper-elastic model
for this material are assumed 7.64 Pa, 996.6, 524.6 and 0.226for R10, k1, k2 and � , respectively.
The direction of the �bers in a hyper-elastic material that d etermines theM and M 0 vectors can
be obtained from two-dimensional images of soft biologicaltissues (Schrie
 et al., 2012). In this
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Fig. 2. Convergence of (a)A10 and (b) A01 for di�erent load cases with 5% error in measurements

example, these vectors are assumed to be known (M = 0 :766e1 � 0:643e2, M 0 = 0 :5e1 � 0:866e2).
The initial guesses for the material constant, which are obtained from the method presented in
Section 3.2, areR10 = 10:65 Pa, k1 = k2 = 144:2 and � = 0 :25. At �rst, the problem was solved
without any measurement error. Table 2 shows the number of iterations and obtained constants
when the results of di�erent load cases were used separatelyor together. The tolerance for the
convergence rule was assumed 0.01. Then, the problem was solved by considering 1 and 5 percent
error in the measurement data. The results of these cases areshown in Table 2. The convergence
process of constants for the case with 1% error in measurements is shown in Fig. 3. From the
results given in Table 2, it is seen that the inverse solutiondiverges for load cases 2 and 3 even
without any measurement error. Further, it is seen that when an error exists in measurements,
the solution cannot be obtained by only one load case. It is also observed that the number of
iterations for the solution with 3 load cases is smaller thanthe solution with 2 load cases.

Table 2. Results for material constants with di�erent values of measurement errors, Example 2

Load case 1 2 3 1+2 1+2+3

without
measu-
rement
error

No. of iterat. 7

D
iv

er
ge

d
D

iv
er

ge
d

7 8

Constants
(Error [%])

R10 =7 :640 Pa (0) R10=7 :640 Pa (0) R10 =7 :640 Pa (0)
k1 = 996:6 (0) k1 = 996:6 (0) k1 = 996:6 (0)
k2 = 524:6 (0) k2 = 524:6 (0) k2 = 524:6 (0)
� = 0 :226 (0) � = 0 :226 (0) � = 0 :226 (0)

1%
measu-
rement
error

No. of iterat.

Diverged

D
iv

er
ge

d
D

iv
er

ge
d

18 7

Constants
(Error [%])

R10 =7 :645 Pa (0.06) R10 =7 :645 Pa (0.06)
k1 = 1015 (1.8) k1 = 1020 (2.3)
k2 = 528:8 (0.8) k2 = 527:3 (0.5)
� = 0 :227 (0.4) � = 0 :227 (0.4)

5%
measu-
rement
error

No. of iterat.

Diverged

D
iv

er
ge

d
D

iv
er

ge
d

37 15

Constants
(Error [%])

R10 =7 :607 Pa (0.4) R10 =7 :650 Pa (0.1)
k1 = 1079 (8.2) k1 = 926:0 (7)
k2 = 509:8 (2.8) k2 = 572:8 (9.1)
� = 0 :228 (0.8) � = 0 :225 (0.4)

4.3. Example 3. A rectangular plate with a hole made of polyvi nyl alcohol

In order to verify the proposed method for obtaining material constants of hyper-elastic
materials, a sample was made of polyvinyl alcohol which exhibits hyperelastic mechanical be-
havior. Polyvinyl alcohol is usually used to simulate soft tissues of human body (Hebdenet al.,
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Fig. 3. Convergence of (a)R10, (b) k1, (c) k2 and (d) � for di�erent load cases with 1% error in
measurements

Fig. 4. The polyvinyl alcohol sample used in the experiments

2006). The sample used in the experiments (Fig. 4) is a rectangular plate with dimensions of
80.04 mm� 10.02 containing a 33.28 mm diameter hole.

Two load cases are considered for the polyvinyl alcohol sample. In the �rst case, the sample
is placed horizontally on the desk and by using a force meter,a load is applied to one end while
the other end is �xed. This load case is shown in Fig. 5. In thiscase, a load of 1.2 N is applied
to the sample.

In the second case, the sample is hanged by its weight and by using a hook, a load is applied
to the sample. This case is shown in Fig. 6. A load of 1.5 N is applied in this case. It should
be mentioned that, in this case, there exists a body force in the same direction of loading too.
Therefore, the de
ection of the member in the second case is much more than the de
ection in
the �rst load case.

For measuring the displacement at the sampling points, these points were marked before
the test. By using the measured displacements, the materialconstants are obtained for a simple
cylindrical sample and for the rectangular sample with a hole. The �nite element model (con-
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Fig. 5. First load case for the rectangular sample

Fig. 6. Second load case for the rectangular sample

Fig. 7. Load application in FEA for the two cases

structed in ABAQUS) and displacement for the two load cases are shown in Figs. 7 and 8. As
it is shown in Fig. 7, the load is not directly applied to the material. A rigid plate is used in the
FEA model for load application in order to simulate the experiment more accurately.

The material constants obtained from loading the cylindrical sample are presented in Table 3.
The material constants obtained for the rectangular sampleare presented in Table 4, where the
results of the �rst and second cases are used separately and together. From Table 4 it is seen that
when each test is used separately to obtain the material constants, the number of iterations is
larger and the constants deviate more from those obtained for the cylindrical sample in Table 3.
Further, when two tests are used together to obtain the constants, the deviation from constants
of Table 3 and number of iterations are smaller.
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Fig. 8. Displacement contours in the sample for two load cases

Table 3. Material constants obtained for the cylindrical sample

C10 [Pa] C01 [Pa] Number of iterations

4.964 0.541 19

Table 4. Material constants obtained for the rectangular sample with a hole

Test C10 [Pa] C01 [Pa] Number of iterations

1 6.231 0.756 28
2 5.843 0.641 43

1+2 5.006 0.524 13

5. Conclusions

A method to obtain the constants of isotropic and anisotropic incompressible hyper-elastic ma-
terials is presented. In the proposed method, by using the measured displacements at some
sampling points on the boundary of a member with a non-standard shape, the unknown mate-
rial constants of the material are computed. The measured data are obtained from more than
one test with di�erent load cases. It is shown that the method is more e�cient when the results
of two or three load cases are simultaneously used to solve the problem.

From the results of the numerical examples, it is concluded that when the measurement
error is zero for isotropic materials, the solution processcorresponding to all load cases easily
converge to the exact solution and the number of iterations is almost the same whether the load
cases are solved together or separately. However, for anisotropic hyper-elastic materials, even in
the cases without any measurement error, the solution corresponding to some load cases may
diverge. Since the number of constants to be determined in the anisotropic case is more than
the isotropic case, more load cases are needed to �nd the unknown constants of hyper-elastic
anisotropic materials.

For both isotropic and anisotropic hyper-elastic materials, when the measurement error in-
creases, the number of iterations and the error in the obtained results increase too. Further, it
can be seen that usually the number of iterations is smaller for the cases that the problem is
solved by using the measured data from 2 or 3 load cases and theresults obtained are more
accurate.

In this research, the preferred direction vectors are considered to be known. However, if one
considers these parameters as unknowns, the number of the unknowns of the inverse problem
increases. This will complicate the problem more and more, and the need for conducting more
experiments increases as well.



Determination of material parameters of isotropic and anisotropic... 909

References

1. Abyaneh M.H., Wildman R.D., Ashcroft I.A., Ruiz P.D. , 2013, A hybrid approach to
determining cornea mechanical properties in-vivo using a combination of nano-indentation and
inverse �nite element analysis, Journal of the Mechanical Behavior of Biomedical Materials, 27,
239-248

2. Ahn B., Kim Y., Kim J. , 2008, Biomechanical characterization with inverse FE model parameter
estimation: Macro and Micro applications, International C onference on Control,Automation and
Systems, 1769-1772

3. Baker M., Shrot A. , 2013, Inverse parameter identi�cation with �nite element simulation using
knowledge-based descriptors,Computational Materials Science, 69, 128-136

4. Balaraman K., Mukherjee S., Chawla A., Malhotra R. , 2005, Inverse �nite element cha-
racterization of soft tissue using impact experiments and Taguchi method, SAE Internationals,
2005-01-4044

5. Czabanowski R. , 2010, Experimental identi�cation of hyperelastic material parameters for cal-
culations by the �nite element method, Journal of KONES, 17, 1, 87-92

6. Fung Y.C. , 1993,Biomechanics: Mechanical Properties of Living Tissues, Springer, New York

7. Gasser T.C., Ogden R.W., Holzapfel G.A. , 2006, Hyperelastic modeling of arterial layers
with distributed collagen �ber orientations, Journal of Royal Society Interface, 3, 6, 15-35

8. Hartman S. , 2001, Numerical studies on the identi�cation of the material parameters of Rivlin's
hyper-elasticity using tension-torsion tests,Acta Mechanica, 148, 129-155

9. Hebden J.C., Price B.D., Gibson A.P., Royle G. , 2006, A soft deformable tissue equivalent
phantom for di�use optical tomography, Physics in Medicine and Biology, 51, 21, 5581-5590

10. Hematiyan M.R., Khosravifard A., Siah Y.C., Tan C.L. , 2012, Identi�cation of material
parameters of two-dimensional anisotropic bodies using aninverse multi loading boundary element
technique, Computer Modeling in Engineering and Science, 87, 1, 55-76

11. Holzapfel G.A., Gasser T.C. , 2000, A new constitutive framework for arterial wall mechanics
and a comparative study of material models,Journal of Elasticity , 61, 1-48

12. Holzapfel G.A. , 2000,Nonlinear Solid Mechanics, Technical University Graz, Austria

13. Holzapfel G.A., Ogden R.W. , 2010, Constitutive modeling of arteries,Journal of Royal Society,
466, 2118, 1551-1597

14. Hu T., Desai J.P. , 2004,Characterization of Soft-Tissue Material Properties: Large Deformation
Analysis, Drexel University, Philadelphia

15. Krouskop T.A., Wheeler T.M., Kallel F., Garra B.S. Hall T. , 1998, Elastic moduli of
breast and prostate tissues under compression,Ultrasonic Imaging, 20, 260-274

16. Liu G.R., Han X. , 2003,Computational Inverse Techniques in Nondestructive Evaluation, CRC
Press, Boca Raton, London, New York, Washington, D.C.

17. Miller K., Chinzei K. , 1997, Constitutive modeling of brain tissue: experiment and theory,
Journal of Biomechanics, 30, 1115-1121

18. Mehrabian H. , 2008, Soft tissue hyper-elastic parameter reconstruction for breast cancer asses-
sment, Mastered Engineering Science Thesis, University ofToronto

19. Mesa-M �unera E., Ram �irez-Salazar J.F., Boulanger P., Branch J.W. , 2012, Inverse-FEM
characterization of a brain tissue phantom to simulate compression and indentation, Ingenier�ia y
Cienc, 8, 11-36

20. Moulton M.J., Creswell L.L., Actis R.L., Myers K.W., Vannier M .W., Szabo B.A.,
Pasque M.K. , 1995, An inverse approach to determining myocardial material properties, Journal
of Biomechanics, 28, 8, 935-948



910 M. Hajhashemkhani, M.R. Hematiyan

21. Ogden R.W., Saccomandi G., Sgura I. , 2004, Fitting hyper-elastic models to experimental
data, Computational Mechanics, 34, 6, 484-502

22. Pamidi M.R., Advani S.H. , 1978, Nonlinear constitutive relations for human brain tissue,Journal
of Biomechanical Engineering, 100, 1, 44-48

23. Rauchs G., Bardon J., Georges D. , 2010, Identi�cation of the material parameters of a viscous
hyper-elastic constitutive law from spherical indentation tests of rubber and validation by tensile
tests, Mechanic of Materials, 42, 961-973

24. Rivlin R.S., Saunder D.W. , 1951, Large elastic deformations of isotropic materials VII. Expe-
riments on the deformation of rubber, Journal of Royal Society, 243, 865, 251-288

25. Schriefl A.J., Reinisch A.J., Sankaran S., Pierce D.M., Holza pfel G.A. , 2012, Quan-
titative assessment of collagen �bre orientations from two-dimensional images of soft biological
tissues,Journal of Royal Society, 9, 76, 3081-3093

26. Unnikrishnan V.U., Unnikrishnan G.U., Reddy J.N. , 2012, Biomechanics of breast tumor:
e�ect of collagen and tissue density,International Journal of Mechanics and Materials in Design,
8, 3, 257-267

Manuscript received August 25, 2014; accepted for print May8, 2015



JOURNAL OF THEORETICAL
AND APPLIED MECHANICS
53, 4, pp. 911-923, Warsaw 2015
DOI: 10.15632/jtam-pl.53.4.911

PAYLOAD MAXIMIZATION FOR MOBILE FLEXIBLE MANIPULATORS
IN ENVIRONMENT WITH AN OBSTACLE

Hamidreza Heidari
College of Mechanical Engineering, Malayer University, Ma layer, Iran

e-mail: hr.heidari@malayeru.ac.ir

Mohammad Haghpanahi, Moharam Habibnejad Korayem
College of Mechanical Engineering, Iran University of Scie nce and Technology, Tehran, Iran

A mobile 
exible manipulator is developed in order to achieve high performance require-
ments such as high-speed operation, increased high payloadto mass ratio, less weight, and
safer operation due to reduced inertia. Hence, this paper presents a method for �nding the
Maximum Allowable Dynamic Load (MADL) of geometrically non linear 
exible link mobile
manipulators. The full dynamic model of a wheeled mobile base and the mounted 
exible
manipulator is considered with respect to dynamics of non-holonomic constraint in environ-
ment including an obstacle. In dynamical analysis, an e�cient model is employed to describe
the treatment of a 
exible structure in which both the geomet ric elastic nonlinearity and
the foreshortening e�ects are considered. Then, a path planning algorithm is developed to
�nd the maximum payload that the optimal strategy is based on the indirect solution to
the open-loop optimal control problem. In order to verify th e e�ectiveness of the presented
algorithm, several simulation studies are carried out for �nding the optimal path between
two points in the presence of obstacles. The results clearlyshow the e�ect of 
exibility and
the proposed approach on mobile 
exible manipulators.

Keywords: 
exible link, nonholonomic mobile manipulator, optimal co ntrol, obstacle, path
planning

1. Introduction

Mobile manipulators that are required to have a long reach, fast motion and reduced weight
typically also possess signi�cant structural 
exibility. For example, mobile 
exible manipulators
have important application in space stations, manufacturing automation, nuclear contaminated
environments, and many other areas. A common task for mobilerobots is handling heavy loads
from one place to another, particularly for wheeled mobile 
exible manipulators when operating
in high speeds with long arms. For such systems, to make an e�ective use of robotic systems, it
is important to consider the path planning of the system for � nding full-load motion in point-
-to-point maneuvers since it increases the productivity and economic usage of robotic systems.
However, kinematic and dynamic analysis of such a nonholonomic wheeled mobile robot (WMR)
is challenging due to complex wheel/manipulator interactions, 
exibility and kinematic constra-
ints. An e�cient model should be employed to describe the treatment of a 
exible structure in
which both the geometric elastic nonlinearity and the foreshortening e�ects are considered.

In this investigation, the optimal strategy is based on the indirect solution to the open-loop
optimal control problem. In the open loop optimal control, i n spite of the closed-loop ones, many
di�culties like process nonlinearities and all types of constraints can be explicitly considered
because of the o�-line computation of optimal trajectories. On the other hand, the indirect
solution method appears to be a well suited approach for thiskind of problems, which is based
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on Pontryagin's minimum principle. Combining this approach with an iterative algorithm, the
optimal paths and maximum load for WMM in the presence of obstacles can be achieved.

Many researchers have studied the problems of mobile manipulators for the last few years.
The dynamic model for links in most of these researches is often based on rigid or small de
ec-
tion theory, but for applications like light-weight links, high-precision elements or high speed
maneuver, it is necessary to capture the de
ection caused bynonlinear terms. Seraji (1998) re-
ported a simple on-line approach for motion control of mobile manipulators using the augmented
Jacobian matrix. Yamamoto and Yun (1994) focused their research on the modeling and com-
pensation of the dynamic interaction between the manipulator and the mobile platform of a
mobile manipulator, and developed a coordination algorithm based on the concept of a prefer-
red operating region. Korayemet al. (2012) and Xi and Fenton (1991) designed an algorithm for
motion planning of 
exible manipulators in quasi-static op erations. A concise motion expression
for 
exible manipulators was developed to re
ect the contri butions of joint motions and link
de
ections to the motion of the end e�ector by three respective Jacobians. It was found that the
algorithm was e�cient and accurate for motion planning of 
e xible link manipulators. Damaren
and Sharf (1995) presented and classi�ed di�erent types of inertial and geometric nonlinearities
in the dynamical equation for 
exible multibody systems. Th ey observed that for su�ciently fast
maneuvers of the 
exible-link manipulators, the ruthlessly linearized approximation completely
inadequate.

Several papers tried to give an answer to the path planning problem and calculate the MADL
for rigid and 
exible manipulators. For instance, Wang et al. (2001) developed an algorithm that
maximized the robot payload while taking into account realistic constraints such as joint torque
limits and velocity bounds. The governing optimal control problem was converted into a direct,
SQP parameter optimization in which the joint trajectories were de�ned by B-spline polynomials
along with a time-scale factor. Park (2003) presented a method for generating the path of a
redundant 
exible manipulator which signi�cantly reduced residual vibration in the presence of
obstacles. The proposed method was based on an optimized path that was constructed from
a combined Fourier series and polynomial with coe�cients of each harmonic term selected to
minimize the residual vibration.

One of the most popular methods for obstacle avoidance is thearti�cial potential �eld method
(Castro et al. 2002). In contrast to many methods, the robot motion planning through arti�cial
potential �elds (APF) is able to take into account simultane ously the problems of obstacle
avoidance and trajectory planning. The �rst use of the APF concept for obstacle avoidance
was presented by Khatib (1986). He proposed the force involving an arti�cial repulsion from
the surface which should be non-negative, continuous and di�erentiable. More recently, a new
version such as the repulsive arti�cial potential �eld has been proposed (Agirrebeitia et al.,
2005). In most of the previous works, 
exibility and nonholonomic constraints of the wheeled
mobile manipulator in the path planning problem have not been considered. Hence, this paper
proposes a method for planning the trajectory of the nonholonomic mobile 
exible manipulator
for determining the maximum allowable load and consideringthe e�ect of 
exibility to achieve
the speci�ed point to point maneuver in the presence of an obstacle.

2. Kinematic and dynamic model of the mobile 
exible manipul ator

In this Section, for the sake of modeling and analysis, a mobile 
exible manipulator comprising
a manipulator 
exible arm mounted on a nonholonomic mobile base is considered, as shown
in Fig. 1. The motion of the system has to be decomposed into the motion of the 
exible
manipulator and the motion of the base. The unidirectional platform shown in Fig. 2 is a typical
example of a nonholonomic WMR which has two rear driving wheels and two castor wheels.
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The two driving wheels are powered by DC motors and have the same wheel radiusr . The
point Pb is the origin of WMR axis, which is located at the intersection of the longitudinal
x-axis and the lateral y-axis. L 0 and b are length and width or WMR body, respectively. The
origin of the inertial frame f X; Y g is shown asO and as such allows the position of the WMR
to be completely speci�ed through the following vector of generalized coordinates with respect
to f X; Y g, qb = [ X b; Yb; '; � r ; � l ], where X b and Yb are the coordinates of the center of mass.
The orientation of the WMR frame from the inertial frame is denoted by ' . � r and � l are the
angular displacements of the right and left driving wheel, respectively. Due to the nonholonomic
nature of the system, the constraint equation obeys the ideal no-slip condition. The rolling and
the knife edge constraint equations for this system can be found in Yamamoto and Yun (1994).
In the next Section, these constraints will be explained.

Fig. 1. Schematic view of a mobile 
exible manipulator

Fig. 2. Nonholonomic wheeled mobile robot platform

The global position vector of the end-e�ector r can be de�ned by appropriately considering
the position vector of the corresponding local coordinate in the global reference system as

r i = r b + r m=b = r b + 0
i � 1r + R

8
><

>:

x + u
v
w

9
>=

>;
(2.1)

where r b is the position of the mobile platform, R is the transformation matrix and u, v, w
denote the longitudinal and transverse displacements.

The analysis of the 
exible link can be modeled by slender elastic beams. In this investiga-
tion, a more e�cient computationally model is employed, in w hich both the geometric elastic
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nonlinearity and the foreshortening e�ects are considered. The model takes into account the
distinction between the longitudinal displacement due to axial deformation, denoted ass, and
the longitudinal displacement that can occur due to the foreshortening e�ect, denoted by ufs .
The longitudinal displacement caused by transverse de
ection of the neutral axis of the beam
can be expressed as (Korayemet al., 2012)

ufs = �
1
2

xZ

0

h� @v
@x

� 2
+

� @w
@x

� 2i
dx (2.2)

The assumed �eld of displacements foru can be written as

u =
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w
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7
5 (2.3)

The general expression of the strain energy is written in terms of s,v and w, as below (Korayem
et al., 2012)

U =
EA
2
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� 2
dx (2.4)

where E, A, I , and l denote Young's modulus, cross-sectional area, moment of inertia of the
cross section, and length, respectively. This formulationbrings nonlinear inertia terms and a
constant sti�ness matrix in the equations of motion.

The Lagrangian method is utilized to formulate the dynamic equations governing the motion
of mobile 
exible manipulator systems. In order to derive dynamic equations, the kinetic energy
and the potential energy are computed for the entire system.The kinetic energy for the overall
system is obtained by computing the kinetic energy for each element ij and then by summing
over all the elements. The potential energy of the manipulator is obtained by computing the
strain energy for each elementij due to elasticity and gravity of any link. After calculation
of these energies, by applying the Lagrangian multipliers procedure and performing some alge-
braic manipulations, the compact form of the governing equations of a two-link 
exible mobile
manipulator can be obtained from
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where M is the nonlinear mass matrix, C is the vector of Coriolis and centrifugal forces,G de-
scribes the gravity e�ects, and A denotes the nonholonomic constraints. The generalized coor-
dinates q and the generalized forceF are the following vectors

q = [ qb; qm ; qf ] = [ X f ; Yf ; '; � r ; � l ; � 1; � 2; qf 1; : : : ; qfn ]

F = [ Fb; Fm ; 0] = [0; 0; 0; � wr ; � wl ; � 1; � 2; 0; : : : ; 0]
(2.6)

The WMRs are called nonholonomic mobile robots because of their no-slip kinematic constra-
ints. The vehicle is prevented from sliding sideways relative to its instantaneous heading, and
each drive wheel is assumed to roll without slipping. These three independent nonholonomic
constraints are represented as

_Yf cos' � _X f sin ' � d _' = 0
_Yf sin ' + _X f cos' + b_' = r _� r

_Yf sin ' + _X f cos' � b_' = r _� l

(2.7)
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The compact form of the nonholonomic constraints can be written as

A (q) _q = 0 (2.8)

and

A =

2

6
4

� sin ' cos' � d 0 0 0 0 0 : : : 0
� cos' � sin ' � b r 0 0 0 0 : : : 0
� cos' � sin ' b 0 r 0 0 0 : : : 0

3

7
5 (2.9)

where r is the radius of the driving wheel, b is the distance of two wheels andd is the distance
between the front and rear wheels.

By de�ning the matrix B (q) , which is the null space of the matrix A (q), the Lagrange
multipliers can be eliminated

A (q)B (q) = 0 (2.10)

One choice ofB (q) is as follows

B =
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0 0 0 1 0 : : : 0
0 0 0 0 1 : : : 0
...

...
...

...
...

... 0
0 0 0 0 0 0 1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

(2.11)

as well as _q can be expressed as follows

_q = B (q)v (2.12)

where

v = [ _� r ; _� l ; _� 1; _� 2; _qf 1; : : : ; _qfn ]T (2.13)

By di�erentiating equation (2.12)

•q = B (q) _v + _B (q)v (2.14)

after performing some algebraic manipulations, the dynamic equation of the mobile 
exible
manipulator is

B T (q)M [B (q) _v + _B (q)v ] + B T (q)(C + G) = B T (q)F (2.15)

Finally, the dynamic equations in the state space are as follow

_x =

"
Bv

(B T MB )� 1(� B T M _Bv � B T C)

#

+

"
0

(B T MB )� 1

#

F (2.16)

By using these equations, the optimal trajectory planning problem can be formulated.
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3. Optimization strategy

Path planning in the case of a mobile 
exible manipulator is complex due to 
exibility of the
manipulator arm. In this Section, an indirect solution to th e optimal control problem is applied
for the o�-line global trajectory planning of the mobile 
ex ible manipulator. The purpose of
the optimal control problem is to determine the control u(t) that minimizes the performance
index J (u). In this investigation, the speci�c objective functional J is to obtain the optimal paths
with minimum e�ort and vibration. The general expression wh ich minimizes the cost functional
means that (Wang et al., 2001)

min J =

t fZ

t0

L
�
X (t); U (t); t

�
dt =

1
2

kX 1k2
W P

+
1
2

kX 2k2
W V

+
1
2

kU k2
R (3.1)

Here, the integrand L(�) is a smooth di�erentiable function in the arguments, X (t) and U (t)
denote the state space form of the generalized coordinate and the joint torque, respectively.
kX k2

K = X T KX is the generalized squared norm,W P , W V are symmetric, positive semi-
-de�nite ( k � k) weighting matrix, and R is the symmetric, positive de�nite ( k � k) matrix. The
designer can decide on the relative importance among the angular position, angular velocity,
vibration amplitude and control e�ort by the numerical choi ce of penalty matricesW P , W V

and R. In order to minimize the objective function subjected to the nonlinear dynamic equations,
the well-known Pontryagin minimum principle is used. By int roducing the cost vector  , the
Hamiltonian function of the system can be de�ned as

H (X ; U ;  ; t) = L (X ; U ) +  T _X (3.2)

The PMP then implies that the necessary condition for a localminimum is that H be minimized
with respect to u(t) at all times. If it is assumed that the set of admissible inputs is bounded
U �

i ¬ u�
i ¬ U+

i , this condition is equivalent to

_X =
@H
@ 

_ =
� @H
@X

0 =
@H
@U

(3.3)

The considered boundary conditions are

X (t i ) = X i X (t f ) = X f (3.4)

where X (t i ) and X (t f ) represent positions and velocities of the links at the beginning and at
the end of the maneuver. The optimal trajectory is then obtained by solving the 2n di�erential
equations

_x � (t) =
@H
@p

�
x � (t); u� (t); p� (t); t

�

_p� (t) = �
@H
@x

�
x � (t); u� (t); p� (t); t

�

H
�
x � (t); u� (t); p� (t); t

�
¬ H

�
x � (t); u(t); p� (t); t

�

(3.5)

The control values are limited with the upper and lower bounds. One of the most commonly
used motors for actuating the joints of small and medium sizemobile robots are permanent
magnet DC motors. Typical speed-torque characteristics ofDC motors in which the relationship
between speed and torque is linear are de�ned as below (Wanget al., 2001)

U (+)
allow = K 1 � K 2 _q U (� )

allow = � K 1 � K 2 _q (3.6)
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where

K 1 =
h
� s1 � s2 : : : � sm

i T
K 2 = diag

h
� s1
! 1

� s2
! 2

: : : � sm
! m

i T

the stall torque (torque generated by the motor when fully \O N" but unable to move) and no-
-load speed (output speed of the motor when running without load) are denoted by� s and ! m ,
respectively.

3.1. Maximum payload algorithm

The set of dynamic equations, the governing optimal control problem and the boundary
conditions lead to the standard form of a two-point boundary value problem (TPBVP). The
collocation method is one of the basic ways of solving TPBVP.The method iterates on the
initial values of the co-state until the �nal boundary condi tions are satis�ed by the following
desired accuracy

h(X (t f ); t f ) =
1
2

kX 1(t f ) � X 1f k2
W p

+
1
2

kX 2(t f ) � X 2f k2
W V

¬ " (3.7)

In this Section, an algorithm is proposed to �nd the maximum payload shown in Fig. 3. The
proposed method considers torque bounds and is based on increasing the payload until one point

Fig. 3. The algorithm for calculation of the maximum payload

of one of the actuators torque reach the upper or lower torquebounds. As shown in Fig. 3, the
proposed algorithm includes two stages; the �rst stage index i increases the tip massmp until the
actuators torque reach the upper or lower torque constraints. The desired accuracy" in TPBVP
solution must be satis�ed for the payload in each step. A further increase in the payload exceeds
the torque limits. Consequently, the desired accuracy" in TPBVP solution could not be satis�ed
and the boundary conditions at yhe �nal time may be obtained incorrectly. At this status, while
one point of one of the actuators torque reach the upper or lower torque bounds; the second stage
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index k decreases the payload until the maximum payload for the supposed penalty matrices is
obtained with the accuracy " . The accuracy of the maximum payloadmpmax calculation depends
on the value e. The iteration number is denoted by s symbol in this algorithm.

3.2. Path planning in the presence of an obstacle

In order for mobile 
exible manipulators to successfully carry out tasks, especially in carrying
heavy loads on di�erent trajectories, the Arti�cial Potent ial Fields (APFs) is used throughout
the robot workspace with each point in the workspace having an associated potential. The idea
used in APF-based obstacle avoidance is to position a mobilemanipulator in the workspace
such that the overall potential encountered by the mobile manipulator is minimized while still
accomplishing the desired task. A repulsive potential formulation based on the distance between
parts of the WMM and obstacles is used in the cost function forobstacle avoidance. The most
commonly used repulsive potential takes the form (Khatib, 1986)

U rep =

8
><

>:

1
2

�
� 1

� (q; qobs)
�

1
� 0

�
if � (q; qobs) ¬ � 0

0 if � (q; qobs) > � 0

(3.8)

where � is a positive weighting matrix, � (q; qobs) denotes the minimal distance from the robotq
to the obstacle, qobs denotes the point on the obstacle such that the distance between this point
and the robot is minimal between the obstacle and the robot, and � 0 is a positive constant
denoting the distance of in
uence of the obstacle.

The obstacle avoidance problem is formulated in terms of collision avoidance of the base,
links and joints with the obstacles. In order to add the penalty function to the performance
index in order to guarantee free-collision motion of the mobile body, the distance between the
center of the mobile base and the center of the obstacle will be

� b = kPobs � Pbk =
q

(X obs � X b)2 + ( Y obs � Y b)2 (3.9)

By assuming the links as lines, the minimal distance betweenij link and the center of the
obstacle can be calculated as

� ij =
1

q
(X j � X i )2 + ( Y j � Y i )2

�
�
�
�
�
det

"
X j � X i X obs � X i

X j � X i Y obs � Y i

#�
�
�
�
�

(3.10)

The position of parts in the workspace is denoted byX i and Y i . Therefore, the objective function
to guarantee the free-collision motion can be de�ned as

J (u) =

t fZ

t0

L(X ; U ; t) dt =
1
2

kX 1k2
W 1

+
1
2

kX 2k2
W 2

+
1
2

kU k2
R +

1
2








1
�

�
1
� 0








2

�
(3.11)

The new objective function is used to obtain the trajectory optimization problem to avoid
collision of the WMM parts with the obstacles. Figure 4 showsthe wheeled mobile robot in the
presence of an obstacle.

4. Simulation results

A simulation study has been carried out to investigate further the validity and e�ectiveness of
the mobile 
exible manipulators in �nding the optimal path b etween two points with di�erent
objective functions. A two-link planar manipulator is considered. It is mounted on a di�erentially
driven mobile base at pointF on the main axis of the base (Fig. 4). The parameters of the mobile

exible manipulator are given in Table 1.
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Fig. 4. WMM in the presence of an obstacle

Table 1. Simulation of parameters

Parameter Value (base) Value (manipulator)

Length [m] L 0 = 0 :4 L 1 = L 2 = 1
Mass [kg] mb = 94 m1 = m2 = 3, mp = 0 :5
Cross section area [m2] { A1 = A2 = 4 � 10� 8

Moment of inertia [m4] I b = 6 :609 I 1 = 0 :416, I 2 = 0 :0625
Young's modulus of the material [N/m 2] { E1 = E2 = 2 � 1010

4.1. First case study: optimal path for minimum e�ort

The motion planning problem is to �nd the optimal trajectory with minimum e�ort. The
main motivation behind the minimum e�ort is to �nd a path to re duce the amount of torques
and hence to lower energy consumption. According to the algorithm presented in Fig. 3, the
general solution method is based on increasing the payload from its minimum value mpmin up
to the maximum payload can be found. Therefore, in this case,the initial payload, initial values
of the co-state vector, accuracy values, and penalty matrices are considered as follows

mpmin = 0 :5 kg  (0) = 0 e = 0 :1 " = 0 :0001

W p = W V = 0 R = diag (1)
(4.1)

This cost function is typical for systems that need to conserve energy during a particular ope-
ration. The actuator constants are given as follows

K 1 =
h
20 20 50 50

i T
N � m

K 2 = diag
h
1:5 1:5 2:5 2:5

i N � m � s
rad

(4.2)

The system is initially at rest, thus the mobile base is initially at the point ( xF = 0 :75 m,
yF = � 0:5 m, ' = 0 � ) and moves to its �nal position ( xF = 1 :6 m, yF = � 0:2 m, ' = 15 � ). The
initial conditions of the manipulator are � 1(0) = 1 :5 rad, � 2(0) = 2 rad, _� 1(0) = 0, _� 2(0) = 0
(point A in Fig. 5a) and the �nal conditions are � 1(t f ) = � 0:86 rad, � 2(t f ) = 1 :09 rad, _� 1(t f ) = 0,
_� 2(t f ) = 0 (point B in Fig. 5a) during the overall time t f = 1 :9 s (see Fig. 5a) and also the
remaining boundary conditions are equal to zero.

A comparative study is carried out between the rigid model and 
exible models (linear and
nonlinear models) as shown in Fig. 5b. The optimal angular positions of the link and wheels,
corresponding to the minimum e�ort are shown in Figs. 6a and 6b.
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Fig. 5. The optimal paths between point A and B via minimum e�ort (a) and for di�erent models (b)

Fig. 6. The optimal angular positions of the �rst and second joints (a) and the right and left wheels (b)

The simulation results presented in Fig. 7 illustrate the optimal controls to carry the maxi-
mum payload, which also show the upper and lower bounds of theactuator torque capacity. By
increasing the payload frommpmin to mpmax , the required torque grows until one point of one
of the actuators torque reach the upper or lower torque bounds. It can be seen that, the second
motor reaches its maximum capacity. In this case study, the maximum payload is obtained to
be mpmax = 2 :45 kg, while by considering the rigid link and Nikoobin's method (Korayem et al.,
2012), the maximum payload is found to bempmax = 8 :25 kg. This di�erence is due to 
exibility
of the link which increases the oscillation of torque curves.

Fig. 7. Minimum e�ort of the �rst and second motors within upp er and lower acceptable boundaries

4.2. Second case study: minimum vibration trajectory

In the motion planning of 
exible robots, obtaining the mini mum vibration trajectory is
one of the most frequently encountered problems. The optimization objective is to minimize the
vibration excitation during motion. By increasing the weighting factors corresponding to the
derivative of 
exural displacements ( _qf 1; : : : ; _qfn ), the vibrational motions will be suppressed.
The bounds of the motor capacity are not considered. Hence, the proper penalty matrices are
selected to beR = diag (0 :01) and W p = 0, W V = diag (0 ; 0; 1; : : : ; 1). The load must be
carried from the initial point with coordinate ( xe = 0 :5 m, ye = � 0:08 m) to the �nal point with
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coordinate (xe = 3 :31 m, ye = � 0:25 m). The optimal trajectory between these two points during
the overall time t f = 1 :9 s is desired for the rest-to-rest maneuver. The other conditions remain
the same with the previous case study. The characteristics of the parts are shown in Table 1.

Fig. 8. The optimal paths via minimum vibration

Fig. 9. The optimal 
exural de
ections of the �rst link (a) an d the optimal 
exural displacements of the
second link (b)

The simulation results (small and large models) are illustrated in Fig. 8. The obtained optimal

exural de
ections, corresponding to the minimum vibratio n are shown in Figs. 9a and 9b. The
simulation results show that a signi�cant reduction in mani pulator vibration can be achieved by
employing the proposed optimization procedure. As expected, it can be seen, by decreasing the
amplitude vibration, that the linear and nonlinear models come closer together. Also, it is shown
that application of the proper input torque may decrease theend e�ector vibration signi�cantly.

4.3. Third case study: trajectory optimization in the prese nce of an obstacle

Recently, there has been a great deal of interest in path planning for autonomous mobile
manipulators in the presence of an obstacle because of theirability to replace objects in a wide
workspace. Hence, the problem is how to �nd a feasible trajectory for all components in order
to carry the maximum payload in environment with an obstacle. The characteristics of the non-
holonomic mobile manipulator, penalty matrices, accuracyvalue, and the actuator constants
are the same as in the �rst case study. Moreover, the augmented functional obstacle avoidance
is considered in the cost function. The task is considered tomove the end e�ector from the
initial point p0 = (0 :5; � 0:08) to the �nal con�guration pf = (3 :31; � 0:25) for the rest-to-rest
maneuver during the overall time t f = 1 :9 s. Also, there is an obstacle withrobs = 0 :05 m at a
point with coordinates pobs = ( xobs = 1 :1 m, yobs = � 0:55 m). The simulation parameters are
shown in Table 1.

In this condition, the maximum payload is found to be 2.05 kg. To avoid the obstacle, the
manipulator moves far from it and causes a decrease in the allowable payload. The schematic of
the obstacle and the obtained optimal paths of the end-e�ector and the mobile base are shown in
Fig. 10a. A comparative study is performed between the rigidmodel and 
exible models (linear
and nonlinear models) as shown in Fig. 10b.
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Fig. 10. The schematic view of obtained optimal paths in the presence of an obstacle (a) and the
obtained optimal paths of the end-e�ector and mobile base for di�erent models (b)

5. Conclusions

The main objective of this investigation is to determine the trajectory optimization for cal-
culating the MADL of 
exible-link mobile manipulators in th e point-to-point maneuver in the
presence of an obstacle, based on the indirect solution to the optimal control problem. The e�ect
of dynamic interaction between the 
exible manipulator and the mobile platform is considered
to characterize the motion of a nonholonomic mobile manipulator with the compliant link capa-
ble of large de
ection, in which both the geometric elastic nonlinearity and the foreshortening
e�ects are considered. This model leads to a constant sti�ness matrix and makes the formula-
tion particularly e�cient in computational terms and numer ically more stable than alternative
geometrically nonlinear formulations based on lower-order terms. Pontryagin's minimum prin-
ciple is used to obtain the optimality conditions, which leads to a standard form of a two-point
boundary value problem. An augmented objective function based on an arti�cial potential �eld
is considered to avoid the obstacle during point-to-point maneuvers. Several simulation studies
on a nonholonomic wheeled mobile manipulator are carried out for �nding the MADL and opti-
mal paths with di�erent objective functions like minimum e� ort and minimum vibration. The
numerical results indicate the e�ect of employing trajectory optimization in the performance
improvement of the mobile 
exible manipulator. It is shown t hat the presence of the obstac-
le causes the manipulator moves far from it; therefore, it reduces the maximum load-carrying
capacity. Moreover, in this method, the designer can compromise between di�erent objectives
by considering proper penalty matrices, and may choose the proper trajectory between various
paths. The obtained results illustrate the power and e�cien cy of the model in overcomming
the highly nonlinear nature of the large de
ection and optimization problem, which with other
methods may be very di�cult or impossible to achieve.
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For understanding the e�ects of an internal microstructure, generalised microcontinuum
theories with additional microstructural parameters are developed. One such a parameter,
called the characteristic length of the material comparable with the internal cell size of the
material is involved in the couple stress theory. The problem of propagation of Lamb waves
in a plate with an internal microstructure and loaded with an inviscid liquid on both sides
is studied using the couple stress theory. The dispersion equation of Lamb waves with the
liquid loadings is derived. The impact of the liquid loadings is studied on the propagation
of Lamb waves. The e�ect of the characteristic length is alsostudied on the phase velocity
of Lamb waves in the plate for various modes in the presence ofliquid loadings.

Keywords: couple stress, characteristic length, Lamb waves, elasticwaves, liquid loadings

1. Introduction

Classical theory of elasticity is inadequate to capture thesize e�ects, as the atomic structure
of the material is ignored in this theory, and it is based on the assumption of homogeneity of
the material. It can describe elastic deformations and properties of materials at macroscale.
However, experimental evidences show that mechanical behaviour of the material at microscale
is di�erent from its behaviour at macroscale. To explain thi s, there was a need to develop a
new theory or to modify existing ones, which can �ll this gap of theoretical and experimental
results. Microcontinuum theories such as micropolar theory (Eringen, 1968), strain gradient
(Mindlin, 1964) and couple stress theory (Toupin, 1962; Mindlin and Tiersten, 1962; Koiter, 1964;
Hadjesfandiari and Dargush, 2011) were developed to investigate the microstructural e�ects in
the material.

Voigt (1887) was the �rst to create the idea of couple stresses in the materials by assuming
that an in�nitesimal surface element transmits both Cauchy stresses and couple stresses. Cosse-
rat and Cosserat (1909) gave the mathematical model to analyse materials with couple stresses
by considering that the deformation of the medium is described by a displacement vector and
an independent rotation vector. This theory was not recognised at that time. Later on, this
concept was used by many researchers like Toupin (1962), Mindlin and Tiersten (1962), Koiter
(1964), Eringen (1968), Nowacki (1974) to explore microstructural e�ects in the material. Ma-
ny problems of wave propagation in an elastic medium with a microstructure under di�erent
conditions have been studied by applying the couple stress theory. Sengupta and Ghosh (1974)
studied the e�ects of couple stresses on wave propagation inan elastic layer and they observed
that couple stresses a�ect the velocity of propagation of waves in the elastic layer. Daset al.
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(1991) studied thermo-viscoelastic Rayleigh waves under the in
uence of couple stress and gra-
vity. They derived more general equations of phase velocityfor these waves and showed that it
reduces to classical elastic Rayleigh waves in the absence of couple stresses, viscosity and gra-
vity. Ottosen et al. (2000) studied Rayleigh waves by applying the indeterminate couple stress
theory. Georgiadis and Velgaki (2003) shown the dispersivenature of Rayleigh waves propaga-
ting along the surface of a half-space at high frequencies using the couple stress theory and also
tried to estimate the values of microstructural parameters in couple stress theory. Akgoz and
Civalek (2013) did the modeling and analysis of micro-sizedplates resting on an elastic medium
using the modi�ed couple stress theory. Chen and Li (2014) proposed a new modi�ed couple
stress theory for anisotropic elasticity containing three length scale parameters and developed
composite laminated Kirchho� plate models under this theory.

Hadjesfandiari and Dargush (2011) formulated a couple stress theory for an isotropic ma-
terial involving three parameters � , � and � . The constants � , � have the same meaning as
Lam�e constants in Cauchy elasticity and � is a length scale parameter which accounts for co-
uple stress e�ects for isotropic solids. Evaluation of� requires characteristic material length l
which is absent in Cauchy elasticity. One of the major problems in these size dependent elastic
theories (Cosseret, 1909), micropolar (Eringen, 1968) andcouple stress (Toupin, 1962; Mindlin
and Tiersten, 1962; Koiter, 1964; Hadjesfandiari and Dargush, 2011) is determination of these
length scale parameters. It was observed (Lakes, 1991) thatthe characteristic length would be
undetectable in any macroscopic mechanical experiment, but have relevance in studies involving
composite and cellular solids. In �brous composites, the characteristic length may be of the order
of spacing between the �bres. In cellular solids, it may be comparable to the average cell size of
the material.

Lakes et al. (1986), while studying propagation of an ultrasonic wave in wet bone, pointed
out that bone may be regarded as a composite with particulate, porous and �brous structural
elements at di�erent levels of scale. Vavvaet al. (2009) also described bone as a strongly hete-
rogeneous natural composite with a complex structure and carried out the study by taking the
characteristic length comparable to the size of the bone microstructure that is of the order of
10 to 500� m.

Lamb waves travel in thin stress free elastic plates and wereoriginally studied by Horace
Lamb (1917). These waves are extremely useful for detectionof cracks, corrosion and other
defects in materials using non destructive testing techniques and have immense applications in
aerospace, industrial and engineering �elds. Viktorov (1967) gave the further details by provi-
ding dispersive nature of Lamb waves and explained that theyare formed by interference of
multiple re
ections and mode conversion of longitudinal and shear waves at the free surfaces of
the plate. Osborne and Hart (1945) examined Lamb waves activated in steel plates in under-
water explosions and made a comparison between theoreticaland experimental results. Schoch
(1952) investigated the e�ect of an inviscid liquid loading on the propagation of Lamb waves
and derived the dispersion relation for leaky Lamb waves foran isotropic plate. Wu and Zhu
(1992) studied the propagation of Lamb waves in a plate bordered with inviscid liquid layers
on both sides. The dispersion equations of this case were derived and showed that phase velo-
city varies with thickness of the liquid layers. Sharma and Pathania (2003) studied generalized
thermoelastic Lamb waves in a homogeneous isotropic, thermally conducted plate bordered with
layers of an inviscid liquid or inviscid half space. Sharma and Kumar (2009) studied Lamb waves
in micropolar thermoelastic solid plates immersed in a liquid with varying temperature. They
studied the e�ect of the characteristic length and coupling factor on the phase velocity of the
Lamb wave. Vavva et al. (2009) discussed velocity dispersion of guided waves propagating in a
free gradient elastic plate by showing its application to cortical bone. They studied microstruc-
tural e�ects on the propagation of guided waves by applying gradient elasticity and concluded
that this theory can provide additional information for bet ter understanding of the waves. Wu
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et al. (2009) investigated vibration characteristics in a microscale 
uid loaded rectangular iso-
tropic plate attached to a uniformly distributed mass. They studied plate vibrations under the
simultaneous e�ect of 
uid loadings and attached mass loadings.

In an earlier work, the authors (2014) successfully employed the couple stress model (Ha-
djesfandiari and Dargush, 2011) to capture size e�ects on velocity dispersion in an elastic plate.
It was observed that the microstructural parameter a�ected the dispersion of the Lamb wave.
The dynamical characteristics of a structure get a�ected when it is surrounded by a 
uid. This
study becomes more important when the material under consideration exhibits internal micro-
structure. Lamb waves are guided waves propagating in a traction free plate surface, however
if the surface of the plate is in contact with the 
uid, a part o f energy will leak into the liquid,
and this phenomenon may �nd possible applications not only in non destructive evaluation of
materials, but also in biomedical �eld. Keeping this in mind , the 
uid-solid model adopted by
Sharma and Kumar (2009) is applied to extend the study of Lambwaves (Sharma and Kumar,
2014) in a thin elastic plate with a microstructure. The study is carried out for a thin elastic
plate having mechanical properties similar to bone, bordered on both sides with an inviscid
liquid by applying the couple stress theory (Hadjesfandiari and Dargush, 2011) to capture the
e�ects of both liquid loading and microstructure in terms of the internal characteristic length of
the material.

2. Formulation and solution of the problem

Consider an in�nite homogeneous isotropic, elastic plate of thickness 2d. The plate is bordered
both on the top and bottom with in�nitely large homogeneous i nviscid liquid layers of thick-
nessH . Consider the origin of the coordinate system (x; y; z) in the middle of the plate. The
XY -plane is chosen to coincide with the middle surface of the plate and z-axis is normal to the
plate, along the thickness of the plate pointing vertically downwards. We consider theXZ -plane
as the plane of incidence and assume that the solutions are explicitly independent of y.

Fig. 1. Geometry of the considered structure

The basic governing equation of motion and constitutive relations of couple stress elasticity
for an isotropic material in the absence of body forces (Hadjesfandiari and Dargush, 2011) are
given by

(� + � + � r 2)uk;ki + ( � � � r 2)r 2ui = � •ui

� j i = �u k;k � ij + � (ui;j + uj;i ) � � r 2(ui;j � uj;i )

� j i = 4 � (! i;j � ! j;i ) ! i =
1
2

� ijk uk;j

(2.1)

where � and � are Lam�e constants, � = �l 2 is the couple-stress coe�cient, l is the characteristic
length, � is the density of the plate, ui are the displacement components, commas are used for
partial di�erentiation and dot notation ( �) is used for partial di�erentiation with time. Here,
� j i is the non-symmetric force-stress tensor,� j i is skew symmetric couple-stress tensor,! i is the
rotation vector, � ij is Kronecker's delta and � ijk is the permutation tensor.
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In the solid, we take

u =
@�
@x

�
@ 
@z

w =
@�
@z

+
@ 
@x

(2.2)

where u and w are the x and z components of the particle displacement in the plate.� and
~ = (0 ;  ; 0) are the potential functions of the longitudinal and shear waves in the solid. In the
liquid boundary layers, we have

u0
1 =

@�1
@x

�
@ 1
@z

w0
1 =

@�1
@z

+
@ 1
@x

u0
2 =

@�2
@x

�
@ 2
@z

w0
2 =

@�2
@z

+
@ 2
@x

(2.3)

where� j and  j , j = 1 ; 2 are the scalar potential and vector potential for the bottom liquid layer
(j = 1) and for the top liquid layer ( j = 2), u0

j and w0
j are respectivelyx and z components of

the particle displacement in the layers of the liquid. Because the inviscid liquid does not support
the shear motion, so the shear modulus of the liquid vanishesand hence j = 0, j = 1 ; 2. The
potential functions � ,  and � j satisfy the basic governing equations

r 2� =
1

C2
1

@2�
@t2

r 2 � l2r 4 =
1

C2
2

@2 
@t2

r 2� j =
1

C2
L

@2� j

@t2
(2.4)

and for the liquid the stresses are� 0
ji = � L u0

k;k � ij and the couple stresses in the case of the liquid
are all zero.C2

1 = ( � +2 � )=� , C2
2 = �=� are the dilatational and shear wave speeds, respectively,

in the classical theory of elasticity C2
L = � L =� L . Here CL is the velocity of sound in the liquid

and � L is the bulk modulus. Prime denotes the same quantities for the liquid layer.
Using equations (2.2) and (2.3) in equations (2.1)2;3, we get stresses and couple stresses in

terms of the potential functions as

� zx = �
� @2 

@x2
�

@2 
@z2

+ 2
@2�

@x@z

�
+ �l 2

� @4 
@x4

+
@4 
@z4

+ 2
@4 

@x2@z2
�

� zz = �
hC2

1

C2
2

� @2�
@x2

+
@2�
@z2

�
� 2

@2�
@x2

+ 2
@2 
@x@z

i

� zy = � 2�l 2
� @3 

@z3
+

@3 
@z@x2

�

(2.5)

and the value of stresses in the liquid in terms of the potential function becomes

� 0
zz = � L

� @2� j

@x2
+

@2� j

@z2
�

(2.6)

We assume solutions of the form

f �;  ; � j g = f f (z); g(z); � j (z)gei � (x � ct) (2.7)

wherec = !=� is the phase velocity,! is the frequency and� is the wave number. Using solutions
(2.7) in Eqs. (2.4) and solving the resulting di�erential equations, we get the expressions for� ,
 and � j as

� = ( A1 cos�z + A2 sin �z )ei � (x � ct)

 = ( A3 cos�z + A4 sin �z + A5 cos
z + A6 sin 
z )ei � (x � ct)

� 1 = A7 sin � [z � (d + H )]ei � (x � ct) d < z < d + H

� 2 = A8 sin � (z + d + H )ei � (x � ct) � (d + H ) < z < � d

(2.8)
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where

� 2 = � 2
� c2

C2
1

� 1
�

� 2 + 
 2 = �
�
2� 2 +

1
l2

�

� 2
 2 =
� 2

l2
�
1 + � 2l2 �

c2

C2
2

�
� 2 = � 2

� c2

C2
L

� 1
�

Here � 1 and � 2 are solutions of standing waves and are chosen in such a way that the acoustical
pressure is zero atz = � (d + H ).

The boundary conditions at the solid-liquid interfaces z = � d to be satis�ed are:

(i) The magnitude of the normal component of the stress tensor of the plate should be equal
to the pressure of the liquid, that is � zz = � 0

zz

(ii) Since the liquid does not support the shear motion so, the tangential component of the
stress tensor should be equal to zero, which implies� zx = 0

(iii) Couple stress tensor, � zy should vanish, that is � zy = 0

(iv) Normal component of the displacement of the solid should be equal to that of the liquid,
that is w = w0

j where j = 1 ; 2

Imposing these above mentioned boundary conditions and using Eqs. (2.8), we get the follo-
wing four equations

�
h�

�
C2

1

C2
2

(� 2 + � 2) + 2 � 2
�
C11A1 +

�
�

C2
1

C2
2

(� 2 + � 2) + 2 � 2
�
S1A2 � (2i�� )S2A3

+ (2i �� )C22A4 � (2i�
 )S3A5 + (2i �
 )C3A6

i
� � L (� 2 + � 2)A7S4 = 0

� [(� 2i�� )S1A1 + (2i �� )C11A2 + ( � � 2 + � 2 + l2� 4 + l2� 4 + 2 l2� 2� 2)C22A3

+ ( � � 2 + � 2 + l2� 4 + l2� 4 + 2 l2� 2� 2)S2A4 + ( � � 2 + 
 2 + l2� 4 + l2
 4 + 2 l2� 2
 2)C3A5

+ ( � � 2 + 
 2 + l2� 4 + l2
 4 + 2 l2� 2
 2)S3A6] = 0

� 2� [(� 3 + � 2� )S2A3 � (� 3 + � 2� )C22A4 + ( 
 3 + � 2
 )S3A5 � (
 3 + � 2
 )C3A6] = 0

� A1�S 1 + A2�C 11 + A3i�C 22 + A4i�S 2 + A5i�C 3 + A6i�S 3 � A7�C 4 = 0

(2.9)

Here S1 = sin( �d ), S2 = sin( �d ), S3 = sin( 
d ), C11 = cos(�d ), C22 = cos(�d ), C3 = cos(
d ),
S4 = sin( �H ) and C4 = cos(�H ).

Equations (2.9) will have a non-trivial solution if the dete rminant of coe�cients of the unk-
nowns A1, A2, A3, A4, A5, A6 and A7 vanishes. After applying this condition to the above
system of equations and with a series of tedious mathematical calculations, we obtain the fol-
lowing secular equations for the Lamb waves in a plate loadedwith an inviscid liquid layer on
both sides

� �� L K � K 
 K �

h
� � (1 + l2K 
 )

t4

t � 1
3

+ 
 (1 + l2K � )
t4

t � 1
2

i

+ �K � [(
 2 � � 2) + l2K 2

 ]��P

� t1

t3

� � 1
� 
K 
 [(� 2 � � 2) + l2K 2

� ]��P
� t1

t2

� � 1

= 4 ��
��� 2(K � � K 
 )

(2.10)

where K � = � 2 + � 2, K 
 = 
 2 + � 2, K � = � 2 + � 2, P = � (C2
1=C2

2)( � 2 + � 2) + 2 � 2, t1 = S1=C11,
t2 = S2=C22, t3 = S3=C3 and t4 = S4=C4.

Here \+" sign corresponds to skew symmetric and \� " sign refers to symmetric modes of
the Lamb waves.
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In the absence of the liquid layer, (� L ! 0), Eq. (2.10) reduces to

�K � [(
 2 � � 2) + l2K 2

 ]

� t1

t3

� � 1
� 
K 
 [(� 2 � � 2) + l2K 2

� ]
� t1

t2

� � 1
=

4��
� 2(K � � K 
 )
P

(2.11)

This equation is the same as the obtained and studied by the authors (Sharma and Kumar,
2014) for Lamb waves in an isotropic elastic plate within thecouple stress theory.

3. Numerical results and discussion

To investigate the e�ects of characteristic length and inner microstructure on the propaga-
tion of Lamb waves, the material of the plate is assumed to have properties similar to cor-
tical bone, so following Vavva et al. (2009), the material properties are Young's modulus
E = � (3� + 2 � )=(� + � ) = 14 GPa, Poisson ratio � = �= [2(� + � )] = 0 :37 and densi-
ty � = 1500 kg/m 3, the values of bulk longitudinal and shear velocities areC1 = 4063 m/s,
C2 = 1846 m/s, respectively. The 
uid medium used is an inviscid liquid with CL = 1 :5� 103 m/s
and density � L = 1000 kg/m 3. The size of bone internal microstructure (internal cell size) ranges
from 10 to 500� m. Here, to study the impact of characteristic length, di�er ent cases of charac-
teristic lengths l , comparable with the internal cell size h such asl = 0 :0003 m, l = 0 :0001 m,
l = 0 :00003 m are considered.

Figures 2 and 3 show the phase velocity pro�le of Lamb waves inan elastic plate under the
e�ect of an inviscid liquid layer on both sides for a �xed characteristic length (l = 0 :0001 m)
and �xed thickness of the liquid layer (H = 0 :02 m). Figure 2 shows the phase velocity pro�les
of fundamental modes of symmetric (S0) and skew symmetric (A0) Lamb waves. The phase
velocity pro�les of skew symmetric Lamb waves for di�erent modes (M = 1, M = 2 and M = 3)
are shown in Fig. 3. It is observed that in the wave number range 0-2, the secular equation has
only one root { these are the fundamental modes (S0 and A0) of Lamb waves. As the wave
number increases, new roots start appearing for both symmetric and skew symmetric modes.
The behaviour of these pro�les is quite in agreement with the earlier �ndings. It is observed
that the magnitude of phase velocity of these pro�les is quite high for the lower wave number,
which decreases at a steady rate and becomes asymptotic for higher wave numbers.

Fig. 2. Phase velocity pro�le of fundamental modes of Lamb waves (symmetrical (S0) and skew
symmetrical (A0)) with the wave number in an elastic plate bordered with a liquid layer

Lamb waves propagating in a plate bounded by a liquid on both sides leak some of its
energy into the liquid and this situation has practical importance in the �eld of NDT. To study
the impact of loadings on Lamb waves, Figs. 4a and 4b are drawnshowing phase velocity
pro�les of skew symmetrical Lamb waves for two di�erent values of thickness of the liquid layer
(H1 = 0 :01 m and H2 = 0:02 m), and the pro�les are compared with the case of no liquid
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Fig. 3. Phase velocity pro�les of skew symmetrical modes (M1, M2 and M3 for M = 1 ; 2; 3, respectively)
of Lamb waves with the wave number in an elastic plate bordered with a liquid layer

loadings H0. Figure 4a is for M = 1 skew symmetrical mode and Fig. 4b is for M = 2 mode.
In both cases, the characteristic length (l = 0 :0001 m) is kept �xed. It can be seen that with
an increase in the thickness of the liquid loadings, the phase velocity of the skew symmetrical
Lamb waves decreases for the same wave number. As the variation in the phase velocity is very
small with the increasing value of thickness of the liquid layer and it is not possible to show
these variations graphically for a wide range of wave numbers, so the �gures are drawn with
very small variations in the wave numbers to depict the e�ects more precisely.

Fig. 4. Phase velocity pro�le of Lamb waves for skew symmetrical mode ((a) M = 1, (b) M = 2) with
the wave number in an elastic plate bordered with a liquid layer of di�erent thicknesses (H0 = 0:00 m,

H1 = 0:01 m and H2 = 0:02 m)

The e�ect of the characteristic length parameter l , on the phase velocity pro�les of skew
symmetric Lamb waves are shown in Figs. 5a and 5b. The characteristic length parameter l is a
microstructural parameter involved in the couple stress theory and is assumed to be of the order
of internal cell size of the considered material. The material of the considered plate has properties
similar to cortical bone and the internal cell size of cortical bone varies from 10 to 500� m (Vavva
et al., 2009). So, here three di�erent values of characteristic lengths are considered, for pro�le L1,
the characteristic length is 0:00003 m, for L2 pro�le, the characteristic length is 0:0001 m and
for L3, it is 0:0003 m. In all the three cases, the considered characteristic length of the material
lies in the range of internal cell size of the material. As theproblem deals with the study of
microstructural e�ects and to observe these e�ects again, graphs are drawn again with a very
small variation in the wave number and phase velocity of Lambwaves. Figure 5a shows the
phase velocity pro�les of skew symmetric Lamb waves for M = 1 mode, with three di�erent
values of the characteristic length and �xed thickness of the liquid layer (H = 0 :02 m). Figure 5b
shows the phase velocity pro�les of skew symmetric Lamb waves for M = 2 mode, again with
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Fig. 5. Phase velocity pro�le of Lamb waves for skew symmetrical mode ((a) M = 1, (b) M = 2) with
the wave number in an elastic plate bordered with a liquid layer of �xed thickness and di�erent

characteristic lengths L1 = 0:00003m, L2 = 0:0001 m and L3 = 0:0003 m

the same considered values of the characteristic length and�xed thickness of the liquid layer
(H = 0 :02 m). From both �gures, it is observed that with an increase in the characteristic length
parameter l , the phase velocity of skew symmetric Lamb waves is also increasing for the same
wave number.

4. Conclusion

As the physical model of the problem consists of a thin plate loaded with an inviscid liquid on
both sides, it is of practical use in ultrasonic immersion testing of plates. The impact of liquid
loadings is studied on the propagation of phase velocity of Lamb waves. Three di�erent cases for
thickness of the liquid loaded on both sides of the plate are considered. It is observed that with
an increase in the thickness of the loadings, the phase velocity tends to decrease. The material of
the plate considered is assumed to have properties similar to cortical bone (Vavva et al., 2009),
so it also enhances the applicability of this model in characterisation of the properties of bones
loaded with di�erent type of 
uids.

To �nd the impact of the microstructural parameter, the prob lem is solved by applying
the couple stress theory (Hadjesfandiari and Dargush, 2011). This theory involves only one
microstructural parameter, called the characteristic length ( l) and is assumed to be of the order
of internal cell size of the material (Georgiadis and Velgaki, 2003; Vavva et al., 2009). Here,
three di�erent values of the characteristic length are considered. They are comparable with the
internal cell size of the material and their e�ect is studied on the phase velocity of the Lamb
waves. It is observed that with an increase in the value of this parameter, the phase velocity of
the Lamb wave also increases.
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What is of particular importance in view of the development and operation of fast railway
transport is the overhead system vibration excited by pantograph motion. The problems
discussed in the paper are related to continuous system vibration under moving loads. Mo-
delling the catenary-pantograph system is connected with motion of two subsystems, namely:
continuous (contact wire) and discrete (pantograph). In the paper, the results of research
on dynamical phenomena caused by the interaction between the pantograph and catenary
are presented. The sti�ness of the catenary wire is taken into account. The dynamical phe-
nomena occurring in the system are described by a set of partial and ordinary di�erential
equations. The solution to these equations has been obtained using approximate numerical
methods.

Keywords: dynamics of pantograph, sti�ness of catenary system

1. Introduction

The theoretical problem discussed in the paper is a technical problem connected with the dyna-
mics of systems under moving loads (Bajer and Dyniewicz, 2012; Bogacz and Szolc, 1993; Fryba,
1999; Szolc, 2003). As a vibrating discrete-continuous structure, the pantograph-catenary system
has been chosen for analysis.

In any high voltage electric traction system, the current needed for operating a train is
collected from an overhead contact system by some form of sliding electrical contact. Such a
system usually consists of a horizontal wire with which the pantograph makes continuous contact,
and a catenary cable slung between the supports from which the contact wire is suspended at
intervals by vertical dropper wires.

The complex behaviour of the catenary-pantograph system has been the focus of attention of
many researchers for several years (Poetschet al., 1997; Wu and Brennan, 1998). Over the last
sixty years, many studies of the catenary-pantograph dynamic behaviour have been undertaken
(Kumaniecka and Grzyb, 2000; Kumaniecka and Nizioª, 2000; Zhang et al., 2002).

In the past years, many researchers attempted to improve current collection quality in order
to reduce wear and maintenance costs of both the overhead line and pantograph. Numerous
studies on rail vehicles proved that the processes describing their dynamic state have a complex
and non-periodic character (Poetschet al., 1997; Kumaniecka, 2007). To improve the pantograph-
-catenary interface, it is essential to understand better the complex behaviour of this couple. The
pantograph-catenary interaction at high speed is the critical factor for reliability and safety of
high speed railways. The large amplitudes of transversal vibration of the messenger and contact
wires can result in pantograph strip wear, loss of contact ordisturbance of mutual interaction.
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With an increase in the train speed, the catenary-pantograph system with its dynamic beha-
viour proved to be a very important component for new train systems required to run at higher
speed. This speed can be limited by the power supply through the overhead catenary system.
The key point that describes the e�ciency of the current coll ection is the contact force. The
zero value of this force induces the brake in the current collection, but too large value can result
in wear of the contact wire and pantograph strips.

The aim of the paper is to obtain a better understanding of thepantograph-catenary system
dynamics. The emphasis of studies is placed on the description of contact loss and proper
description of contact wire sti�ness. A relatively simple analytical model presented in the paper
is appropriate to gain physical insight into the pantograph-catenary system.

In the paper, an analytical method for calculating the response of a catenary to a uniformly
moving pantograph is presented. To the authors' knowledge,the loss of contact of such a system
has not been investigated so far.

The paper is organized in �ve Sections. Following Introduction 1, the models of the catenary-
-pantograph system including the contact wire, messenger wire, droppers, supporting towers and
the pantograph itself are described in Section 2. In Section3 an analytical method for calculating
the response of a catenary to a uniformly moving pantograph is presented. The simulation results
are given in Section 4. Final concluding remarks are formulated in Section 5.

2. Modelling of the catenary-pantograph system

The presented models belong to the class of continuous systems excited by a uniformly moving
load. In the literature, many physical and a lot of di�erent a nalytical models of the catenary-
-pantograph system have been proposed. Both the contact andcarrying wire are one-dimensional
systems. The contact and carrying cables have been modelledby in�nite or non-in�nite homoge-
nous strings or Bernoulli-Euler beams. The pantograph has been modelled by an oscillator with
two or four degrees of freedom. Such systems were studied in the past by a number of researchers
employing di�erent methods. A review paper describing the pantograph-catenary systems was
presented by Poetschet al. (1997) and by Kumaniecka (2007). The dynamic interaction between
a discrete oscillator with four degrees of freedom and a continuous beam was also studied by
Kumaniecka and Pr¡cik (2011).

The simpli�ed model of the catenary with one contact point in troduced in the paper, shown in
Fig. 1, is composed of two parallel in�nitely long homogenous beams (the contact and carrying
cables) connected by lumped elements (suspension rods), which are positioned equidistantly
along the beams. The upper beam (carrying cable) is �xed at periodically spaced elastic supports.
The lower beam (contact wire) is suspended from the upper beam by visco-elastic elements.
These elements are used as a model of suspension rods. They are periodically placed at points
along the beams. It is assumed that the distance between the supports of carrying cable is equall
and between the droppers 2lw . In the adopted model, the bending sti�ness of the contact wire
is taken into account (Wu and Brennan, 1999; Kumaniecka and Pr¡cik, 2011).

The system in question is subjected to a concentrated force (model of pantograph), which is
applied to the lower beam. This load moves along the lower beam at a constant velocity v.

Between the contact wire and pantograph there also appears the friction force. In the pre-
sented study, the friction force is neglected.

The physical model of the catenary with two contact points is presented in Fig. 2.
The mathematical model for a physical model of the catenary system adopted in this paper

and shown in Fig. 2, was discussed in detail and presented in the monograph by Kumaniecka
(2007).
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Fig. 1. Physical model of catenary with one contact point

Fig. 2. Physical model of catenary with two contact points

Motion of the catenary in the vertical plane is governed by equations

E1J1
@4w1

@x4
� N1

@2w1

@x2
+ � 1

@2w1

@t2
� p + pF � pm1 = 0

E2J2
@4w2

@x4
� N2

@2w2

@x2
+ � 2

@2w2

@t2
+ p � pm2 = 0

(2.1)

where the following notation is used: E1, E2 { Young's modulus of lower and upper beam,
respectively, J i { cross-sectional moment of inertia (i = 1 ; 2), N i { tensile force in the beams,
� i { mass density, wi (x; t ) { transversal displacements, x { spatial coordinate measured along
the non-deformed axis of beams,t { time. The functions w1(x; t ) and w2(x; t ) describe the lower
and upper beam transversal displacements, respectively.

The loads p(x; t ) acting on the beams and caused by internal forces in the springs and
damping elements are treated as continuous. They can be expressed in the form

p(x; t ) =
X

(n)

f cb[w2(x; t ) � w1(x; t )] + bb[ _w2(x; t ) � _w1(x; t )]g� (x � xn ) (2.2)

where: cb is the coe�cient of spring elasticity, bb { damping coe�cient, xn { coordinates of
droppers spacing (concentrated masses),xn = 2 lw (2s � 1), s 2 N , 2lw { distance between the
droppers, � { Dirac's function.

The interaction force between the pantograph and contact wire pF can be described by the
term

pF (x; t ) = F (t)� (x � vt) (2.3)
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The reaction forcepmi (i = 1 ; 2) that comes from concentrated massesm spaced on the lower
and upper beams acting at pointsxn can be treated as distributed and written in the form:
| for the lower beam

pm1(x; t ) =
X

(n)

m •w1(x; t )� (x � xn ) (2.4)

| for the upper beam

pm2(x; t ) =
X

(n)

m •w2(x; t )� (x � xn ) (2.5)

The boundary and initial conditions adopted for numerical simulation have been based on
the assumed vibration model of a linear system (data from identi�cation research).

In the present paper, the pantograph has been modelled as an oscillator with four degrees
of freedom. The model refers to a real system designed by engineers from Schunk Wien GmbH.
The basic pantograph is the standard WBL-85/3kV. The collector strips are represented by
masses m1L and m1P, the equivalent masses of the frames are denoted by m2 and m3. The
masses are connected by springsc11 and c22 to provide a nominally constant uplift force. The
aerodynamic force is taken into account (Baccioloneet al., 2005). The physical model of the
pantograph investigated in our studies is shown in Fig. 3.

Fig. 3. Model of pantograph

The mathematical model for a physical model of the pantograph adopted in this paper and
shown in Fig. 3 was discussed in detail and presented in the monograph by Kumaniecka (2007).
In many real pantograph systems, the springs are guided in telescopic sliders, which gives reasons
to apply dry friction elements in the physical model. The structure of the simulation model has
been based on the formal notation of motion in form of ordinary di�erential equations.

Motion of the pantograph in the vertical plane is governed by equations

m1L •x1L = m1L g � j F1j sgn ( _x1L � _x2) � c11(x1L � x2) + P L(x; t )

m1P •x1P = m1P g � j F1j sgn ( _x1P � _x2) � c11(x1P � x2) + P P(x; t )

m2•x2 = m2g � j F2j sgn ( _x2 � _x3) + jF1j[ sgn ( _x1P � _x2) + sgn ( _x1L � _x2)]

� c22(x2 � x3) + c11(x1P � x2) + c11(x1L � x2) � Faer

m3•x3 = m3g � c33x3 � b33 _x3 � j F3j sgn ( _x3) � Fstat + c22(x2 � x3) + jF2j sgn ( _x2 � _x3)

(2.6)

where: x1; x2; x3, _x1; _x2; _x3, m1; m2; m3 are displacements, velocities and masses of the ele-
ments, respectively, F1; F2; F3 { friction forces, Faer ; Fstat { aerodynamic and static forces,
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PL(x; t ); PP(x; t ) { excitation forces, interaction forces between the pantograph and contact
wire.

The displacement of the pan-head is the main factor for dynamic performance of the panto-
graph, and it is related to the contact forces directly.

3. Analytical model of the system vibration

The catenary motion can be described by means of partial di�erential equations (2.1), which
govern small vertical vibrations of each beam in the vicinity of their equilibrium state, induced by
the transversal force moving along the lower beam. Some details are presented in the monograph
by Kumaniecka (2007) and in the paper by Kumaniecka and Pr¡cik (2011). The mathematical
model for a physical model of the pantograph was discussed byPr¡cik and Furmanik (2000).

The interaction between the pantograph and contact wire is limited to a set of two parallel
forces

PL(x; t )� (x � vt) PP(x; t )� (x � vt + xLP ) (3.1)

In the above equation,x denotes the spatial horizontal co-ordinate,t time, xLP is the distance
between the shoes.

In the case of one contact point, the function describing thecontact force can be expressed
as

F (x; t ) = PL(x; t ) + PP(x; t ) (3.2)

According to the results obtained by the authors (2011) and others (Wu and Brennan, 1999),
the forcesPL(x; t ), PP(x; t ) can be connected with harmonic changes of catenary sti�ness and
given in the form

PL(x; t ) = k0

8
<

:

h
1 � � cos

� 2�v
L

t
�i

(x1L 0 � x1L ) for x1L 0 > x 1L

0 for x1L 0 ¬ x1L

PP(x; t ) = k0

8
<

:

h
1 � � cos

� 2�
L

(vt + xLP )
�i

(x1P 0 � x1P ) for x1P 0 > x 1P

0 for x1P 0 ¬ x1P

(3.3)

In equations (3.3), the following notation is used:x1L , x1P denote vertical displacements of
the pantograph contact shoes,x1L 0, x1P 0 { vertical displacements of two points on the wire that
are in contact with massesm1L and m1P , respectively, k0, � { are sti�ness coe�cients (Wu and
Brennan, 1999), given by formulae

k0 =
kmax + kmin

2
� =

kmax � kmin

kmax + kmin
(3.4)

whereL is the length of one span andkmax , kmin are the largest and the smallest sti�ness values
in the span, respectively.

When the model with two contact points is investigated, the contact forces are written as

PL(x; t ) = k0

8
<

:

h
1 � � cos

�
2�v

l t
�i

[x1L 0 � w1(x; t )] for x1L 0 > w 1(x; t )

0 for x1L 0 ¬ w1(x; t )

PP(x; t ) = k0

8
>><

>>:

h
1 � � cos

�
2�
l (vt + xLP )

�i
[x1P 0 � w1(x + xLP ; t)]

for x1P 0 > w 1(x + xLP ; t)

0 for x1P 0 ¬ w1(x + xLP ; t)

(3.5)
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where w1(x; t ) is the transversal displacement of the lower beam,x1L , x1P are coordinates of
strips motion (see Fig. 3), x1L � w1(x; t )� (x � vt) and x1P � w1(x + xLP ; t)� (x � vt + xLP ).

The equations of catenary motion model (2.1) are presented in the monograph by Kuma-
niecka (2007). After substituting relations (3.3) or (3.5), in the case of one or two contact points,
respectively, to the equations of motion, they include someparameters associated with sti�ness
of the contact wire k0, � .

In the case of one contact point, the solutions to set of equations (2.1) have been taken in
the form of waves

w1(x; t ) =
X

p1

X

r 1

A r 1

sin x� vt
p1 lw

x� vt
p1 lw

sin(! r 1 t � ' r 1 )

w2(x; t ) =
X

p2

X

r 2

A r 2

sin x� vt
p2 lw

x� vt
p2 lw

sin(! r 2 t � ' r 2 )

(3.6)

wherepi are associated with the moving modes andr i with the standing modes for i = 1 ; 2, and
the coe�cients A r 1 , A r 2 could be determined numerically using a collocation method.

To solve equations of motion (2.1) and (2.6) for two contact points, it is necessary to employ
another expression for functions which describe transversal displacements of the lower beam

w1(x; t ) =
X

p1

X

r 1

A r 1
sin x� vt

p1 lw
x� vt
p1 lw

sin(! r 1 t � ' r 1 ) +
X

p1

X

r 1

B r 1
sin x+ xLP � vt

p1 lw
x+ xLP � vt

p1 lw

sin(! r 1 t � ' r 1 ) (3.7)

4. Numerical analysis

On the basis of the given mathematical model, a simulation program applying the package
VisSim Analyze ver. 3.0 has been built. Numerical simulations have been carried out for di�erent
data sets.

The numerical calculations have been done for the followingparameters of the system

m1L = m1P = 7 :93 kg m2 = 8 :73 kg m3 = 10:15 kg

F1 = 2 :0 N F2 = F3 = 2 :5 N Faer = 30:0 N Fstat = 600 N

Faer = 30 N c3 = 60 Ns=m xLP = 1 :0 m

The parameters of the system correspond to the parameters ofthe real overhead power lines
for high speed trains (data set for pantograph WBL 85-3 kV/PK P).

The block schemes of simulation of mass displacements and contact forces of the pantograph
model at Fstat = 600 N and 500 N, Faer = 30 N are presented in Figs. 4 and 5.

To investigate the phenomena of contact loss in the overheadsystem, numerical simulations
for the contact force less than the limit force were carried out by Kumaniecka and Pr¡cik (2011).

In Fig. 6, the loss of contact between the pantograph and catenary is illustrated.
The results of simulations of the variability of contact for ces of the pantograph (with two

contact points), when the vertical displacement amplitude between the contact points spaced
by 1 m, is equal 0.03 m, are presented in Fig. 7. The simulations have been done for velocity
v = 55:55 m/s using the blockscheme of simulation similar to that presented in Fig. 4 but
utilizing a di�erent expression for w1(x; t ) (respectively to equation (3.7)).

Based on the results of simulations, we can conclude that thepantograph with two contact
strips guarantees better interaction (strips are detachedconvertible).

The analysis of the simulation results (see Fig. 7) shows that the response of the system
in question is not harmonic, it consists of standing and moving modes. To conclude, it can be
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Fig. 4. Block scheme of simulation of mass displacements andcontact forces of the pantograph model
at Fstat = 600 N, Faer = 30 N; in the case of one contact point, whenx1L

�= x1P

Fig. 5. Block scheme of simulation of contact forces and contact loss at Fstat = 500 N, Faer = 30 N; in
the case of one contact point, whenx1L

�= x1P
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Fig. 6. Contact force for uplift force Fstat = 500 N; loss of contact in the case of one contact point

Fig. 7. Variability of contact forces of the pantograph with two contact points

stated that the motion of the contact wire has a wavy character. The calculations have con�rmed
that the travelling force is a source of waves propagating leftwards and rightwards at di�erent
frequencies (Snamina, 2003; Bogacz and Frischmuth, 2013).

The domination of lower frequency modes is visible (see Fig.8). The same e�ect is visible
in the case of a pantograph with one contact point. For a two contact points pantograph, the
modal damping is more e�ective.

Fig. 8. Spectrum FFT of vibration displacements

In Figs. 9 and 10, some results of the lower beam vibration in the case of one or two con-
tact points are shown. As can be seen in Fig. 10, the critical amplitude value of vibration
displacement, critical as referred to displacement valuesx1L 0 = x1P 0 = 0 :03 m adopted as an
example (for the data set taken for numerical simulations at the velocity v = 55:55 m/s), has
been exceeded.

The examples of the results presented above have been obtained with the catenary sti�ness
parameters and the velocity of pantograph motionv = 55:55 m/s. At higher velocities taken for
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Fig. 9. Results of simulations of the beam displacement function w1(x; t ) for p1 = 1, r1 = 1 ; 2; in the
case of one contact point

Fig. 10. Simulations of lower beam vibration of the catenarymodel in the case of two contact points

simulations and the analysis of subsequent excited mode vibration frequencies of the catenary
in 3D graphs of displacements. there can be seen a more markedinteraction in the case of two
contact points pantograph. Also two maxima and minima of waves moving parallel, positioned
at an angle to the time axis, are visible.

5. Final conclusions

The state-of-the-art of the theoretical and experimental investigations indicates the need for
continuation of the research to improve the modelling of thecatenary-pantograph system. In
the present paper, a simpli�ed model of the pantograph and catenary has been proposed. The
equations of motion are based on a beam model with one or two concentrated varying forces
moving along the contact wire at a constant velocity. The structure of the simulation model
is based on a formal notation of motion in form of partial and ordinary di�erential equations.
For the simulation, software package VisSim has been applied. The paper has discussed the
application of the sti�ness formula to the analysis of pantograph-catenary interaction.

On the basis of the results of simulations of the lower beam displacements (Figs. 9 and 10)
the following conclusions can be drawn:

� The wave sequence is associated with the pantograph motion (the compound of three mo-
des of moving waves and three standing ones). The frontal maximum and reverse minimum
of the displacement are visible. The ratio of the absolute value of the maximum to that of
the minimum is equal to 9.
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� Damping of the displacement amplitude excited in the lower beam is time and space
variable. For example, a reduction of the beam displacementmaximum by about 20 dB
occurs after approximately 0.6 s, in the case of analysis on the span of length of about 100 m.

The results of analysis of the simulation performed on the adopted model of mutual inter-
action between the pantograph and catenary have shown the domination of lower frequencies
components in the spectrum of the lower beam vibration displacements, similarly to the case
of one contact point system (Fig. 8). This fact has been also indicated by others scientists
(Poetsch et al., 1997; Szolc, 2003). On the basis of the simulation resultsof the lower beam
displacements, it can be concluded that there is a wave sequence associated with the pantograph
motion. Damping of the lower beam vibrations, caused by the moving pantograph, is variable
in time and space. The described phenomena should be taken into account in real applications
in high speed railways.
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The 
exural vibration stability of a coupled double-walled viscoelastic carbon nanotube
conveying a 
uid based on the Timoshenko beam (TB) model is investigated. The coupled
system is surrounded by an elastic medium which is simulatedas Pasternak foundation. Van
der Waals (vdW) forces between the inner and outer CNTs are taken into account based
on the Lenard-Jones model. Using small scale theories, Hamilton's principle and applying
two dimensional (2D) magnetic �eld higher order governing equations are derived. The
di�erential quadrature method (DQM) is applied to solve par tial di�erential equations and
investigate natural frequency of the system. The e�ects of viscoelastic constant, magnetic
�eld with variable magnitudes and surface stresses on natural frequency of the structure are
demonstrated in this study.

Keywords: 
exural vibration, conveying 
uid, coupled-system, therm o-magnetic �elds,
viscoelasticity

1. Introduction

Since Iijima (1991) discovered Carbon nanotubes (CNTs) many articles have been published in
di�erent �elds of physics and engineering, which were focused on the CNTs and their applica-
tions. For example Ke and Wang (2011) demonstrated the in
uence of the length scale parame-
ter of modi�ed couple stress theory (MCST) on natural frequency of the double-walled Carbon
nanotube (DWCNT). Pradhan and Mandal (2013) investigated the e�ects of environmental
temperature changes on buckling, bending and vibrational stability of the CNT embedded by
pinned boundary conditions. Kong et al. (2009) illustrated the e�ects of strain gradient theory
(SGT) on the static, dynamic and free vibration response of amicrostructure including CNTs.
Kiani (2014) presented a single-walled Carbon nanotube (SWCNT) structure introduced to a
3D magnetic �eld. He investigated the e�ects of the magnetic �eld on longitudinal, transverse
and lateral frequencies of the structure. According to his results, longitudinal magnetic �eld
was more e�ective than the transverse one. Leiet al. (2013) investigated vibration characteri-
stics of nonlocal viscoelastic nanobeams using the Kelvin-Voigt viscoelastic model based on TB
theory. They discussed the e�ects of the Kelvin-Voigt coe�c ient, nonlocal constant, external
damping ratio, and beam length-to-diameter ratio on natural frequencies of the carbon nano-
tubes. Ansari et al. (2014) illustrated nonlinear free vibration of a TB with di �erent boundary
conditions. They used the Gurtin-Murdoch continuum elasticity model to obtain equilibrium
equations which were a�ected by surface stress layers. According to their results, the e�ects of
rigidity of the surface layers and surface residual stress on natural frequency were not neglegible.
Lei et al. (2012) illustrated the e�ects of surface elasticity modulus, residual surface stress, non-
local parameter and aspect ratio on the transverse natural frequency. Xu et al. (2010) presented
the equilibrium equations of a pipe conveying 
uid with the p ined-pined boundary condition in
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order to investigate the e�ects of the 
uid 
ow velocity on th e natural frequency. The results
were obtained using Galerkin's method and a complex mode approach. Ghorbanpour Arani et
al. (2014) presented a mathematical model of a coupled viscoelastic CNT conveying 
uid 
ow
based on Euler-Bernoulli beam theory a�ected by Visco-Pasternak foundation, nonlocal small
scale theory, surface stresses and a longitudinal magnetic�eld. They depicted the e�ects of
surface stresses, viscoelastic constant, nonlocal small scale coe�cient and the magnetic �eld on
natural frequency of the system. Khosrozadeh and Hajabasi (2012) investigated the natural fre-
quency of a DWCNT including nonlinear vdW interaction and simply supported, �xed or free
boundary conditions. The results revealed that the in
uence of nonlinear components of vdW
forces on natural longitudinal frequency was neglected.

Shen and Zhang (2011) presented post-buckling, nonlinear bending and nonlinear vibration
analysis of a nanoscale structure based on nonlocal small scale theory. The system including a
thermo-elastic CNT rested on an elastic foundation. The e�ects of the nonlocal parameter and
temperature changes on natural frequency, static bending and buckling load were demonstra-
ted in their work. Ghorbanpour Arani and Amir (2013) investi gated free vibration analysis of
a coupled-Boron nitride nanotube (BNNT) structure a�ected by electro-thermal �elds. The di-
splacement �eld and strain-stress relation were based on Euler-Bernoulli beam theory and strain
gradient theory, respectively. The e�ects of 
uid velocity , aspect ratio and temperature changes
on natural frequencies were demonstrated in their results.

In this study, a double-bonded DWCNT conveying viscous 
uid 
ow is presented. The vi-
scoelastic structure is a�ected by a surface stress layer, 2D magnetic �eld, vdW interaction and
Pasternak foundation loads. The CNTs are based on Timoshenko beam theory, and the gover-
ning equations will be obtained using Hamilton's principle. DQM is used to solve the partial
di�erential equations and investigate natural frequency of the system. Finally, the e�ects of vi-
scoelastic constant, small scale coe�cients, surface stresses and the magnetic �eld on the natural
frequency of the structure are presented in this paper.

2. Governing equations

2.1. TB theory

Figure 1 demonstrates a coupled-structure made of carbon nanotubes based on TB theory
in which L is length of the tubes and R and h are outer radius and thickness of the CNTs,
respectively. The e�ects of zigzag graphene sheet rolling procedure are considered in this study.
In the zigzag rolling procedure, the radius of CNT is obtained by R = 0 :142p

p
3=2� nm in which

P denotes the numbers of carbon atoms (Shen and Zhang, 2011). Since the displacement �eld is
based on Timoshenko beam theory, Eq. (2.1) demonstrates strain-displacement relation of TB
theory

"xxij =
@Uij (x; t )

@x
+ z

@	ij (x; t )
@x


 xzij = 2"xzij =
@Wij (x; t )

@x
+ 	 ij (x; t ) (2.1)

where the subscript i = 1 ; 2 indicate the number of upper and lower nanotubes, respectively,
j = 1 ; 2 indicate the inner and outer tubes, respectively, and	 ij (x; t ) is rotation of cross-section
of the nanotubes.

2.2. Surface stress e�ect

In
uence of the surface e�ect on stability of nano or microstructures cannot be ignored
because in these structures the surface-to-bulk ratio willincrease. An appropriate theoretical
notion is o�ered by Gurtin-Murdoch. It is based on the contin uum mechanical model including
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Fig. 1. Schematic of a coupled CNT's deformed element based on the TB model conveying 
uid under
two dimensional magnetic �eld

surface stress e�ects which is well known as the Gurtin-Murdoch model (Ansari et al., 2014; Lu
et al., 2006). Mechanical stresses regarding the TB theory are

T s
xxij = ( � s + 2 � s)"xxij + � s T s

xzij = � s @Wij

@x
(2.2)

where � s and � nm are the residual surface stress and Kronecker tensor, respectively, and � s and
� s are surface Lame constants. In this study, we consider that the surface stresses on the layers
satisfy the equilibrium relation so T s

zzij cannot be neglected (Leiet al., 2012; Lu et al., 2006),
thus the components of stress tensor for the bulk of nanotubecan be shown in Eq. (2.3)1 (Ansari
et al., 2014; Lu et al., 2006)

Txxij = E � "xx +
�

1 � �
� zz = E �

� @Uij
@x

+ z
@	ij
@x

�
+

2z�
h(1 � � )

�
� S @2Wij

@x2
� � S @2Wij

@t2
�

Txzij = G� S
 xzij = G� ks

� @Wij

@x
+ 	 ij

� (2.3)

where � s is density of the surface layers.E � = E(1 + g@=@t) and G� = G(1 + g@=@t) are
viscoelastic parameters of the CNTs based on the Kelvin-Voigt model (Lei et al., 2013). E and
G are elasticity and shear modulus of the CNTs, respectively,which are functions of temperature
according to Table 1.

2.3. Hamilton's principle

To develop a comprehensive model for coupled DWCNT, we use extended Hamilton's prin-
ciple which can be expressed as follows (Ghorbanpour Arani and Amir, 2013)

t1Z

t0

�� dt =

t1Z

t0

� (Ustrain � K Total � 
 Total ) dt = 0 (2.4)

where� indicates total mechanical energy of the structure which includes kinetic energyK Total ,
external work done by external forces
 Total and potential energy Ustrain .
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2.3.1. Total kinetic energy

The total kinetic energy of the coupled system contains kinetic energies of nanotubes, surface
layer and 
ow 
uid as follows (Ansari et al., 2014; Ghorbanpour Arani et al., 2014)

K Total = K nanotubes + K surface
nanotubes + K 
uid

=
1
2
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(2.5)

where Uf is the 
uid 
ow velocity and � f , � S, � CNT are density of the 
uid, surface layer and
CNT, respectively.

2.3.2. External work

The external work that includes the elastic medium, thermal and magnetic �elds, vdW
interactions, and conveying 
uid forces are presented as follows (Ghorbanpour Arani et al.,
2014)


 Total =
1
2

lZ

0

[ ~M L
y 	 ij ) + ( ~F L

x Uij ) + ( ~F L
z Wij )] dx

| {z }
Lorentz work

+
1
2

lZ

0

(qvdW
ij Wij + qPasternak

i 2 Wi 2) dx

| {z }
External work done by vdW & Pasternak

+
1
2

lZ

0

� E � A ij ��T
� @Wij

@x

� 2
dx

| {z }
External work done by thermal changes

+
1
2

lZ

0

h
� � f U2

f A f
@2Wi 1

@x2
(cos�W i 1 + sin �U i 1)

i
dx

| {z }
External work done by centripetal 
uid force

�
1
2

lZ

0

h
� eA f

@3Ui 1

@x2@t
+ � eA f Uf

�
� sin �

@2�
@x2

�
� @�

@x

� 2
cos�

�i
Ui 1 dx

| {z }
External work done by viscous 
uid

�
1
2

lZ

0

h
� eA f

@3Wi 1

@x2@t
+ � eA f Uf

�
� cos�

@2�
@x2

�
� @�

@x

� 2
sin �

�i
Wi 1 dx

| {z }
External work done by viscous 
uid

(2.6)

in which the Lorentz external work is the resultant of two-di mensional (2D) magnetic �elds ap-
plied along the longitudinal and transverse directions. ~H = H x~i + H z~k is considered in order to
show the e�ects of this type of magnetic �eld on stability of o ur structure. In order to show how
the electric and magnetic �elds are generated and changed byeach other, Maxwell's equations
are presented (Ghorbanpour Arani et al., 2014; Kiani, 2014). The load inserted by Pasternak
foundation which surrounds the external CNTs and the vdW interaction forces are distributed
transverse loads, whose their external works are presentedin Eq. (2.7), see Ghorbanpour Arani
and Amir (2013), Khosrozadeh and Hajabasi (2012), Shen and Zhang (2011). The structure
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is introduced to a uniform thermal �eld. Hence, temperature changes apply an axial compres-
sive load to the system. The external work done by the thermalload is shown in the above
equation. Finally, the external work done by the viscous 
uid 
ow is presented in Eq. (2.6),
see Ghorbanpour Araniet al. (2014), Ghorbanpour Arani and Amir (2013), in which � e is the
e�ective viscosity which is modi�ed by the Knudsen number (G horbanpour Arani et al., 2014).
The Knudsen number is a dimensionless ratio which is used to modify the 
uid 
ow velocity as
follows

VCF =
Vave;slip

Vave;no� slip
= (1 + bKn)

�
1 + 4

2 � � �

� �

Kn
1 + Kn

�
(2.7)

where VCF is the correction factor which will be used to modify the 
uid 
ow velocity as
Vavg;slip = VCF � Vavg;no� slip and the governing equations asUf = Vavg;slip .

2.3.3. Strain energy based on Strain gradient theory

The strain energy of mechanical structures is related to thestress and strain tensors of each
structure. Strain gradient and modi�ed couple stress theories are presented in this article in
order to obtain strain energy of coupled DWCNT.

In the constitutive equations of the strain gradient theory (Ghorbanpour Arani and Amir,
2013; Konget al., 2009), for isotropic linear elastic materials there are only three independent
higher-order material length scale parameters in additionto the two classical material parame-
ters. Strain stress potential energy of the bulk and surfacelayer of the system is obtained by
strain gradient theory, and will be investigated as below in the general form

U =
1
2

 Z

�

(Tkp"pq + pk 
 k + � (1)
ptq � (1)

ptq + mkp� kp) dV +
I

S

(TS
xx "xx + TS

xz 
 xz ) dS
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(2.8)

in which

"pq =
1
2

(D p;q + D q;p) 
 k = "mm;k � kp =
1
2

(� k;p + � p;k)

� (1)
ptq =

1
2

(" tq;p + "qp;t + "pt;q) �
1
15

[� pt ("mm;q + 2"mq;m )]

�
1
15

[� tq ("mm;p + 2"mp;m ) + � qp("mm;t + 2"mt;m )]

(2.9)

where " , 
 , � and � are strain, dilatation gradient, deviatoric stretch gradi ent and symmetric
rotation gradient tensors, respectively. Stresses and higher order stress tensors are mentioned by

Tpg =

(
E � "pq if p � q

2� SG� "pq if p 6= q
(2.10)

and

pk = 2G� l20
 k � (1)
ptq = 2G� l21� (1)

ptq mkp = 2G� l22� kp (2.11)

where T , p, � and m are stress, higher order stress and deviatoric stress tensors, respectively.
According to Eqs. (2.11), l0, l1 and l2 are parameters of small scale theory. Therefore, with respect
to Eqs. (2.5), (2.6) and using Hamilton's principle based onstrain gradient theory, equations
of motion are obtained. Using dimensionless parameters (Ghorbanpour Arani and Amir, 2013;
Kong et al., 2009), we have
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Therefore, the dimensionless equilibrium equations can bewritten as:
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where � ij for j = 1 (inner nanotube) equals 1 and for j = 2 (outer nanotube) equals 0. By
estimating l0 and l1, the presented theory converts into the modi�ed couple stress theory.

3. Numerical method

DQM is a numerical method like Galerkin's method, Finite Element, Finite Di�erence method
etc. This method is based on the Gaussian integral method andLagrange polynomial, and some
of its important merits are appropriate accuracy and easy access. Partial di�erential equations
will be converted into algebraic equations in this method in two steps. First of all, Chebyshev
points distribute grids along the CNTs, then Lagrange polynomial constructs DQ's weighting
coe�cient matrix (Ghorbanpour Arani et al., 2014). The components of displacement �eld will
be divided into time dependent and time independent functions

u(�; � ) = u(� )ei !� w(�; � ) = w(� )ei !� 	 (�; � ) = 	 (� )ei !� (3.1)

where ! = �L
p

� CNT =E is the dimensionless natural frequency,� is the natural frequency and
� CNT is density of the tubes. According to Eqs. (3.1) and (3.2), the equilibrium and boundary
equations will change to algebraic equations
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By using Eqs. (3.1), (3.2) and some mathematical manipulations, the partial di�erential equ-
ations turn into state space algebraic equations (Ghorbanpour Arani et al., 2014) which are
shown by

 "
0 I

M � 1
e K e iM � 1

e D e

#

� ! I

! (
dd

d�

)

= 0 (3.3)

where K e, D e, M e and I are the sti�ness, damping, mass and unit matrices, respectively. Sub-
script b is the element related to the boundary points and subscriptd indicates the remaining
elements. The imaginary part of the eigenvalue Im(! )t is structural damping and the real part
Re(! ) represents the natural frequency of the structure.

4. Discussion

Some numerical examples and also validation of our results in comparison with other accepted
articles are expressed in this Section. Mechanical and geometrical properties of the CNTs are
presented in Table 1 (Shen and Zhang, 2011; Zhang and Shen, 2006).

Our purpose is to investigate the natural frequency of the coupled DWCNT. Obviously, it is
a nanoscale structure, so small scale theories must be applied in equilibrium equations to obtain
appropriate results.
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Table 1. Variety of elasticity and shear modulus of CNTs in di�erent t emperatures according
to the rolling procedure

Rolling
procedure

Type of
CNT

Inner
Thickness

[nm]

Tempera-
ture
[K]

Young's Shear
radius modulus modulus
[nm] [TPa] [TPa]

Zigzag
(17,0) 0.6654 0.088

300 3.9 1.36
500 3.89 1.36

(21,0) 0.822 0.087
300 3.81 1.37
500 3.79 1.37

Fig. 2. Comparison of the dimensionless natural frequency with those presented by Yin et al. (2011) for
MCST, SGT and classical theories

Fig. 3. The e�ect of structural damping of the CNTs on natural and damping frequencies,
H x = 0 :1 GA/m (zigzag inner 17.0 and outer 21.0, clamped-clamped,L 0 = L 1 = L 2 = 0 :1 m, EsTs = 0,

� s = 0, H z = 0, �T = 0)

Figure 2 illustrates the comparison of our results with those by Yin et al. (2011), which
is based on modi�ed couple stress theory (MCST), strain gradient theory (SGT) and classical
theory (CT), respectively. Figures 3a and 3b present the e�ects of the Kelvin-Voigt coe�cient
on the zigzag CNT. Before reaching the critical 
ow velocity, the natural frequency decreases
with an increase in the 
ow velocity while the damping frequency remains negative and its ma-
gnitude decreases. Also the viscoelastic constant increases the magnitude of damping frequency.
The e�ects of magnetic �elds on stability of the elastic beam are shown in Figs. 4a and 4b.
Figure 4a illustrates that stability of the coupled DWCNT in creases as the magnitude of longi-
tudinal magnetic �eld increases. Figure 4b indicates the e�ect of the transverse magnetic �eld
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on foundation frequency of the structure. By comparing Fig. 4a with Fig. 4b, we conclude that
the longitudinal magnetic �eld has a more stabilizing e�ect on the structure than the transverse
magnetic �eld.

Fig. 4. The in
uence of 2D-magnetic �eld on the natural frequ ency, �T = 200 and g� = 0 (zigzag CNT
inner 17.0 and outer 21.0, clamped-clamped,H z = 0 GA/m, uf = 0 :01)

Fig. 5. The e�ect of surface layer rigidity and layer residual stress constant on the natural frequency
�T = 200 and g� = 0 (zigzag CNT inner 17.0 and outer 21.0, clamped-clamped,uf = 0 :01, H x = 0,

H z = 0)

Fig. 6. The e�ects of di�erent boundary conditions on natura l frequency with various temperatures
g� = 0 (zigzag inner 17.0 and outer 21.0,L 0 = L 1 = L 2 = 0 :1 m, EsTs = 0, � s = 0, H x = H z = 0)

The surface stresses divide into two parameters, surface layer rigidity ( ESTS) and residual
surface tension (� s). The e�ects of these parameters are shown in Fig. 5a and Fig.5b, respectively.
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It is obvious that the increasing of the rigidity modulus of t he structures reinforces their stability.
Figure 5 demonstrates that the natural frequency of the coupled DWCNT increases with

an increase in the surface layer rigidity parameter (ESTS). It is also shown in Fig. 5 that
the increasing of the residual surface tension (� s) increases the natural frequency. Figure 6
illustrates the e�ects of di�erent boundary conditions and temperatures on the critical 
ow
velocity and natural frequencies. As it can be observed in Fig. 6, strain gradient theory increases
the vibration stability region, and the modi�ed couple stre ss has a more stable region than in
the classical theory. It is also shown that the clamped condition is the most stable condition,
and the temperature changes have the least e�ect on the stability of the structure.

5. Conclusion

A viscoelastic couple DWCNTs structure based on the TB theory which is a�ected by the surface
stress layer, magnetic �eld and temperature changes is presented in this paper. In order to obtain
an appropriate compliance with the laboratory model, strain gradient and modi�ed couple stress
theories are considered in this study. There is a 3% discrepancy between the stability of CT and
other theories. The results reveal that the e�ect of the viscoelastic coe�cient on the vibration
response of the system is not negligible. The magnetic �eld increases the stability region by
increasing the rigidity of the system. The e�ect of the surface stress layer on natural frequency of
the structure shows that the surface stress layer is an inherent characteristic for nanostructures.
These results are an appropriate guide for designers and engineers to design useful mechanical
structures.
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In this paper, a non-homogenous fractional oscillator equation in �nite time interval is
considered. The fractional equation with derivatives of order � 2 (0; 1] is transformed into its
corresponding integral form. Next, a numerical solution ofthe integral form of the considered
equation is presented. In the �nal part of this paper, some examples of numerical solutions
of the considered equation are shown.

Keywords: fractional oscillator equation, fractional integral equation, numerical solution

1. Introduction

Fractional di�erential equations have numerous applications in physics, engineering and biology.
There is a number of monographs (Atanackovicet al., 2014; Baleanuet al., 2012; Hilfer, 2000;
Kilbas et al., 2006; Klimek, 2009; Leszczynski, 2011; Magin, 2006; Malinowska and Torres, 2012;
Podlubny, 1999) and a huge number of papers (Agrawal, 2002; Ciesielski and Leszczynski, 2006;
Katsikadelis, 2012; Klimek, 2001; Riewe, 1996; Sumelka, 2014; Sumelka and Blaszczyk, 2014;
Zhang et al., 2014) that cover various problems in fractional calculus. The list is large and is
growing rapidly. An important issue is that the derivative o f fractional order at any point of the
domain has a local property only when the order is an integer number. For non-integer cases,
the fractional derivative is a nonlocal operator and depends on the past values of the function
(left derivative) or future ones (right derivative).

There are two di�erent ways to formulate di�erential equati ons containing derivatives of frac-
tional order. The �rst way is simply to replace integer order derivatives in di�erential equations
by fractional ones. The second one relies on modifying the variational principle by replacing the
integer order derivative by a fractional one. This leads to fractional di�erential equations which
are known in the literature as the fractional Euler-Lagrange equations. It involves di�erent types
of Lagrangians, e.g., depending on Riemann-Liouville or Caputo fractional derivatives, fractio-
nal integrals, and mixed integer-fractional order operators (Agrawal et al., 2011; Almeida and
Malinowska, 2012; Baleanuet al., 2014; Klimek et al., 2014; Odzijewiczet al., 2012). This second
approach, in recent years, seems to become increasingly important.

The main feature of the fractional Euler-Lagrange equations is that these equations invo-
lve simultaneously the left and right derivatives of fractional order. This is also a fundamental
problem in �nding solutions to equations of a variational ty pe (Baleanu et al., 2012; Klimek,
2009). Consequently, numerous studies have been devoted tonumerical schemes for the fractio-
nal Euler-Lagrange equations (Blaszczyket al., 2011; Blaszczyk and Ciesielski, 2014, 2015a,b;
Bourdin et al., 2013; Poosehet al., 2013; Xu and Agrawal, 2014).
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In this paper, we present a numerical solution of the non-homogenous fractional oscillator
equation in a �nite time interval.

2. Preliminaries

We consider a variational di�erential equation containing fractional derivatives of order � 2 (0; 1]
in the �nite time interval t 2 [0; b]

CD �
b� D �

0+ x(t) � ! 2� x(t) = f (t) (2.1)

where ! > 0, x(t) is an unknown function and f (t) is a given function. Equation (2.1) is
supplemented by the following boundary conditions

x(0) = 0 x(b) = L (2.2)

In this type of equation (derived from the Lagrangian with fr actional derivative and the pro-
perties of the considered variational problem (Klimek, 2009) we assumex(0) = 0 on the left
boundary.

We recall some de�nitions and properties of the fractional operators (Kilbas et al., 2006;
Oldham and Spanier, 1974; Podlubny, 1999). The left and right Riemann-Liouville fractional
derivatives of order � 2 (0; 1) are de�ned by

D �
0+ x(t) := DI 1� �

0+ x(t)

D �
b� x(t) := � DI 1� �

b� x(t)
(2.3)

and the left and right Caputo derivatives are de�ned as follows

CD �
0+ x(t) := I 1� �

0+ Dx (t)
CD �

b� x(t) := � I 1� �
b� Dx (t)

(2.4)

whereD is an operator of the �rst order derivative and the operators I �
0+ and I �

b� are respectively
the left and right fractional integrals of order � > 0 de�ned by

I �
0+ x(t) :=

1
� (� )

tZ

0

x(� )
(t � � )1� � d� (t > 0)

I �
b� x(t) :=

1
� (� )

bZ

t

x(� )
(� � t)1� � d� (t < b )

(2.5)

If � = 1 then D 1
0+ x = CD 1

0+ x = x0 and D 1
b� x = CD 1

b� x = � x0. The relations between the Caputo
and Riemann-Liouville derivatives are of the form

CD �
0+ x(t) = D �

0+ x(t) �
t � �

� (1 � � )
x(0)

CD �
b� x(t) = D �

b� x(t) �
(b� t)� �

� (1 � � )
x(b)

(2.6)

The composition rules of the fractional operators (for � 2 (0; 1]) looks as follows

I �
0+

CD �
0+ x(t) = x(t) � x(0)

I �
b�

CD �
b� x(t) = x(t) � x(b)

(2.7)
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and the fractional integral of a constant C

I �
0+ C = C

t �

� (1 + � )
(2.8)

In particular, when � = 1, then CD 1
b� D 1

0+ = � D 2 and Eq. (2.1) becomes

� D 2f (t) � ! 2x(t) = f (t) (2.9)

and its analytical solution with respect to boundary condit ions (2.2) has the form

x(t) =
sin(!t )
sin(!b )

[L + F (b)] � F (t) (2.10)

where

F (t) =
1
!

tZ

0

f (� ) sin(! (t � � )) d� (2.11)

This solution we will apply to veri�ction of numerical resul ts obtained by our method for the
case� = 1.

3. Equivalent integral form

The �rst step of our method is to transform a di�erential equa tion into an integral equation.
We integrate Eq. (2.1) twice: the �rst time by using right fra ctional integral operator (2.5)2 and
the second time by using left fractional integral operator (2.5)1. Finally, we obtain

I �
0+ I �

b�
CD �

b� D �
0+ x(t) � ! 2� I �

0+ I �
b� x(t) = I �

0+ I �
b� f (t) (3.1)

Next, we use the composition rule of operators (2.7)2 and get

I �
0+

�
D �

0+ x(t) � D �
0+ x(t)

�
�
�
t= b

�
� ! 2� I �

0+ I �
b� x(t) = I �

0+ I �
b� f (t) (3.2)

In the above equation there occurs the valueD �
0+ x(t)

�
�
t= b, and it is unknown at this stage.

Here, we treat it as a constant. By using property (2.7)1 and the assumption x(0) = 0 in the
boundary condition, and the fractional integral of constant (2.8) we obtain the following form
of the considered equation

x(t) � D �
0+ x(t)

�
�
�
t= b

t �

� (� + 1)
� ! 2� I �

0+ I �
b� x(t) = I �

0+ I �
b� f (t) (3.3)

The unknown value D �
0+ x(t)

�
�
t= b in the above equation can be determined on the basis of the

boundary condition. Substituting the value t = b into Eq. (3.3)

x(b) � D �
0+ x(t)

�
�
�
t= b

b�

� (� + 1)
� ! 2� I �

0+ I �
b� x(t)

�
�
�
t= b

= I �
0+ I �

b� f (t)
�
�
�
t= b

(3.4)

we obtain

D �
0+ x(t)

�
�
�
t= b

=
� (� + 1)

b�

h
x(b) � ! 2� I �

0+ I �
b� x(t)

�
�
�
t= b

� I �
0+ I �

b� f (t)
�
�
�
t= b

i
(3.5)

Next, we put the right-hand side of formula (3.5) into Eq. (3.3) and get the integral form of
Eq. (2.1)

x(t) � ! 2�
h
I �

0+ I �
b� x(t) �

� t
b

� �
I �

0+ I �
b� x(t)

�
�
�
t= b

i
=

� t
b

� � h
L � I �

0+ I �
b� f (t)

�
�
�
t= b

i
+ I �

0+ I �
b� f (t) (3.6)
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4. Numerical solution

In this Section, we present a numerical scheme for Eq. (3.6).We introduce a homogeneous grid of
n+1 nodes (with the constant time step �t = b=n): 0 = t0 < t 1 < : : : < t i < t i +1 < : : : < t n = b,
and t i = i�t , i = 0 ; 1; : : : ; n. For every grid node t i , we write the following equation

x(t i ) � ! 2�
h
I �

0+ I �
b� x(t)

�
�
�
t= t i

�
� t i

tn

� �
I �

0+ I �
b� x(t)

�
�
�
t= tn

i

=
� t i

tn

� � h
L � I �

0+ I �
b� f (t)

�
�
�
t= tn

i
+ I �

0+ I �
b� f (t)

�
�
�
t= t i

(4.1)

In order to simplify notation, we denote the values of functions x(t) and f (t) at the node t i by
x i = x(t i ) and f i = f (t i ), respectively. The numerical problem is to approximate the values of
I �

0+ I �
b� x(t)

�
�
t= t i

and I �
0+ I �

b� f (t)
�
�
t= t i

, for i = 0 ; 1; : : : ; n, properly. In our previous works (Blaszczyk
and Ciesielski, 2015a,b) we have determined the discrete form of the composition of operators.
On the basis of these results, we present the �nal discrete forms

I �
0+ I �

b� x(t)
�
�
�
t= t i

�
iX

j =0

u(� )
i;j

nX

k= j

v(� )
j;k xk

I �
0+ I �

b� f (t)
�
�
�
t= t i

�
iX

j =0

u(� )
i;j

nX

k= j

v(� )
j;k f k

(4.2)

where the coe�cients u(� )
i;j and v(� )

j;k are as follows

u(� )
i;j =

(�t )�

� (� + 2)

8
>>>><

>>>>:

0 for i = 0 and j = 0

(i � 1)� +1 � i � +1 + i � (� +1) for i > 0 and j = 0

(i � j +1) � +1 � 2(i � j )� +1 + ( i � j � 1)� +1 for i > 0 and 0< j < i

1 for i > 0 and j = i

v(� )
j;k =

(�t )�

� (� + 2)

8
>>>><

>>>>:

0 for j = n and k = n

(n� j � 1)� +1 � (n � j )� +1 + ( n� j )� (� + 1) for j < n and k = n

(k� j +1) � +1 � 2(k � j )� +1 + ( k� j � 1)� +1 for j < n and j < k < n

1 for j < n and k = j

(4.3)

One can observe that in order to compute the values of operators (4.2) at every nodet i , we need
to use the values of functions at all nodes of the domain.

Now we present the numerical scheme of integral equation (3.6). If we substitute (4.2) into
(4.1), then the solution can be written as a system ofn + 1 linear equations

x i � ! 2�

"
iX

j =0

u(� )
i;j

nX

k= j

v(� )
j;k xk �

� i
n

� � nX

j =0

u(� )
n;j

nX

k= j

v(� )
j;k xk

#

=
� i

n

� �
"

L �
nX

j =0

u(� )
n;j

nX

k= j

v(� )
j;k f k

#

+
iX

j =0

u(� )
i;j

nX

k= j

v(� )
j;k f k i = 0 ; : : : ; n

(4.4)
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The above system can also be written in the matrix form

A � x = b (4.5)

with the coe�cients of matrices A and b

A i;j =

(
1 if i = j
0 if i 6= j

� ! 2�

" min( i;j )X

k=0

u(� )
i;k v(� )

k;j �
� i

n

� � jX

k=0

u(� )
n;k v(� )

k;j

#

i = 0 ; : : : ; n j = 0 ; : : : ; n

bi =
� i

n

� �
"

L �
nX

j =0

u(� )
n;j

nX

k= j

v(� )
j;k f k

#

+
iX

j =0

u(� )
i;j

nX

k= j

v(� )
j;k f k i = 0 ; : : : ; n

(4.6)

respectively, andx = [ x0; x1; : : : ; xn ]T .

Fig. 1. Numerical solution of Eq. (2.1) for � 2 f 0:5; 0:6; 0:8; 1g, b = 1, and di�erent values of parameters
! , L and functions f (t); left-side: di�erent ! and f (t) = 10; right-side: constant ! = 5 and di�erent f (t)
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Fig. 2. Numerical solution of Eq. (2.1) for � 2 f 0:5; 0:6; 0:8; 1g, f (t) = 10 sin(2�t ), b = 1, di�erent values
of parameter ! , and L = 0 (left-side), L = 1 (right-side)

5. Example of computations

We present the results of computations obtained by our numerical scheme to the forced fractio-
nal oscillator equation. The system of linear equations (4.5) has been solved by the Gaussian
elimination algorithm (the LUP decomposition (Press et al., 2007)). We present several exam-
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ples of calculations for di�erent values of the parameters� , ! and di�erent functions f . In the
examples we assume:b = 1 and L 2 f 0; 1g in the right boundary condition. In Figs. 1 and 2 we
present results of the numerical solution of Eq. (2.1). The values of the parameters used in the
solution of equation (2.1) are given in plot legends. The time domain t 2 [0; 1] has been divided
into n = 1000 subintervals in all examples.

5.1. Numerical error analysis

The discretization of di�erential or integral equations al ways entails certain errors. The
knowledge of an analytical solution xanal (t) allows us to evaluate the errors of our numerical
solution xnum (t). We de�ne the average error as

Err avg =
1

m + 1

mX

i =0

jxnum (t i ) � xanal (t i )j for i = 0 ; : : : ; m (5.1)

where m is the number of measurement points.
Let us consider Eq. (2.1) with the parameters! = 0, L = 0 and the function f (t) = ( b� t)2� � .

In this case

I �
0+ I �

b� f (t) = I �
0+ I �

b� (b� t)2� � = t � b2� (3 � � )
2X

j =0

(� 1)j

� (3 � j )� (� + 1 + j )

� t
b

� j
(5.2)

and the analytical solution (by using Eq. (3.6) and further simpli�cations) has form

xanal (t) = t � b2� (3 � � )
2X

j =0

(� 1)j [(t=b) j � 1]
� (3 � j )� (j + � + 1)

(5.3)

In Tables 1 and 2, we present the values of the analytical (exact) solution xanal (t) for
� 2 f 0:5; 0:75g at the selected values of nodest i , i = 0 ; : : : ; 10 and the corresponding nu-
merical valuesxnum (t) calculated for di�erent numbers of grid nodes (n 2 f 100; 200; 400; 800g).
The errors generated by numerical schema are also included in Tables 1 and 2. One can note
that the error decreases with a decrease in the time step of the grid.

Table 1. Values of analytical and numerical solutions of Eq. (2.1) for � = 0 :5, ! = 0,
f (t) = ( b� t)2� � , b = 1, L = 0

t i xanal (t i ) xnum (t i ) xnum (t i ) xnum (t i ) xnum (t i )
n = 100 n = 200 n = 400 n = 800

0 0.000000000000 0.000000000000 0.000000000000 0.000000000000 0.000000000000
0.1 0.159378794072 0.159379032826 0.159378842522 0.159378803745 0.159378795979
0.2 0.186040855728 0.186041292916 0.186040941860 0.186040872522 0.186040858974
0.3 0.184034779322 0.184035363697 0.184034893461 0.184034801419 0.184034783568
0.4 0.166968260457 0.166968963299 0.166968397209 0.166968286848 0.166968265515
0.5 0.141421356237 0.141422156701 0.141421511713 0.141421386199 0.141421361972
0.6 0.111541920371 0.111542800274 0.111542091205 0.111541953283 0.111541926669
0.7 0.080319362547 0.080320302735 0.080319545231 0.080319397768 0.080319369292
0.8 0.050087922696 0.050088897461 0.050088112561 0.050087959382 0.050087929735
0.9 0.022768399153 0.022769357797 0.022768587015 0.022768435655 0.022768406192
1 0.000000000000 0.000000000000 0.000000000000 0.000000000000 0.000000000000

Err avg { 5:92466� 10� 7 1:15654� 10� 7 2:2385� 10� 8 4:30118� 10� 9
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Table 2. Values of analytical and numerical solutions of Eq. (2.1) for � = 0 :75, ! = 0,
f (t) = ( b� t)2� � , b = 1, L = 0

t i xanal (t i ) xnum (t i ) xnum (t i ) xnum (t i ) xnum (t i )
n = 100 n = 200 n = 400 n = 800

0 0.000000000000 0.000000000000 0.000000000000 0.000000000000 0.000000000000
0.1 0.067645942013 0.067646050586 0.067645965523 0.067645947053 0.067645943086
0.2 0.094996909603 0.094997100277 0.094996949929 0.094996918109 0.094996911394
0.3 0.105395550994 0.105395806812 0.105395604628 0.105395562237 0.105395553351
0.4 0.104362700328 0.104363008356 0.104362764589 0.104362713751 0.104362703135
0.5 0.095196902130 0.095197250210 0.095196974490 0.095196917206 0.095196905277
0.6 0.080331627323 0.080332002341 0.080331705051 0.080331643482 0.080331630691
0.7 0.061751765560 0.061752151496 0.061751845314 0.061751782104 0.061751769002
0.8 0.041170523241 0.041170897406 0.041170600282 0.041170539178 0.041170526550
0.9 0.020119449943 0.020119771392 0.020119515708 0.020119463484 0.020119452744
1 0.000000000000 0.000000000000 0.000000000000 0.000000000000 0.000000000000

Err avg { 2:42522� 10� 7 5:03981� 10� 8 1:04972� 10� 8 2:19045� 10� 9

6. Conclusions

In this work, the method of solving of the non-homogenous fractional oscillator equation with
derivatives of order � 2 (0; 1] has been presented. First, the equation has been transformed
into integral form. Next, the numerical scheme for the integral form of the equation has been
proposed. Analysing the solutions of the equation for di�erent values of parameters� , ! , various
boundary conditions and di�erent functions f (t) one can understand the in
uence of these
parameters on the solution. One can note that if the value of� decreases then the amplitude of
oscillations increases, and if the value of! increases then the oscillation frequency increases as
well. The analytical solution of this type of fractional di� erential equation (except for the case
� = 1) is not yet known. Our proposed numerical method of solutions for � ! 1 is consistent with
the analytical solution for � = 1. This type of considered equation can be used in mathematical
modelling of the oscillatory behavior of systems where the use of the classical oscillator equation
is insu�cient.
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HOMOTOPY PERTURBATION METHOD COMBINED WITH
TREFFTZ METHOD IN NUMERICAL IDENTIFICATION OF LIQUID

TEMPERATURE IN FLOW BOILING
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The paper is focused on numerical identi�cation of 2D temperature �elds in 
ow boiling of
the liquid through a horizontal minichannel with a rectangu lar cross-section. The heat trans-
fer process in the minichannel is described by a two-dimensional energy equation with the
corresponding boundary conditions. Liquid temperature isdetermined using the homotopy
perturbation method (HPM) with Tre�tz functions for Laplac e'a equation. The numerical
solution to the energy equation found with the HPM is compared with the solution obtained
for the simpli�ed form of the energy equation. Considering that only the thermal sublayer
is taken into account, both solutions give similar results.

Keywords: homotopy perturbation method, Tre�tz method, 
ow boiling, inverse problem

Nomenclature

a { thermal di�usivity [m 2/ s]
a; b; c; d { approximation coe�cients
cp { speci�c heat [J/(kg K)]
D { hydraulic diametrer [m]
f { friction coe�cient
G { mass 
ux [kg/(m 2s)]
h { homotopy
H { minichannel length [m]
N; M { number of Tre�tz functions
p { pressure [Pa]
Pr { Prandtl number
q { heat 
ux [W/m 2]
qV { volumetric heat 
ux [W/m 3]
Re { Reynolds number
S { section area [m2]
T { temperature [K]
u { Tre�tz function
w { velocity [m/s]
x { distance along minichannel length [m]
y { distance along glass, foil and liquid [m]
� { heat transfer coe�cient [W/(m 2K)]
� { thickness, depth [m]
' { void fraction
� { thermal conductivity [W/(mK)]
� { dynamic viscosity [Pa s]
� { density [kg/m 3]
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Subscripts
ave { average, G { glass, F { foil, f { liquid, h { hydraulic, in { inlet, k { measurement

point, n { number of function, M { minichannel, out { outlet, sat { saturation, T { thermal
layer, 0 { initial approximation

Superscripts
n { refers to number of function, ~-- refers to particular solution

1. Introduction

The Tre�tz method, �rst described by Tre�tz (1926), is used f or solving any partial di�erential
equations that are linear. The method involves approximating the unknown solution using a
linear combination of functions that exactly satisfy the given di�erential equation, i.e., Tref-
ftz functions. The linear combination coe�cients are deter mined through minimizing the error
functional that describes the mean-square error between the approximate solution and the adop-
ted boundary conditions. In Ciaªkowski and Fr¡ckowiak (2002), Herrera (2000), Maci¡g (2011),
Zieli«ski (1995) the authors reported the use of Tre�tz functions for solving direct and inverse
problems in mechanics.

The homotopy perturbation method (HPM) proposed by He (1999) is a useful tool for
obtaining exact and approximate solutions to linear and nonlinear partial di�erential equations.
The unknown solution to the di�erential equation is expressed as the summation of an in�nite
series that is supposed to be convergent to the exact solution. The HPM procedure generally
requires few calculation steps to achieve the accuracy of the solutions. Additional information
on HPM can be found in He (2000, 2006), Momani and Odibat (2007), Rajabi et al. (2007),
Jafari and Sei� (2009), Sªota (2011). Application of HPM to t he solution of direct and inverse
stationary and non stationary heat conduction problems waspresented in Hetmaniok et al.
(2012), Al-Khatib et al. (2014) and Grysaet al. (2012).

The paper presents a two-dimensional mathematical model describing heat transfer in 
ow
boiling in an asymmetrically heated rectangular minichannel. In each of the three domains of
the test section: the glass pane, the heating foil and the liquid, the heat transfer process has
been described by di�erent di�erential equations with appr opriate boundary conditions. The
solution of these equations leads to the solution of a threefold conjugated heat transfer problem
consisting of a direct problem (in the glass pane) and two inverse problems (in the heating foil
and boiling liquid). The Tre�tz functions for Laplace's equ ation are used to determine two-
dimensional temperature distributions in the glass pane, in the heating foil and in the liquid.
The aim of this study is to apply the HPM coupled with the Tre�t z method to �nd the two-
dimensional temperature distribution of the boiling liqui d 
owing in an asymmetrically heated
horizontal minichannel. Known liquid and foil temperature distributions help determination of
the heat transfer coe�cient from the Robin condition.

2. Experiment

Discussed in detail by Piasecka (2013, 2014) the experimental approach to this issue is described
below in brief. In the experiment in which the di�erence between temperatures of the heating
foil and the liquid is small, heat transfer enhancement occurs through the phase change that
accompanies the boiling process. A microstructured heating surface (the heating foil is enhanced
on the side of the 
uid) additionally intensi�es the process which described Piasecka (2013, 2014).

The basic module of the experimental stand is the test section with a minichannel and
cooling liquid FC-72 
owing through it, seeFig. 1. One of the walls of the minichannel, made of
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the heating foil supplied with the controlled direct current, is isolated with a glass pane from
the outside environment. A thin layer of liquid crystals deposited on the exterior of the foil
helps measurement of two-dimensional temperature distribution. Boiling liquid 
ow structures
are observed through the glass pane closing the minichannelon the other side of the 
ow.
The measurements included the local temperature of the heating foil, liquid inlet and outlet
temperatures and pressure, current and voltage drop of the electric power supplied to the foil,
local void fraction and mass 
ux. Numerical calculations for FC-72 were performed based on
the experiment and on the results described in detail in Piasecka (2014).

Fig. 1. Measuring module: 1 { glass panes, 2 { heating foil, 3 {thermosensitive liquid crystals,
4 { minichannel, 5 { thermocouples and pressure gauges (pictorial view, not to scale)

3. Mathematical model

For simplicity, only two dimensions are taken into account: dimensionx along the 
ow direction
and dimensiony, perpendicular to the 
ow direction, relating to the thickn ess of the protecting
glass (� G) and the foil ( � F ), and to the depth of the channel (� M ), Fig. 2. We focused on the
central part of the measurement module (along its length) sothat the physical phenomena on
the side edges did not a�ect the thermodynamic parameters within the investigated segment,
Fig. 2. The 
uid 
ow in the minichannel was assumed to be steady, stationary and laminar
(Re < 2000) with a constant mass 
ux, (Ho»ejowskaet al., 2014; Ho»ejowska and Piasecka,
2014). The velocity vector had only one componentw(y) parallel to the heating foil (with other
components equal to zero) given by the formula

w(y) =
�p

2�H
(� M y � y2) (3.1)

Thus the energy equation exclusively for the liquid phase can be written as follows

LT f = ATf (3.2)

whereL = @2=@x2 + @2=@y2 is the Laplace operator andA is the di�erential operator de�ned as

A =
w(y)

a
@
@x

a =
� f

cp;f � f

The boundary conditions for equation (3.2) are as follows (Bohdal, 2000; Ho»ejowskaet al.,
2014):
| liquid temperatures at the inlet and outlet of the minichan nel are known

Tf (0; y) = Tin

Tf (H; y ) = Tout

)

for 0 ¬ y ¬ � M (3.3)
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| liquid temperature in the domain of contact with the heatin g foil meets the condition

Tf (x; � G + � F ) =

(
TF (x; 0) if TF (x; 0) < T sat (x)

Tsat (x) if TF (x; 0) ­ Tsat (x)
(3.4)

whereTsat is the saturation temperature dependent on the pressurep(x) which changes linearly
along the minichannel,
| the two-phase mixture per unit volume in the minichannel co ntains vapour phase and liquid
phase in proportion ' and (1 � ' ), respectively. The same proportions of vapour and liquid
phases are assumed to refer to any cross-sectional area of the minichannel and then to the heat
transfer surface. For bubbly and bubbly-slug 
ows, following Bohdal (2000), Ho»ejowskaet al.
(2014), the whole heat 
ux generated in the foil is assumed tobe transferred to the liquid phase
in proportion carried over from the void fraction

� f
@Tf
@y

= � F (1 � ' (x))
@TF
@y

for y = 0 and 0 ¬ x ¬ H (3.5)

Figure 2 shows a diagram of the unit with the minichannel and the boundary conditions.

Fig. 2. Scheme of the measuring module with boundary conditions (pictorial view, not to scale)

The temperatures of the heating foil and the glass are assumed to satisfy the following
equations (Ho»ejowskaet al., 2009; Piaseckaet al., 2004):
| in the glass

LTG = 0 (3.6)

| in the foil

LTF = �
qV

� F
(3.7)

The conditions at the glass-foil contact can be written as

TF (xk ; � � F ) = TG(xk ; � � F ) = Tk

� F
@TF
@y

= � G
@TG
@y

y = � � F 0 ¬ x ¬ H
(3.8)

whereTk denotes the temperature measured at the glass-foil interface at discrete points (xk ; � � F )
using liquid crystals thermography. The remaining boundaries are assumed to be isolated, Fig. 2.
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When the heating foil temperature distribution and the temp erature gradient are known, the
heat transfer coe�cient � (x) at the foil-liquid interface can be determined from the Robin
condition

� � F
@TF
@y

(x; 0) = � (x)[TF (x; 0) � Tf;ave (x)] (3.9)

The reference temperatureTf;ave is determined as a mean liquid temperature in the thermal
layer

Tf;ave (x) =
1
� T

� TZ

0

Tf (x; y) dy (3.10)

where � T is the thickness of the thermal boundary layer determined byBohdal (2000)

� T =
� 1

3
Pr � h (3.11)

and

� h =
2� f

fw ave� f
f =

64
Re

Re =
wave� f D

� f
(3.12)

and wave is the mean velocity of the liquid, calculated from

wave =
1

0:5� M

0:5� MZ

0

w(y) dy (3.13)

4. Numerical methods

4.1. Tre�tz method

The Tre�tz method has been used to calculate approximate two-dimensional temperature
distributions of the glass pane and the heating foil. The unknown distributions of TG and TF

have been approximated with a linear combination of the Tre�tz functions ui (x; y) adequate for
Laplace's equation (3.6) (Piaseckaet al., 2004), in this case harmonic polynomials, that is

TG(x; y) =
NGX

i =1

ai ui (x; y) TF (x; y) = eu(x; y) +
NFX

j =1

bj uj (x; y) (4.1)

where eu(x; y) is the particular solution to equation (3.7). The unknown coe�cients ai and bj of
linear combinations (4.1) are calculated using the least square method which led to minimizing
the functionals suitable for each function TG and TF . These functionals describe the mean
squared error between the approximates and prescribed boundary conditions. This procedure
was thoroughly discussed in Piaseckaet al. (2004) and Ho»ejowskaet al. (2009).

Numerical computations have been made sequentially. We obtained the solution �rst in
the glass, and then in the heating foil. The approximate functions TG and TF , obtained with
the Tre�tz method, satis�ed exactly equations (3.6) and (3. 7), respectively, and approximately
the adopted boundary conditions. Solving these equations has led to solving two heat transfer
problems: the direct problem in the glass and then the inverse problem in the heating foil. Fluid
temperature has been computed in the next stage by solving the inverse problem with the HPM
and Tre�tz method combined.
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4.2. Homotopy perturbation method (HPM)

The use of the HPM in combination with the Tre�tz method for id entifying the source
function was presented in Grysa and Maci¡g (2013) and Al-Khatib et al. (2014). In this study,
the above combination is used to �nd the two-dimensional liquid temperature distribution in
the minichannel. According to the homotopy method, a homotopy h(x; y; p) can be constructed
as the solution to

(1 � p)[L (h) � L (u0)] + p[L (h) � A(h)] = 0 (4.2)

where the parameter 0¬ p ¬ 1 and u0 is the initial approximation of equation (2) that satis�es
boundary conditions (3.3)-(3.5). Substituting p = 1 into (4.2), we have

L(h) � A(h) = 0 (4.3)

that is equation (3.2).
Expanding the function h in the power series inp, we obtain

h(x; y; p) = h0(x; y) + h1(x; y)p + h2(x; y)p2 + h3(x; y)p3 + : : : (4.4)

and the solution to (3.2) is expressed as

Tf (x; y) = lim
p! 1

h(x; y; p) = h0(x; y) + h1(x; y) + h2(x; y) + h3(x; y) + : : : (4.5)

Finally, we take an approximate solution of (3.2) in form of truncated series (4.5)

Tf (x; y) =
N fX

i =0

hi (x; y) (4.6)

The convergence of HPM for partial di�erential equations was proved in Biazar and Ghazvini
(2009) and Turkyilmazoglu (2011). The outcome of computations indicates that satisfactory
results can be obtained with three or four terms in series (4.6). The assumptions relating to the
initial approximation u0 can be weaker. In further calculation, the initial approximation may
be an arbitrary function. Substituting (4.4) into (4.2) and comparing coe�cients at subsequent
powers of p to zero, we obtain a system of equations from which we calculate h0; h1; h2; : : :
sequentially

L (h0) � L (u0) = 0

L(h1) + L(u0) � A(h0) = 0

L(h2) � A(h1) = 0
...

L (hN f ) � A(hN f � 1) = 0

(4.7)

The Tre�tz method is used to determine functions hn (x; y), n = 0 ; 1; : : : ; N f , which are solutions
to successive equations in system (4.7). In this case, the solutions hn (x; y) contain two terms: a
linear combination of the Tre�tz functions ui (x; y) and a particular solution of the n-th equation
from system (4.7), see Ciaªkowski and Fr¡ckowiak (2000), i.e.
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h0(x; y) =
N0X

i =1

c(0)
i ui (x; y) + u0

h1(x; y) =
N1X

i =1

c(1)
i ui (x; y) + L � 1[A(h0)] � u0

h2(x; y) =
N2X

i =1

c(2)
i ui (x; y) + L � 1[A(h2)]

...

hn (x; y) =
NnX

i =1

c(n)
i ui (x; y) + L � 1[A(hn� 1)]

(4.8)

where the functionsu0, L � 1[A(h0)] � u0, L � 1[A(hn )] are particular solutions to the appropriate
equations from system (4.7) andL � 1 is the inverse of operatorL . Since the di�erential operators
L and A are linear, one can rewrite recursive formula (4.8) in a moreconcise form

h0(x; y) =
N0X

i =1

c(0)
i ui (x; y) + u0

hn (x; y) =
nX

s=0

N sX

i =1

c(s)
i L � (n� s) [An� s(ui (x; y))] + L � n [An (u0)] � L � n+1 [An� 1(u0)]

n = 1 ; 2; : : : ; N f

(4.9)

where L � n = L � 1(L � (n� 1) ) and An = A(An� 1). The description of the use of inverse operators
in the Tre�tz method can be found in Ciaªkowski and Fr¡ckowia k (2000), Grysa et al. (2012).

Known boundary conditions (3.3)-(3.5) help determination of the coe�cients of linear com-
bination (4.8) by minimizing the corresponding error functional appropriate for each function
hn (x; y), n = 0 ; 1; : : : ; N f . Sequential determination of the functionshn (x; y) requires each time
taking into account the computed functions hn (x; y) in boundary conditions (3.3)-(3.5) after
appropriate modi�cation (Grysa and Maci¡g, 2013). The appr oximate liquid temperature com-
puted from (4.6) satis�es approximately both equation (3.2) and boundary conditions (3.3)-(3.5).

5. Results

Numerical calculations for cooling liquid FC-72 have been performed based on the experimental
results described in detail in Piasecka (2013, 2014) concerning a forced 
ow of FC-72 through
an asymmetrically heated minichannel, Fig. 3. The 
ow structures and the void fraction have
also been observed. In further calculations, the local voidfraction determined at lengths 0.09 m,
0.133 m, 0.27 m, and 0.34 m is approximated with a quadratic function, Fig. 3.

Approximate temperature distributions of the glass, heating foil and liquid have been deter-
mined sequentially. In the �rst instance, the approximate t emperatures of the glassTG and
the heating foil TF were calculated knowing both the temperature distribution at the foil-
-glass interface and the heat 
ux at the foil inside the surface-liquid interface. Fifteen Tref-
ftz functions ui (x; y) for Laplace's equation were adopted for calculations, i.e. NG = NF = 15.
To determine TG and TF , we adopted the particular solution to equation (4.1) in the form
eu(x; y) = � 0:5qV � � 1

F y2. The distribution of the 
uid temperature could be obtained only after
determining the glass and the foil temperature. The liquid temperature Tf in the minichannel
was determined based on (4.6) with the initial approximation u0 = 0 (other forms of the initial
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Fig. 3. (a) Hue distribution on the exterior of the minichann el obtained with liquid crystal
thermography and the corresponding 
ow structures observed for the given temperature distribution,

(b) void fraction. Experimental parameters of the runs (Piasecka, 2014); foil parameters:
� F = 1 :02� 10� 4 m, H = 0 :35 m, � F = 8 :3 W/(mK); glass parameters: � G = 0 :006 m, � G = 0 :71 W/(mK);
for #1: G = 282 kg/(m 2s), Re = 944, pin = 129 kPa, Tin = 293 K, Tout = 319 K, qV = 1 :92� 105 kW/m 3;
for #2: G = 277 kg/(m 2s), Re = 009, pin = 139 kPa, Tin = 293 K, Tout = 334 K, qV = 2 :99� 105 kW/m 3

approximation u0, for example, a harmonic function, did not a�ect the �nal res ult). The follo-
wing quantities were used in calculations: local void fraction, pressure drop, liquid temperature
at the inlet and outlet of the minichannel, liquid saturatio n temperature and the foil tempe-
rature gradient in the foil-liquid contact area along the channel. Three steps of recursion were
made approximating hn (x; y) with �ve Tre�tz functions ui (x; y) in each step, i.e.N f = 2 and
Nn = 5. Figure 4 presents two-dimensional temperature distribution of the glass, the foil and
the 
owing liquid. Application of Tre�tz method allowed to o btain two-dimensional temperature
distributions in the three neighbouring domains.

Fig. 4. Temperature of the glass pane and the heating foil determined by the Tre�tz method.
Temperature of the liquid obtained HPM /Tre�tz method. Addi tional data: as in Fig. 3 for #2

To verify the solution obtained by the HPM combined with the T re�tz method, equation
(3.2) has been solved using a di�erent approach with an additional simpli�cation. The liquid
temperature change along the whole minichannel length has been replaced with the formula
from (Bohdal, 2000)

@Tf
@x

=
Dq

SGcp;f
(5.1)
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Substituting (5.1) into (3.2), we obtain the Poisson equation. The solution to this equation is
given in the form of the sum of the linear combination of the Tre�tz functions ui (x; y) and the
particular solution

TF (x; y) =
M fX

j =1

dj uj (x; y) +
Dq� f

SG� f
L � 1[w(y)] (5.2)

The coe�cients dj are calculated in the same way as in the Tre�tz method. Five Tre�tz functions
ui (x; y) are taken, analogously to the combination of the HPM with the Tre�tz method.

Figure 5 compares the cooling liquid temperature distribution derived from the solution ob-
tained from formulas (4.6) and (5.2). Both approaches produce very similar results in the thermal
layer, Fig. 5. This is the result of the fact that the determin ation of the liquid temperature in
the minichannel leads to the solution of the inverse problem.

Fig. 5. Temperature of the liquid: (a) obtained by formula (4.6), (b) obtained by formula (5.2),
(c) temperature scale; additional data: as in Fig. 3 for #2

For correct interpretation of the temperature distributio n shown in Fig. 5, one has to take
into account the physics of 
ow boiling. In the considered case, the heat received from the foil
is transferred by the bubbles of gas to the center (axis) of the minichannel which can be seen
in Fig. 4. For that reason, once the boiling incipience has taken place, the bubbles lower the
temperature of the 
uid in the immediate neighbourhood of th e foil and the temperature of the
foil alone, see Fig. 5. The measured temperature of the heating foil at the foil-glass contact, see
Fig. 3, con�rms that such a phenomenon is observed (i.e. temperature rise and then a rapid drop
after the boiling incipience), see Fig. 4 and Fig. 5 as well asthe �gures presented in Piasecka
(2013, 2014).

In Ho»ejowska and Piasecka (2014) and Ho»ejowskaet al. (2014) in order to determine the
temperature of the liquid for equation (3.2), the Tre�tz fun ctions were derived assuming the
velocity w(y) to be a roof or parabolic function. When the velocity pro�le has a more complex
form, liquid temperature can be calculated from the HPM combined with the Tre�tz method.

The known temperature �eld of the liquid is employed to determine the heat transfer coe�-
cient at the contact point of the foil and liquid, calculated from Robin condition (3.9). Figure 6
presents the heat transfer coe�cient calculated from Eq. (3.9) when the liquid temperature is
calculated using the HPM plus Tre�tz method and when the liqu id temperature is obtained
by (5.2). Concentrating only on the thermal sublayer, we obtain similar plots of heat transfer
coe�cients, Fig. 6, with di�erences that do not exceed 5 kW/( m2K) on average. A fast increase
in the heat transfer coe�cient values results from the phase change which accompanies heat
transfer. It is observed that when the heat 
ux supplied to th e heating wall grows, the heat
transfer coe�cient grows too. A further increase in the heat 
ux results in an increase in the
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void fraction and a decrease in the heat transfer coe�cient, Fig. 6. In the enhanced boiling
region, heat transfer coe�cient values decrease with the distance from the minichannel inlet and
with the increasing vapour fraction in the 
owing mixture.

Fig. 6. Heat transfer coe�cients as a function of the minichannel length obtained using: (a) HPM plus
Tre�tz method, (b) Tre�tz method and inverse operations; ad ditional data: as in Fig. 3

6. Conclusions

The presented combination of the HPM and the Tre�tz method helps determination of the
approximate two-dimensional temperature distribution of the boiling liquid. The Tre�tz method
is used to solve the direct heat transfer problem for the glass pane and the inverse problem in the
heating foil, determining their temperatures and gradients. Known temperature distributions in
the foil-liquid contact area are used to compute the heat transfer coe�cient from the Robin
boundary condition. The results are summarized and compared with those obtained from the
simpli�ed model. The resulting two-dimensional liquid tem perature distributions are similar, in
particular when the considerations are limited to the thermal layer. An analogous relationship
is observed for the heat transfer coe�cient calculated for both models. The advantage of the
HPM/Tre�tz method combination is its simplicity and a small number of steps of recursion to
produce a satisfactory result. The number of Tre�tz functio ns used in calculations is also small.
In addition, this combination of methods can be used to solveproblems described by non-linear
equations. Thus, further work will be directed towards determination of the temperature of the
liquid phase, vapour phase and the mixture of these two phases in two-phase 
ows for more
complex models than those presented here.
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OPERATING UNDER AGEING-ATTRIBUTABLE WEARING CONDITIONS

Mariusz Wa»ny
Military University of Technology, Warsaw, Poland

e-mail: mariusz.wazny@wat.edu.pl

The paper presents a probabilistic method of assessing lifetimes of selected structural com-
ponents or assemblies of devices/systems a�ected by destructive processes that occur during
aircraft operation. Reliability status of the device is evaluated by means of diagnostic or
operational parameters. It is assumed that these devices (systems, assemblies) operate re-
liably if e�ects of wear and tear processes described by diagnostic parameters do not exceed
boundary conditions/regimes. From the mathematical aspect, the method has been based
on di�erence equations from which, when rearranged, a partial di�erential equation of the
Fokker-Planck type is derived. A density function of the component wearing is a particular
solution to this equation. With the density function of the c omponent wearing applied, after
suitable rearrangements, one can determine a density function of time for the exceeding
the boundary condition. Now, with the density function of ti me of reaching the boundary
condition found, and after rearrangement of this function, one receives dependences that
can be applied to determine lifetime of the device given consideration. An example at the
end of the paper illustrates how this method can be applied toanalyse an airborne sighting
system.

Keywords: reliability, lifetime, destructive processes, permissible condition

1. Introduction

Any manifestations of aeronautical engineering, i.e. aeronautical devices, systems, etc., make
design engineers, manufacturers and users meet requirements connected with maintaining high
values of safety and reliability parameters. Examining the safety and reliability of an aircraft
throughout the operational process involves predictions about health/maintenance status of
particular devices and systems of an aircraft and the aircraft itself as a platform combining
all the above-mentioned elements. Analyzing an aircraft asan object intended to provide, e.g.
transportation of passengers and cargo, we can assume that the operating conditions are of
special importance compared with other popular means of transport (Pamuªa, 2011). A series of
factors make values of parameters that describe health/maintenance status of an aircraft change
over time. Destructive processes resulting from overloads, friction, vibration, ageing processes,
etc. prove to have the crucial e�ect on that change.

An aircraft is a platform upon which systems like the following ones are integrated:

� automatic control systems,

� communication systems,

� avionic systems,

� air armament systems,

� sighting systems,

� systems to abandon the aircraft in emergency, etc.
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The health/maintenance status of aircraft devices is mainly evaluated with a set of diagno-
stic parameters. The e�ect of destructive processes is visible in changes of values of diagnostic
parameters, which cause increments in deviations from nominal values of these parameters. De-
viations from nominal values of diagnostic parameters are used to estimate reliability of a given
device. This question is addressed in (Niuet al., 2011; Tomaszek and Wróblewski, 2001; Toma-
szek et al., 2004, 2011, 2013; Tomaszek and Szczepanik, 2005; Yeet al., 2011; Zhanshan and
Krings, 2008). Among the above mentioned works, (Niuet al., 2011) is an interesting publica-
tion where health/maintenance status of a piece of equipment is analysed with the Mahalanobis
distance indicator and the Weibull distribution applied.

This paper is an attempt to analyse and describe degradationof health/maintenance status
of selected devices as a result of destructive processes a�ecting them.

Classi�cation of correlations between e�ects of destructive processes and changes in values
of diagnostic parameters is presented by Wa»ny (2011a). Thedensity function of changes in
deviations of the diagnostic parameter has been determinedin this article, with the following
assumptions applied:

� the device health is determined by one dominant diagnostic parameter (its current value
is denoted by x),

� the change in value of the diagnostic parameter due to the destructive e�ect of ageing
processes occurs as the calendar time passes by,

� the deviation of the diagnostic parameter from the nominal value is

z = jxp � xn j

wherexp is measured value of the diagnostic parameter,xn { nominal value of the diagno-
stic parameter,

� the value of the diagnostic parameter deviation determinesthe level of reliability of a given
structural component. If it remains within the interval z 2 [0; Zd], the component will be
recognised as serviceable (�t for use). Otherwise, it will be recognised unserviceable (un�t
for use),

� the increase in the diagnostic parameter deviation againstthe calendar time satis�es the
relationship

dz
dt

= c

where c is a random variable that depends on ageing processes,t { the calendar-based
time.

2. Determining the density function of changes in values of d eviations of the
diagnostic parameter

It is assumed that the intensity of growth of the component wear and tear takes the same form
as the failure rate for the Weibull distribution

� (t) =
�
�

t � � 1 (2.1)

where � and � are constants in the Weibull distribution with the followin g denotations: � { the
shape factor, � { the scale factor.

The stochastically approached dynamics of changes in values of diagnostic parameters, inclu-
ding the parameter deviation, is described by di�erence equation. Let Uz;t denote the probability
that at the time instance t the diagnostic parameter deviation takes valuez.
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A di�erence equation takes the following form for the assumed conditions

Uz;t+ �t =
�
1 �

�
�

t � � 1�t
�
Uz;t +

�
�

t � � 1�tU z� �z;t (2.2)

where �z is the increment in the diagnostic parameter deviation in the time interval �t .
Equation (2.2) written down in functional notation takes th e following form

u(z; t + �t ) =
�
1 �

�
�

t � � 1�t
�
u(z; t) +

�
�

t � � 1�tu (z � �z; t ) (2.3)

where u(z; t) is the density function of the diagnostic parameter deviation, [1 � (�=� )t � � 1�t ] {
probability that in the time interval �t there will be no increment in the diagnostic parameter
deviation, (�=� )t � � 1�t { probability that in the time interval �t there will be the �z increment
in the parameter deviation, and the following condition is satis�ed

�
�

t � � 1�t ¬ 1

Rearrangement of equation (2.3) into a partial di�erential equation results in the following
approximation

u(z; t + �t ) = u(z; t) +
@u(z; t)

@t
�t

u(z � �z; t ) = u(z; t) �
@u(z; t)

@z
�z +

1
2

@2u(z; t)
@z2

(�z )2
(2.4)

Having substituted relationships (2.4) into equation (2.3) and with some rearrangements
done, the following is arrived at

@u(z; t)
@z

= �
�
�

t � � 1�z
@u(z; t)

@z
+

1
2

�
�

t � � 1(�z )2 @2u(z; t)
@z2

(2.5)

Consideration is given to the increment in the diagnostic parameter deviation per time unit
(when �t = 1), hence

�z
�t

= c ) �z = c�t =)
�t =1

c

where c denotes increment in the diagnostic parameter deviation per one time unit.
The �nal form of equation (2.5) is as follows

@u(z; t)
@z

= �
� c
�

t � � 1

| {z }

 (t )

@u(z; t)
@z

+
1
2

� c2

�
t � � 1

| {z }
� (t )

@2u(z; t)
@z2

(2.6)

The solution to equation (2.6) takes the form

u(z; t) =
1

p
2�A (t)

exp
�
�

(z � B (t))2

2A(t)

�
(2.7)

where B (t) is an average value of the diagnostic parameter deviation for the operating time t

B (t) =
tZ

0


 (t) dt (2.8)



984 M. Wa»ny

A(t) { a variance of the diagnostic parameter deviation for the operating time t

A(t) =

tZ

0

� (t) dt (2.9)

With integrals (2.8) and (2.9) calculated, the following expressions are arrived at

B (t) =

tZ

0

� c
�

t � � 1 dt =
c
�

t � A(t) =

tZ

0

� c2

�
t � � 1 =

c2

�
t � (2.10)

Hence, relationship (2.7) takes the following form

u(z; t) =
1

q
2� c2

� t �
exp

0

B
@�

�
z � c

� t �
� 2

2c2

� t �

1

C
A (2.11)

Relationship (2.11) presents the density function of the diagnostic parameter deviation from
the nominal value.

With the following substitutions

c
�

= b
c2

�
= a

relationship (2.11) takes the following form

u(z; t) =
1

p
2�at �

exp
�
�

(z � bt� )2

2at �

�
(2.12)

With the density function found, one can write down a relationship for reliability with respect
to time of the diagnostic parameter deviation increasing upto the boundary value. The formula
takes the form

R(t) =

zdZ

�1

u(z; t) dz (2.13)

where zd is a permissible value of the diagnostic parameter deviation.

3. Determining distribution of time of exceeding the permis sible condition by
the diagnostic parameter deviation

The probability of exceeding the boundary value by the diagnostic parameter with the density
function of changes in the diagnostic parameter deviation can be written down in the following
form

Q(t; zd) =

1Z

zd

1
p

2�at �
exp

�
�

(z � bt� )2

2at �

�
dz (3.1)

The density function of the distribution of time of exceeding the permissible value of the
diagnostic parameterzd equals

f (t) =
@
@t

Q(t; zd) (3.2)
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With (3.1) taken into account, this equation takes the form

f (t) =
@
@t

1Z

zd

1
p

2�at �
exp

�
�

(z � bt� )2

2at �

�
dz (3.3)

Now, the time derivative of the integrand for relationship ( 3.3) can be found

f (t) =

1Z

zd

h2(z � bt� )b�t � + ( z � bt� )2�
2at � +1 �

�
2t

i
u(z; t) dz (3.4)

In order to calculate integral (3.4), we need to determine anantiderivative. We assume the
following form of the antiderivative of the integrand in rel ationship (3.4)

w(z; t) = u(z; t)� (z; t) (3.5)

The derivative of the inde�nite integral with respect to the variable z is equal to the integrand
of relationship (3.4). Hence

@u(z; t)
@z

� (z; t) + u(z; t)
@�(z; t)

@z
=

h2(z � bt� )b�t � + ( z � bt� )2�
2at � +1 �

�
2t

i
u(z; t) (3.6)

Now, the derivative @u(z; t)=@zis calculated

@u(z; t)
@z

=
1

p
2�at �

exp
�
�

(z � bt� )2

2at �

�h
�

2(z � bt� )
2at �

i
= u(z; t)

h
�

(z � bt� )
at �

i
(3.7)

After substitution of (3.7) into (3.6), the following relat ionship can be written down

u(z; t)
h
�

(z � bt� )
at � � (z; t)

| {z }
I � L

+
@�(z; t)

@z| {z }
II � L

i
= u(z; t)

h2(z � bt� )b�t � + ( z � bt� )2�
2at � +1

| {z }
I � P

�
�
2t| {z }

II � P

i
(3.8)

Using relationship (3.8), the function � (z; t) is determined in such a way that the left side of
relationship (3.8) equals its right side. Therefore

I � L = I � P ) � (z; t) = �
2b�t � + � (z � bt� )

2t

II � L = II � P )
@�(z; t)

@z
= �

�
2t

(3.9)

After reduction

� (z; t) = �
� (z + bt� )

2t
(3.10)

The conclusion is that the primitive of the integrand takes the following form

w(z; t) = u(z; t)
h
�

� (z + bt� )
2t

i
(3.11)

where

u(z; t) =
1

p
2�at �

exp
�
�

(z � bt� )2

2at �

�
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We calculate integral (3.3)

f (t)zd = u(zd; t)
� (zd + bt� )

2t
(3.12)

where

u(zd; t) =
1

p
2�at �

exp
�
�

(zd � bt� )2

2at �

�

Thus, relationship (3.12) determines the density functionof time of exceeding the boundary
(permissible) condition by the diagnostic parameterzd deviation

f (t)zd =
� (zd + bt� )

2t
1

p
2�at �

exp
�
�

(zd � bt� )2

2at �

�
(3.13)

4. A method to assess the lifetime of a device with respect to t he diagnostic
parameter being analyzed

The formula for the reliability of a device with respect to th e diagnostic parameter deviation
from the nominal value can be expressed as

R(� ) = 1 �

�Z

0

f (t; zd) dt (4.1)

where

f (t; zd) =
� (zd + bt� )

2t
1

p
2�at �

exp
�
�

(zd � bt� )2

2at �

�
(4.2)

Thus, the unreliability of a device can be expressed by the following formula

Q(� ) =

�Z

0

� (zd + bt� )
2t

1
p

2�at �
exp

�
�

(zd � bt� )2

2at �

�
dt (4.3)

One can simplify integral (4.3) by making the following substitution u = t �

Q(u) =

�p uZ

0

zd + bu
2u

1
p

2�au
exp

�
�

(zd � bu)2

2au

�
du (4.4)

Integral (4.4) should be converted into a simpler form and the problem comes down to solving
the inde�nite integral

Z
f (u; zd) du (4.5)

where f (u; zd) is the integrand of equation (4.5).
For the integrand of integral (4.5), the following change (zd � bu)2 = ( bu � zd)2 and substi-

tution are performed ! = ( bu� zd)2=(2au)

1
2
p

�

Z
1

p
!

e� ! d! (4.6)
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The following substitution into integral (4.6),
p

! = w results in what follows

1
2
p

�

Z
1

p
!

e� ! d! =
1

p
�

Z
e� w2

dw (4.7)

With one more substitution into the integral (4.7)

w2 =
y2

2
2w dw = y dy (4.8)

formula (4.7) can be written down as

1
p

�

Z
e� w2

dw =
1

p
2�

Z
exp

�
�

y2

2

�
dy (4.9)

Considering the above substitution y takes the form expressed by

y =

p
2(bt� � zd)

p
2at �

(4.10)

Hence, remembering about the appropriate notation for the limits of integration, the unre-
liability of a device with respect to the growth of the diagnostic parameter deviation will be
expressed by the following equation

Q(� ) =
1

p
2�

p
2( bt � � zd )
p

2at �Z

�1

exp
�
�

y2

2

�
dy (4.11)

Assuming some speci�c level of risk of failure, i.e. the level of probabilities of exceeding the
permissible value of the parameter deviation, the following equation can be written down

Q(� ) = Q� (4.12)

Hence

Q� =
1

p
2�


Z

�1

exp
� � y2

2

�
dy (4.13)

For the assumed value ofQ� , the value of the upper limit of integral (4.13) is to be found in
the Standard Normal Distribution Table.

In this way, we obtain the value of 
 . Thus, the equation to determine lifetime of an element
takes the following form


 =

p
2(bt� � zd)

p
2at �

(4.14)

Having solved equation (4.14), one can �nd the lifetime of a device with respect to the
assumed diagnostic parameter.

Therefore, having the value of the parameter
 and using relation (4.14), one can determine
the lifetime of the device with respect to the diagnostic parameter given consideration. The
following substitution has been made to do this

s = t � (4.15)

Using formula (4.15), one can determine the lifetime of the device on the basis of the following
relationship

t � =
1
a

ln
2bzd + 
 2a + 


p
4bzda + 
 2a2

2b2 (4.16)
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5. Example of calculation

To start veri�cation of the method intended to determine the lifetime of a device with the Weibull
distribution parameters applied, the coe�cients of this di stribution should be determined �rst.
Both the parameter � re
ecting the scale factor and the parameter � representing the ratio of
the shape have been pre-assumed to equal unity (determination thereof will provide the basis
for further work).

Data recorded in the course of operating one of the sighting system units, i.e. the sighting
head, has been assumed a good example, on the basis of which the above-presented model has
been veri�ed. The construction of this head enables visualisation of the sighting data in the
form of the sighting marker that supports the sighting process while making use of air weapons.
Under maintenance procedures/works performed every 100 hours' 
ight time recorded are values
of diagnostic parameters of the sighting head in form of two co-ordinates " and � that de�ne the
co-ordinates of the check position of the sighting marker. Nominal values of these co-ordinates
(with permissible error range included) are determined by the aircraft manufacturer responsible
for adjusting the sighting head with the sighting system at the stage the aircraft is introduced
in service. If in the course of maintenance, the measured values of co-ordinates of the sighting
marker position are within the limits of permissible error, no maintenance e�orts are taken to
correct the sighting marker position. On the other hand, if the value of at least one of the two
diagnostic parameters exceeds the permissible error value, the sighting system is subjected to
maintenance to remove the error. This is done by means of introducing into the system the
co-ordinates that remove the deviation of the sighting marker position from the nominal one.

With data recorded in the course of the operational process ("1; t1); ( "2; t2); : : : ; ("n ; tn ) and
related to changes in values of one of the parameters that de�ne health/maintenance status of
the sighting system, the rate of changes (of the increase) indeviation of the diagnostic parameter
can be written down as

ct1 = "1 c =
"1

t1
(5.1)

For the data presented in Fig. 1, recorded in the course of maintenance works every 100 hours'

ight time of the aircraft, the following parameters have be en found that enable determination
of lifetime described with relationship (4.14)

b = 0 :00123 a = 1 :524� 10� 6 c = 0 :00123 (5.2)

Fig. 1. Changes in the value of the diagnostic parameter thatdescribes the position of the sighting
marker and the value of the lifetime found

It is important for aeronautical systems that the level of reliability of the device in question
nears unity. That is why the reliability has been assumed close to unity to determine the lifetime
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of the device. Assuming the level of reliabilityR� (t) = 0 :98, the value of the parameter
 � = 2 :32
could be found from the Standard Normal Distribution Tables. The parameter "d could be found
in the system technical documentation (Maintenance Manual), where information is given on
the value of permissible deviation of the diagnostic parameter that describes co-ordinates of the
sighting marker position. Using operational data (Fig. 1) and the above-determined parameters,
the lifetime has been calculated from Eq. (4.14). In the analyzed case, it is

t � = 124 months (5.3)

6. Summary

The process of operating technical devices installed on an aircraft involves in
uences of change-
able weather and mechanical conditions resulting from, among other things, in-
ight overloads.
These factors lead to the accumulation of destructive factors a�ecting the system(s) and causing
the nominal performance characteristics of selected system components decline. The material
presented in this article is a continuation of analyses to develop methods of �nding density func-
tion of changes in deviations of parameters, and the time of exceeding the permissible condition
by the diagnostic parameter under analysis, the parameter being a�ected by particular destruc-
tive factors (Wa»ny, 2011a,b). The presented method enables determination of residual lifetime
of a device and can be used to modify the process of operating the device in question. In this
way, the number of checks of health/maintenance status can be limited, which consequently can
reduce the time the device remains beyond the operational-use system.

The relationship for the failure rate described by parameters typical of the Weibull distribu-
tion, as applied to determine the rate of wear and tear of the component/device, is an important
part of this study. Further work should be focused on veri�cation of the method in question as
referred to larger population of objects under analysis. Parameters that describe the rate of
the ever increasing intensity of the component/device wearand tear should be found. Both
objectives determine future lines of activity for the Author.

The above-presented considerations have been based on analyses of the process of opera-
ting aeronautical devices/systems. However, they can be successfully applied for other technical
objects, the health/maintenance status of which is usuallydetermined by means of diagnostic
parameters. Implementation of this method is possible if we, �rstly, have values of diagnostic
parameters located along the axis of time of the device service/operation and, secondly, know the
value of the boundary/limiting error that { when exceeded by the diagnostic parameter { makes
operation of the device less e�ective (i.e. the device is at the medium level of serviceability).
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ANALYTICAL SOLUTION OF EXCITED TORSIONAL VIBRATIONS OF
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In the paper, the analytical solution of excited torsional vibrations of prismatic thin-walled
beams for di�erent types of boundary conditions and di�erent types of external excitation
of torsional moment are formulated. The presented solutioncan be applied, among others,
to preliminary analysis of the optimal position of the actuators and the value of the applied
voltage to the elements for minimization of the vibrations of the beams.

Keywords: thin-walled beams, torsional vibrations, excited vibrations

1. Introduction

Knowledge of the analytical solution of externally excited vibrations for a considered model
of realistic structures is very useful for preliminary analysis in the design process or choosing
parameters and algorithms for vibration control of the systems. The model of an excited pri-
smatic beam response for torsional or coupled bending-torsional vibrations can be applied for
analysis of vibration of some machine elements, e.g. turbine-blades (Grybo±, 1996; Š¡czkowski,
1974; Pust and Pesek, 2014; Rao, 1991). Sometimes, the beam cross-section takes form of an
open thin-walled structure. In this paper, thin-walled beams of closed cross-sections as general
models of blades are analyzed (Librescu and Na, 1998; Song and Librescu, 1993; Songet al.,
2002).

Recently, application of piezoelectric elements for vibration reduction of thin structures are
commonly discussed in the literature (Elliott and Nelson, 1997; Hansen and Snyder, 1997; Mo-
heimani and Fleming, 2006; Preumont, 2006). See also the papers by Ferdek and Kozie« (2013),
Kozie« and Koªtowski (2011). These types of vibration cancellation were considered by the au-
thors in preliminary analysis of the possibility of reduction of torsional vibrations of prismatic
beams with solid cross-sections (Augustyn and Kozie«, 2014).

There are well known analytical solutions for problems of the dynamics of thin walled beams
with open cross-section, starting with Gere (1954), Gere with Lin (1958), Aggrawal with Cranch
(1967), and Carr (1969) and later e.g. by Bishopet al. (1989), Dokumaci (1987), Kaliski and
Solarz (1992), Tao (1964), Timoshenkoet al. (1974) and Yaman (1997). Di�erent cases of vibra-
tions in such a type of structures are discussed in many of articles. A review of these di�erent
approaches, theories and models for static and dynamic cases is given by Sapountzakis (2013).
The e�ect of variable cross-section on natural frequenciesis discussed in (Eisenberger, 1997).
Non-linear models are discussed by Crespo Da Silva (1988a,b), Rozmarynowski with Szymczak
(1984) and Di Egidio et al. (2003a,b). The steady-state forced vibrations are discussed by Crespo
Da Silva (1988b) and Di Egidio et al. (2003b). The problem of optimal design of a thin-walled
beam for a given natural frequency is analyzed by Szymczak (1984). Torsional vibrations of
composite thin-walled beams are analyzed by Song and Librescu (1993). The models with the
e�ect of rotary inertia are analysed by Arpaci et al. (2003) and with adaptive capabilities by
Songet al. (2002). A detailed solution for the general case of excitedvibrations, especially in the
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transient case, are not easily found in the literature. This formulation was given by one of the
authors of this paper for bending vibrations of a beam for di�erent types of external excitations
(Kozie«, 2013).

The main aim of this paper is to formulate the analytical solution for describing the excited
torsional-type vibrations of a thin-walled beam for di�ere nt combinations of boundary conditions
(simply supported, free, �xed) and di�erent types of extern al torsional moment type excitations
(harmonic concentrated, harmonic distributed, pulse concentrated, pulse distributed). The pre-
sented solution, among others, can be applied to preliminary analysis of the optimal position
of the actuators and to calculations of voltage applied to the elements for minimization of vi-
brations of beams when the application of piezoelectric elements are considered. In this model,
the in
uence of external piezoelectric elements can be modeled by the external concentrated
moment of a suitable value, as it was done by Elliott and Nelson (1997), Hansen and Snyder
(1997) for pairs of elements in simulations of bending vibrations of beams, as was proposed by
Augustyn and Kozie« (2014) for double pairs of elements for torsional vibrations of beams.

2. Formulation of the problem

2.1. Equation of motion

Let us consider a prismatic beam with a thin-walled cross section of an open type (Murray,
1986; Piechnik, 2007; Vlasov, 1959) in which it is also assumed that the material is isotropic.
The geometry of the cross-section is shown in Fig. 1, whereG is the gravity center (centroid),
S { shear center. The origin of the co-ordinate systemSxyz lies in the shear center, and the
axesSy and Sz are parallel to the principal axes of the cross-section (G�; G� ).

Fig. 1. Geometry of the cross-section

The equations of coupled vibrations of the beam take the following form

EJ �
@4v(x; t )

@x4
+ �A

h@2v(x; t )
@t2

� zG
@2' (x; t )

@t2
i

= qy(x; t )

EJ �
@4w(x; t )

@x4
+ �A

h@2w(x; t )
@t2

+ yG
@2' (x; t )

@t2
i

= qz(x; t )

EJ !
@4' (x; t )

@x4
� GJs

@2' (x; t )
@x2

+ �J 0
@2' (x; t )

@t2

+ �A
h
� zG

@2v(x; t )
@t2

+ yG
@2w(x; t )

@t2
i

= ms(x; t )

(2.1)

wherev(x; t ) is the displacement of the beam in they direction, w(x; t ) is the displacement of the
beam in the z direction, ' (x; t ) is the rotation of the axis of beam around thex direction, J� is
the principal moment of inertia of the cross-section with respect to the � axis, J� is the principal
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moment of inertia of the cross-section with respect to the� axis, J0 is the polar moment of inertia
with respect to the shear center,Js is the equivalent moment of inertia of the cross-section due
to torsion, E is Young's modulus,G is the shear modulus,� is the material density, yG, zG are
the positions of the gravity center G (co-ordinates), qy(x; t ) is the distributed force acting in
the y direction (external excitation), qz(x; t ) is the distributed force acting in the z direction
(external excitation), ms(x; t ) is the distributed twisting moment (external excitation) .

When the considered cross-section is such that the positionof the shear center and gravity
center is the same (e.g. for the cross-section with two axes of symetry), the following relationship
is valid yG = zG = 0. It means, that the equation of motion for twisting existi ng in system (2.1)
is separated from the equations of bending vibrations, and takes simpli�ed and independent
form from bending vibrations form

EJ !

GJs

@4' (x; t )
@x4

�
@2' (x; t )

@x2
+

�J 0

GJs

@2' (x; t )
@t2

=
1

GJs
ms(x; t ) (2.2)

Hence, for the considered cross-section, it is possible to analyze torsional vibrations separately
with the bending ones.

If the cross-section is a monolithic type, equation of motion (2.3) takes the following form

� GJs
@2' (x; t )

@x2
+ �J 0

@2' (x; t )
@t2

= ms(x; t ) (2.3)

In general, vibrations of the analyzed structure can be described in form of a three-
dimensional model of a solid structure. But for some structures, for which one characteristic
dimension (the so-called length) is high enough in comparison to the characteristic dimensions
of the cross-section, then so-called one-dimensional models of structures are built for simplici-
ty of the analysis. The results of their application must give good enough results of analysis
in comparison with three-dimensional models. The same casetakes place during detailed con-
sideration of the cross-section shape. If one characteristic dimension of the cross-section (the
so-called thickness) is small enough in comparison with thesecond one (the so-called width),
the whole structure is called a thin-walled one. A detailed rule states that for a thin-walled
cross-section, the thickness is more than eight times smaller than the highest way measured
along the middle-line of the cross-section between its two end-points. Moreover, the length of
this way should be more than eight times smaller than the length of the beam (Piechnik, 2007).
For such a beam the assumptions of the Bernoulli-Euler beam theory or the de Saint-Venant
rule of loadings, for example, are invalid. Their motion must be analyzed as a three-dimensional
body or by the application of an especially formulated theory for thin-walled beams. Due to the
form of the middle line of the cross-section, three types of thin-walled beams are de�ned: with an
open cross-section, with a closed cross-section and with a mixed one (Piechnik, 2007). Depending
on the type of cross-section, the suitable theory of thin-walled beams should be applied. For a
thin-walled beam with an open cross-section, as consideredin this article, the Vlasov theory can
be applied (Piechnik, 2007; Vlasov, 1959).

2.2. Boundary conditions

The equation of motion of the thin-walled beam is the fourth order due to the spatial
variable x. Therefore, a set of the four boundary conditions must be formulated for each beam
element. Their formulation is connected with the Vlasov theory of thin-walled beams and must
take into account the warping e�ect.

The following types of boundary conditions can be formulated in a natural way (Gere, 1954;
Piechnik, 2007):
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� Simply supported:

| no rotation of the cross-section around the axis of the beam

' = 0 (2.4)

| zero normal stress (free of warping of the cross-section)

@2'
@x2

= 0 (2.5)

� Fixed:

| no rotation of the cross-section around the axis of the beam

' = 0 (2.6)

| plain cross-section (blocked warping of the cross-section)

@'
@x

= 0 (2.7)

� Free:

| zeroes for the total torsional moment (free for rotation)

GJs
@'
@x

� EJ !
@'3

@x3
= 0 (2.8)

| zero normal stress (free for warping of the cross-section)

@2'
@x2

= 0 (2.9)

3. Eigen-problem, natural vibrations

Now, the eigen-problem analysis of the thin-walled prismatic beam with length l is considered.
The equation of motion has the form

EJ !

GJs

@4' (x; t )
@x4

�
@2' (x; t )

@x2
+

�J 0

GJs

@2' (x; t )
@t2

= 0 (3.1)

The solution to the problem is proposed in form (3.2)1 { the Fourier method of solution.
After suitable manipulations, it leads to a solution to the p roblem of separated variables (3.2)2.
It can be written as two independent ordinary di�erential eq uations (3.2)3;4. The �rst of the
fourth order for the independent spatial variable x, and the second of the second order for the
independent variable t (time). The form of unknown functions in the spatial domain can be
written in form (3.2) 5). For the above given homogeneous boundary conditions, these series of
functions satisfy orthogonality conditions (3.4) { see Appendix A for detailed analysis. Finally,
the solution can be written in form (3.7), where the series ofconstants an and bn are determined
based on initial conditions (3.6)

' (x; t ) =
+ 1X

n=1

X n (x)Tn (t)

EJ !

GJs

d4X n (x)
dx4

X n (x)
�

d2X n (x)
dx2

X n (x)
= �

�J 0

GJs

d2Tn (t )
dt2

Tn (t)
= � 4

n

EJ !

GJs

d4X n (x)
dx4 �

d2X n (x)
dx2 � � 4

nX n (x) = 0
d2Tn (t)

dt2 + � 4
n

GJs

�J 0| {z }
! 2

n

Tn (t) = 0

X n (x) = An sin(� nx) + Bn cos(� nx) + Cn sinh(� nx) + Dn cosh(� n x)

(3.2)
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where

� n =

s
� GJs +

p
(GJs)2 + 4EJ ! GJs� 4

n

2EJ !

� n =

s
GJs +

p
(GJs)2 + 4EJ ! GJs� 4

n

2EJ !
! n = � 2

n

s
GJs

�J 0

(3.3)

and

lZ

0

X n (x)X m (x) dx =

(

 2

n n = m

0 n 6= m
(3.4)

Finding the solution to the system of di�erential equation ( 3.2)2 or (3.2)3;4 for a given
boundary conditions is the well-known eigen-mode problem which gives a set of eigen-values
(powered natural frequencies of a system! 2

n { solution of equation (3.2)4 and a set of eigen-
functions (eigen-modes, waveforms of eigen-functionsX n (x) { solution of equation (3.2)3). The
equations, which make possible the �nding of natural frequencies ! n (3.3)1;2;3 or exact formula
for ! n for a di�erent combination of typical types of boundary cond itions (�xed, simply sup-
ported, free) are given in Table 1. Moreover, the analyticalform of eigen-functions for the same
combination of boundary conditions (simply supported, free, �xed) are also given in Table 1.
The other name of the problem is the modal problem and the detailed solution of this problem
was done by Gere (1954).

If the solution to the equation of motion ful�lls initial con ditions (3.6), where ' 0(x) is the
initial angle of torsion of the beam for t = 0, and 
 0(x) is the initial angular velocity of the
beam for t = 0, the problem of natural vibrations is completely de�ned. These initial conditions
should be applied for the detailed solution of the second equation of system (3.2)3;4

' (x; 0) = ' 0(x)
@
@t

' (x; 0) = 
 0(x) (3.5)

Solution (3.6) represents the so-called natural vibrations, which are the response of the
system to initial conditions written in the time and spatial domains ' (x; t )

' (x; t ) =
+ 1X

n=1

X n (x)[an sin(! n t) + bn sin(! n t)]

an =
1

! n 
 2
n

lZ

0


 0(x)X n (x) dx bn =
1

 2

n

lZ

0

' 0(x)X n (x) dx

(3.6)

4. Excited vibrations

When analyzing the excited vibrations of a realistic beam (with internal damping), the general
solution of the homogeneous di�erential equation is a function relatively fast tending to zero
with respect to time due to the internal and external damping.

The complete solution to the problem of excited vibrations, understood as the particular
solution to the non-homogeneous equation (2.2), for the excitation function of harmonic type,
has the form of a sum of two components: connected with a set ofnatural frequencies! n and
connected with the external loading frequency� . Note, that the set of constants An , Bn , Cn

and Dn existing in particular solution (2.2) 5, must be found taking into account the complete
solution.
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Form
ulas
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(G
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1954)
Boundary Equation/formula for natural
conditions frequency ! n or Eigenfunction X n (x)

parameters � n and � n

Simply supported-
! n = n�

l2

q
n2 � 2EJ ! + l2GJ s

�J 0
sin

�
n�
l x

�

-simply supported

Fixed-�xed � n � n = ! n

q
�J 0
EJ !

� n [cosh(� n l )� cos(� n l )]
� n sinh( � n l )� � n sin( � n l ) sin(� n x) � cos(� n x)

� � n [cosh(� n l )� cos(� n l )]
� n sinh( � n l )� � n sin( � n l ) sinh(� nx) + cosh(� n x)

Simply supported-
tanh( � n l )

� n
= tan( � n l )

� n
sin(� n x) � sin( � n l )

sinh( � n l ) sinh(� n x)-�xed

Fixed-free

� 4
n + � 4

n
� 2

n � 4
n

cos(� n l ) cosh(� n l ) � n
� n

� 2
n sinh( � n l )� � n � n sin( � n l )
� 2

n cosh(� n l )+ � 2
n cos(� n l ) sin(� n x) � cos(� nx)

� � 2
n � � 2

n
� n � n

sin(� n l ) sinh(� n l ) + 2 = 0 � � 2
n sinh( � n l )� � n � n sin( � n l )
� 2

n cosh(� n l )+ � 2
n cos(� n l ) sinh(� n x) + cosh(� n x)

Simply supported-
� 2

n tanh( � n l ) = � 2
n tan( � n l ) sin(� n x)+ � n

� n
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cosh(� n l ) sinh(� n x)-free

Free-free
(� 4

n � � 4
n ) sin(� n l ) sinh(� n l ) � � n
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� 3
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� 3
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� n

cos(� nx)

+2 � 2
n � 2
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n sin( � n l ) sinh(� nx) + cosh(� n x)
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' (x; t ) =
+ 1X

n=1

X n (x)Hn (t) (4.1)

Putting proposed solution (4.1) into equation (2.2) and taking into account the �rst of
equation of system (3.2)3;4 one can obtain

+ 1X

n=1

h� EJ !

GJs

d4X n (x)
dx4 �

d2X n (x)
dx2

| {z }
� 4

n X n (x)

�
Hn (t) +

�J 0

GJs

d2Hn (t)
dt2 X n (x)

i
=

1
GJs

ms(x; t ) (4.2)

and then after suitable manipulations

+ 1X

n=1

hd2Hn (t)
dt2 +

GJs

�J 0
� 4

n
| {z }

! 2
n

Hn (t)
i
X n (x) =

GJs

�J 0

1
GJs

ms(x; t ) =
1

�J 0
ms(x; t ) (4.3)

The external load function existing in equation (2.2) can be represented in a series form
(4.4), in terms of functions X n (x) and a series of the known functions of timeQn (t)

1
�J 0

ms(x; t ) =
1

�J 0

+ 1X

n=1

X n (x)Qn (t)

Qn (t) =
1

 2

n

lZ

0

ms(x; t )X n (x) dx Q�
n (t) =

1
�J 0

Qn(t)

(4.4)

Substituting formulas (4.1) and (4.4) into equation (2.2), the di�erential equation for the
determination of the unknown functions Hn(t) takes the form

d2Hn(t)
dt2 + ! 2

nHn(t) = Q�
n (t) (4.5)

The solution to this equation has the form

Hn (t) =
1

! n

tZ

0

Q�
n (� ) sin[! n(t � � )] d� (4.6)

known as the Duhamel integral.
The given formulas make possible the formulation of the analytical solution of excited vibra-

tions of a beam with de�ned boundary conditions.
Let us formulate the general form of the Duhamel integral forthe following types of external

excitations and di�erent boundary conditions given by the eigen-functions X n (x):
| Harmonically distributed moment with a constant amplitud e m0

ms(x; t ) = m0 sin(�t ) [m0] = N

Hn (t) = m0
1

�J 0

1

 2

n

1
! 2

n � � 2

h
sin(�t ) �

�
! n

sin(! n t)
i lZ

0

X n (x) dx

' (x; t ) = M 0
1

�J 0

1X

n=1

1

 2

n

1
! 2

n � � 2

h
sin(�t ) �

�
! n

sin(! n t)
i lZ

0

X n (x)X n (x) dx

(4.7)
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| Pulsed distributed moment with a constant amplitude Qm acting at the time t = t0

ms(x; t ) = Qm � (t � t0) [Qm ] = Ns

Hn(t) =

8
>><

>>:

0 t < t 0

QM
1

�J 0

1

 2

n

1
! n

sin[! n (t � t0)]
lR

0
X n (x) dx t ­ t0

' (x; t ) =

8
>><

>>:

0 t < t 0

QM
1

�J 0

1P

n=1

1

 2

n

1
! n

sin[! n (t � t0)]
lR

0
X n (x)X n (x) dx t ­ t0

(4.8)

| Harmonic concentrated moment with a constant amplitude M 0 applied to the point x = x0

ms(x; t ) = M 0� (x � c) sin(�t ) [M 0] = Nm

Hn(t) = M 0
1

�J 0

1

 2

n

1
! 2

n � � 2

h
sin(�t ) �

�
! n

sin(! n t)
i
X n (x0)

' (x; t ) = M 0
1

�J 0

1X

n=1

1

 2

n

1
! 2

n � � 2

h
sin(�t ) �

�
! n

sin(! n t)
i
X n (x0)X n (x)

(4.9)

| Pulsed concentrated moment with a constant amplitude Qm acting at the time t = t0 at the
point x = x0

ms(x; t ) = QM � (x � x0)� (t � t0) [QM ] = Nms

Hn(t) =

8
><

>:

0 t < t 0

QM
1

�J 0

1

 2

n

1
! n

sin[! n (t � t0)]X n (x0) t ­ t0

' (x; t ) =

8
><

>:

0 t < t 0

QM
1

�J 0

1P

n=1

1

 2

n

1
! n

sin[! n (t � t0)]X n (x0)X n (x) t ­ t0

(4.10)

5. Example { excited torsional vibrations of a simply suppor ted thin-walled beam

5.1. Formulation of the problem

As an example, let us consider excited vibrations of a thin-walled beam simply supported on
both ends. The beam is made of steel (E = 2 :1 � 1011 Pa, G = 8 :1 � 1010 Pa, � = 7800 kg/m 3) and
has length l = 6 m. The shape of cross-section with its detailed dimensions is shown in Fig. 2.

Fig. 2. Cross-section of the analyzed beam (dimensions given in mm)
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The boundary conditions take form

' (0; t) = 0
@2

@x2
' (0; t) = 0

' (l; t ) = 0
@2

@x2
' (l; t ) = 0

(5.1)

5.2. Natural vibrations { a comparison of the results for di� erent models

The following models of beam are applied for comparison of the lowest natural frequencies
for torsional vibrations:

� three-dimensional solid model solved by application of the�nite element method,

� thin-walled Vlasov analytical model,

� model with a monolithic cross-section.

The �nite element solution has been obtained by application of the Ansys �nite element
package. The model is built of 76800 three dimensional 8-nodes solid elements of the type
solid45. The generated mesh is shown in Fig. 3. Due to the degrees of freedom of the applied
elements, the boundary conditions on the two ends of the beamare modeled as free sliding
along the axis of the beam and as blocked displacements for all nodes in the plane of its ends.
Therefore, deplanation of the ends is possible.

Fig. 3. Part of the FEM mesh of the beam

The second group of values of the natural frequencies is obtained based on the thin-walled
model described in the text, especially based on the formulagiven in the �rst row in Table 1.
The values ofJs, J! and J0 are calculated based on the formulas given by Gere (1954).

The third group of results is obtained for the beam modeled with the assumption of
a monolithic type cross-section (shaft) with free-free (' (0; t) = ' (l; t ) = 0) or �xed-�xed
(@'(0; t)=@x= @'(l; t )=@x= 0) boundary conditions. The values of natural frequenciesare
the same for these cases of boundary conditions (Woroszyª, 1984).

In Table 2, a comparison of the lowest natural frequencies for the analyzed beam for the three
considered models and the relative percentage error is given to one model obtained from three
dimensional solid models, as the reference model. It shouldbe noted that for the considered
beam, the values of natural frequencies are correctly estimated theoretically with a monolithic
cross-section only for the �rst few torsional modes. For higher modes, only the theory for thin-
walled beam gives good enough results.
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Table 2. Comparison of the lowest natural frequencies for the analyzed beam [Hz]

Mode 3-D Solid Thin-walled Monolytic
No. value [Hz] value [Hz] error [%] value [Hz] error [%]

1 25.15 25.54 1.6 25.40 1.0
2 50.97 51.89 1.8 50.81 -0.3
3 78.11 79.84 2.2 76.21 -2.4
4 107.16 110.05 2.7 101.62 -5.2
5 138.64 143.16 3.3 127.02 -8.4
6 172.98 179.66 3.9 152.42 -11.9
7 210.56 219.94 4.5 177.83 -15.5
8 251.65 264.36 5.1 203.23 -19.2
9 296.50 313.14 5.6 228.64 -22.9
10 345.26 366.49 6.1 254.04 -26.4

A comparison of the natural frequencies for the two beam models { the thin-walled one and
the monolithic one are shown in Fig. 4 in form of the relative percentage error in comparison
to the values obtained for the thin-walled model as the reference model. On the horizontal axis,
there are identi�cation numbers of the �rst hundred torsion al modes (n = 1 ; 2; : : : ; 100). It can
be shown that for the considered beam, the error of the estimated values of natural frequencies
found by application of the theory with monolithic cross-section grow rapidly with an increase
in the number of torsional modes.

Fig. 4. Relative error of the natural frequencies for torsional modes for the beam models

5.3. Excited vibrations

The vibrations are excited by a concentrated moment with an amplitude M 0 = 5 Nm acting
at the point distanced 0:4l (2.4 m) from the end of beam.

The initial conditions are zeroes (i.e' 0(x) = 0 and 
 0 = 0 in formulas (3.6))

ms(x; t ) = M 0� (x � 0:4l) sin(�t ) (5.2)

The angular frequency of the excitation is� = 200 rad/s. Material damping is neglected. The
analytical solution has the form

' (x; t ) =
2
l

1
�J 0

M 0

1X

n=1

1
! 2

n � � 2

h
sin(�t ) �

�
! n

sin(! n t)
i

sin(� n 0:4l) sin(� nx) (5.3)

In the analysis, the �rst �ve modes are considered.
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The displacement of the middle of the beam just after the beginning of vibrations and for
the steady-state are shown in Fig. 5. The control point is theplace of action of the concentrated
excitation moment. It is distanced by 0:4l (2.4 m) from the end of the beam.

Fig. 5. Displacement at the control point { complete analyti cal solution, transient and steady-state

The plots show the necessity of taking into account the full solution instead of the steady-
state case if the results are important just after the start of action of external loadings. Due
to internal material damping (not taken into account in the c onsidered model), the transient
component existing in solution is a function that relatively fastly tends to zero. Therefore, enough
time after the start of action of the harmonic excitation, th e solution takes the steady-state form.

6. Conclusions

� The solution of the problem for a monolithic cross-section is not an asymptotic case of the
solution of the thin-walled case if the value ofJ! tends to zero.

� The given formulas can be applied to the analysis of reduction of torsional vibrations by
coupled sets of piezoelectric elements. The action of piezoelectric elements can be appro-
ximately modeled by a concentrated moment put in the suitable cross-section, see Elliott
and Nelson (1997), Hansen and Snyder (1997) for beams.

� The given formulas make it possible to �nd an analytical solution for the transient case of
the response (just after the excitation is applied) and for the steady-state case.

� The solution can be generalized by assuming the Voigt-Kelvin model of the viscous type
of damping for description of the internal material damping.

Appendix A. Orthogonality of the eigen-functions

Formula (3.2)2 can be written in the following form

GJs� 4
nX n (x) = EJ !

d4X n (x)
dx4 � GJs

d2X n (x)
dx2

GJs� 4
m X m (x) = EJ !

d4X m (x)
dx4 � GJs

d2X m (x)
dx2

(A.1)

Let us multiply the �rst equation of system (A.1) by the eigen -function X m (x) and the
second equation suitably by X n (x), and then subtract the equations by sides and integrate.
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Finally, formula (A.1) is

GJs(� 4
n � � 4

m )

lZ

0

X n (x)X m (x) dx = EJ !

lZ

0

d4X n (x)
dx4 X m (x) dx � EJ !

lZ

0

d4X m (x)
dx4 X n (x) dx

� GJs

lZ

0

d2X n (x)
dx2 X m (x) dx + GJs

lZ

0

d2X m (x)
dx2 X n (x) dx

(A.2)

By integrating the right side of equation (4.2) by parts, one obtains the following formulas
for each component

EJ !

lZ

0

d4X n (x)
dx4 X m (x) dx

= EJ !

"
d3X n (x)

dx3 X m (x)
�
�
�
l

0
�

d2X n (x)
dx2

dX m (x)
dx

�
�
�
l

0
+

lZ

0

d2X n (x)
dx2

d2X m (x)
dx2 dx

#

EJ !

lZ

0

d4X m (x)
dx4 X n (x) dx

= EJ !

"
d3X m (x)

dx3 X n (x)
�
�
�
l

0
�

d2X m (x)
dx2

dX n (x)
dx

�
�
�
l

0
+

lZ

0

d2X m (x)
dx2

d2X n (x)
dx2 dx

#

GJs

lZ

0

d2X n (x)
dx2 X m (x) dx = GJs

dX n (x)
dx

X m (x)
�
�
�
l

0
�

lZ

0

dX n (x)
dx

dX m (x)
dx

dx

GJs

lZ

0

d2X m (x)
dx2 X n (x) dx = GJs

dX m (x)
dx

X n (x)
�
�
�
l

0
�

lZ

0

dX m (x)
dx

dX n (x)
dx

dx

(A.3)

Finally, the relationship (A.2) can be written in the form

GJs(� 4
n � � 4

m )

lZ

0

X n (x)X m (x) dx =
�
EJ !

d3X n (l )
dx3 � GJs

d2X n (l )
dx2 )X m (l )

�
�
EJ !

d3X n (0)
dx3 � GJs

d2X n (0)
dx2

�
X m (0) �

�
EJ !

d3X m (l )
dx3 � GJs

d2X m (l )
dx2

�
X n (l )

+
�
EJ !

d3X m (0)
dx3 � GJs

d2X m (0)
dx2

�
X n (0) � EJ !

d2X n (l )
dx2

dX m (l )
dx

+ EJ !
d2X n (0)

dx2

dX m (0)
dx

EJ !
d2X m (l )

dx2

dX n (l )
dx

� EJ !
d2X m (0)

dx2

dX n (0)
dx

(A.4)

For any physically possible combination of the discussed boundary conditions, all components
existing on the right-hand side are equal to zero. It means that for n 6= m

lZ

0

X n (x)X m (x) dx = 0 (A.5)

For n = m
lZ

0

X n (x)X n (x) dx = 
 2
n (A.6)
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The value of 
 2
n depends on the form of the eigen-functions (see Table 1).

These relationships are known as the orthogonality conditions of the eigen-functionX n (x).
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Free vibration analysis of thick functionally graded nanocomposite annular and solid disks
with variable thickness reinforced by single-walled carbon nanotubes (SWCNTs) is presen-
ted. Four types of distribution of uniaxial aligned SWCNTs are considered: uniform and
three kinds of functionally graded (FG) distribution throu gh radial direction of the disk.
The e�ective material properties of the nanocomposite diskare estimated by a micro me-
chanical model. The axisymmetric conditions are assumed and employing the graded �nite
element method (GFEM), the equations are solved. The solution is considered for four dif-
ferent thickness pro�les, namely constant, linear, concave and convex. The achieved results
show that the type of distribution and volume fraction of CNT s and thickness pro�le have
a great e�ect on normalized natural frequencies.

Keywords: free vibration, carbon nanotube, functionally graded material, thick disk, variable
thickness, graded �nite element method

1. Introduction

In the recent years, nano-structured materials such as nanocomposites, have generated consi-
derable interest in the material research community and became an attractive new subject in
material science due to their potentially impressive mechanical properties. Carbon nanotubes
(CNTs) have illustrated remarkable mechanical, thermal and electrical properties. For example,
they could potentially have a Young's modulus as high as 1 TPaand a tensile strength appro-
aching 100 GPa (Odegardet al., 2002). These enormous advantages make them highly desirable
candidates for the reinforcement of polymer composites, provided that good interfacial bonding
between CNTs and polymer and proper dispersion of the individual CNTs in the polymeric
matrix can be assured (Fiedleret al., 2006).

The majority of researches performed on carbon nanotube reinforced composites (CNTRCs)
are focused on their material properties (Esawi and Farag, 2007; Thostensonet al., 2001; Dai,
2006; Kanget al., 2006; Lauet al., 2006). Han and Elliott (2007), by the use of molecular dynamic
simulation (MD), obtained the elastic modulus of compositestructures reinforced by CNTs and
studied the e�ect of volume fraction of SWCNTs on mechanical properties of nanocomposites.
Hu et al. (2005), by analyzing the elastic deformation of a representative volume element (RVE)
under various loading conditions, evaluated the macroscopic elastic properties of CNTRCs. Zhu
et al. (2007) studied the e�ect of CNTs on the mechanical properties of polymeric composi-
tes. Their results showed that adding CNTs could greatly improve Young's modulus. Due to
dependency of the interaction at the polymer and nanotube interface on the local molecular
structure and bonding, Odegardet al. (2003) a constitutive model for CNTRCs by utilizing an
equivalent-continuum modeling method proposed.

Functionally graded materials (FGMs) are special composite materials, microscopically in-
homogeneous, in which mechanical properties vary smoothlyand continuously from one surface
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to the other. This idea was used for the �rst time by Japanese researchers (Koizumi, 1993)
and led to the concept of FGMs. A wide range of researches havebeen carried out on FGMs
in various �elds of mechanics. Motivated by the concept of FGMs, Shen (2009) presented a
kind of CNTRCs in which the volume fraction of CNTs is graded with certain rules through
desired directions and demonstrated that using FG-CNTRCs improve the mechanical properties
of the structures. Zhu et al. (2012) studied bending and free vibration analyses of composite
plates reinforced by SWCNTs using the �nite element method based on the �rst order shear
deformation plate theory. The e�ective material propertie s of the FG-CNTRC are graded in the
thickness direction and are estimated according to the ruleof mixture. Zafarmand and Kadkho-
dayan (2015) investigated nonlinear behaviour of FG-CNTRCrotating thick disks with variable
thickness where the nonlinear axisymmetric theory of elasticity is employed. The three dimen-
sional free vibration analysis of FC-CNTRC panels was investigated by Yas et al. (2013). The
boundary conditions were assumed to be simply supported andthe equations were solved by
a generalized di�erential quadrature (GDQ) method. Ke et al. (2010) performed nonlinear free
vibration analysis of FG-CNTRC beams based on Timoshenko beam theory and Von-Karman
geometric nonlinearity. The Ritz method was applied to derive the governing eigenvalue equation
which was then solved by a direct iterative method to obtain the nonlinear vibration frequencies
of FG-CNTRC beams with di�erent end supports. Sobhani Aragh and Yas (2010) investigated
the static and free vibration characteristics of continuously graded �ber-reinforced (CGFR) cy-
lindrical shells based on three dimensional elasticity. The boundary conditions were assumed
to be simply supported and the equations were solved by a GDQ method. Moreover, several
researches were carried out about free vibration analysis of FG disks with variable thickness
(Alipour et al., 2010; Gupta et al., 2007; Efraim and Eisenberger, 2007; Tajeddini and Ohadi,
2011).

The purpose of this paper is to investigate free vibration analysis of thick FG-CNTRC annu-
lar and solid disks with variable thickness. Material properties are assumed to vary continuously
through radial direction. The e�ective material propertie s of FG-CNTRC disks are estimated
using a micro-mechanical model and the normalized natural frequencies of FG-CNTRC annu-
lar and solid disks for various types of distributions and volume fractions of CNTs, boundary
conditions and thickness to radius ratios as well as di�erent kinds of thickness pro�les are com-
puted and compared. The di�culty in obtaining analytical so lutions for the response of graded
material systems is due to the dispersive nature of heterogeneous material systems. Therefore,
analytical or semi-analytical solutions are available only through a number of problems with
simple boundary conditions. Thus, in order to �nd the soluti on for a thick FG-CNTRC disk of
variable thickness with various boundary conditions, powerful numerical methods such as the
graded �nite element method (GFEM) are needed. The graded �nite element incorporates the
gradient of material properties at the element scale in the framework of a generalized isoparame-
tric formulation. Some studies can be found in the literature on the modeling of non-homogenous
structures by using GFEM (Kim and Paulino, 2002; Zafarmand and Hassani, 2014; Ashra� et
al., 2013).

2. Problem formulation

In this Section, di�erent types of CNTs distributions throu gh radial direction of the disk is
introduced. The axisymmetric governing equations of motion are obtained and the graded �nite
element method is used for modeling the non-homogeneity of the material.

2.1. Material properties in FG-CNTRC disks

A thick FG-CNTRC disk of inner radius a, outer radius b and variable thickness h(r ) is
considered. The geometry and coordinate system of the disk is shown in Fig. 1.
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Fig. 1. Axisymmetric thick FG-CNTRC disk

This FG-CNTRC disk consists of SWCNTs (along the radial direction) and an isotropic
matrix. UD-CNTRC represents the uniform distribution and F G V, FG O and FG X-CNTRC,
the functionally graded distribution of CNTs in the radial d irection of the nanocomposite disk.
Several studies have been published each with di�erent focuses on mechanical properties of
CNTRCs. However, due to the simplicity and convenience, in the present study, the rule of
mixture is employed, and thus the e�ective material propert ies of CNTRC disk can be obtained
as (Shen, 2009)

E1 = � 1VCNT E CNT
1 + Vm E m � 2

E i
=

VCNT

E CNT
i

+
Vm

E m (i = 2 ; 3)

� 3

Gij
=

VCNT

GCNT
ij

+
Vm

Gm � ij = VCNT � CNT
ij + Vm � m (i 6= j )

� = VCNT � CNT + Vm � m

(2.1)

whereE CNT
i , GCNT

ij , � CNT
ij and � CNT are elasticity modulus, shear modulus, Poisson's ratio and

density, respectively, of the CNTs, and E m , Gm , � m and � m are the corresponding properties
of the matrix. � j (j = 1 ; 2; 3) is the CNTs' e�ciency parameter which can be computed by
matching the elastic modulus of CNTRCs observed from the MD simulation results with those
obtained from the rule of mixture. VCNT and Vm are volume fractions of the CNTs and matrix,
respectively, which are related byVCNT + Vm = 1. The type of distribution and volume fraction
of the CNTs has serious e�ects on the disk behavior. As has been mentioned previously, four
types of distribution are utilized in this study; that is eit her uniformly distributed (UD) or
functionally graded (FG) in the radial direction of the disk . These types with the distribution
for a section in the r -z plane of the disk with a constant thickness pro�le are depicted in Fig. 2
(the dash lines are CNTs in a huge scale). Distributions of CNTs through the radial direction
of these four types of CNTRC disks are assumed to be as (Shen, 2009)

VCNT = V �
CNT type UD

VCNT = 2
r � a
b� a

V �
CNT type FG V

VCNT = 2
b� r
b� a

V �
CNT type FG O

VCNT = 4
�
�
�
r � a
b� a

�
�
�V �

CNT type FG X

(2.2)

in which

rm =
a + b

2
V �

CNT =
wCNT

wCNT + � CNT
� m

(1 � wCNT )
(2.3)
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wherewCNT is the mass fraction of CNTs which does not depend on the variable r and is unique
for all types of distribution. � CNT and � m are the densities of CNTs and matrix, respectively.

Fig. 2. Di�erent types of distribution: (a) UD, (b) FG V, (c) FG O, (d) FG X

2.2. Governing equations

The governing equations may be obtained based on Hamilton'sprinciple

t2Z

t1

�I dt =

t2Z

t1

� (� � T) dt = 0 (2.4)

where� and T are potential and kinetic energy, respectively. These functions and their variations
are

� =
1
2

ZZZ




" T � � d
 �� =
1
2

ZZZ




� " T � � d


T =
1
2

ZZZ




� _U T � _U d
 �T =
1
2

ZZZ




� _U T � � _U d

(2.5)

where
 is the volume of the domain under consideration and� is the mass density that depends
on the r coordinate.

Substituting Eqs. (2.5) into Hamilton's principle (Eq. (2. 4)), applying the side conditions
� U jt1 ;t2 = 0 and using part integration, one obtains

ZZZ




� " T � � d
 +
ZZZ




� •U T � � _U d
 = 0 (2.6)

The stress-strain relations from Hook's law in matrix form are as

� = D " (2.7)

where the stress and strain components and the coe�cients ofelasticity D are as in the following
relations
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� =
n

� r � � � z � rz

oT
" =

n
" r " � "z 
 rz

oT

D =

2

6
6
6
4

D11 D12 D13 0
D12 D22 D23 0
D13 D23 D33 0

0 0 0 D55

3

7
7
7
5

(2.8)

in which

D11 =
1 � � 23� 32

E2E3�
D22 =

1 � � 13� 31

E1E3�
D33 =

1 � � 12� 21

E1E2�

D12 =
� 21 + � 31� 23

E2E3�
D13 =

� 31 + � 21� 32

E2E3�
D23 =

� 32 + � 12� 31

E1E3�

D55 = G13 � =
1 � � 12� 21 � � 23� 32 � � 13� 31 � 2� 21� 32� 13

E1E2E3

(2.9)

whereE i , Gij and � ij are found from (2.1). It is obvious that the matrix D is dependent on the
spatial variable r .

The strain-displacement equations based on the theory of linear theory of elasticity in cylin-
drical coordinates with the axisymmetric assumption are

" r =
@u
@r

" � =
u
r

"z =
@w
@z


 rz =
@u
@z

+
@w
@r

(2.10)

where u and w are the radial and axial components of the displacement, respectively. Equation
(2.10) can be formulated in the matrix form as

" = LU (2.11)

in which U is the displacements vector andL is a matrix containing partial di�erentiating
equations as

U =
n

u v
oT

L =

"
@r 1=r 0 @z

0 0 @z @r

#T

(2.12)

Moreover, the boundary conditions used in this study are de�ned as follows:
Solid disk:

� Clamped r = b ! u = w = 0

� Simply supported r = b ! � r = w = 0

� Free r = b ! � r = � rz = 0

Annular disk:
� Clamped r = a; b ! u = w = 0

� Simply supported r = a; b ! � r = w = 0

� Free r = a; b ! � r = � rz = 0

2.3. Graded �nite element modeling

In order to solve the governing equations, the isoparametric �nite element method with
graded element properties is employed. For this purpose, the variational formulation is consi-
dered. In conventional �nite element formulations, a predetermined set of material properties
are used for each element such that the property �eld is constant within an individual element.
For modeling a continuously nonhomogeneous material, the material property function must be
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discretized according to the size of elements mesh. This approximation can provide signi�cant
discontinuities. Based on these facts, the graded �nite element is strongly preferable for the
modeling of the present problem. Using the graded elements for the modeling of gradation of
the material leads to more accurate results than dividing the solution domain into homogenous
elements.

The �nite element approximation of the domain is in the r -z plane, which is the plane of
revolution. The section of the cylinder in the r -z plane is considered and divided into a number
of simplex linear quadrilateral elements. For convenience, we use the local coordinate with its
variables (�; � ) between � 1 to 1, as shown in Fig. 3.

Fig. 3. Local coordinate

For element (e), the displacements are approximated as (Zienkiewicz, 2005)

U (e) = �� (e) (2.13)

where � is the matrix of linear shape functions in the local coordinate and � (e) is the nodal
displacement vector of the element, which is

� =

"
� 1 0 � 2 0 � 3 0 � 4 0
0 � 1 0 � 2 0 � 3 0 � 4

#

� (e) =
n

U1 V1 U2 V2 U3 V3 U4 V4

oT
(2.14)

in which

� i =
1
4

(1 + � i � )(1 + � i � ) (2.15)

To treat the material inhomogeneity by using the GFEM, it may be written

	 (e) =
4X

i =1

	 i � i (2.16)

where 	 (e) is the material property of the element.
Substituting Eq. (2.13) in Eq. (2.11) gives the strain matri x of element (e) as

" (e) = B� (e) (2.17)

where

B = L� (e) (2.18)

By imposing Eqs. (2.7), (2.13), (2.17) into Eq. (2.6), it can be achieved as

� � (e) T
 ZZZ




B T DB d


!

� (e) + � � (e) T
 ZZZ




� � T � d


!

•� (e) = 0 (2.19)
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Since� � (e) T
is the variation of the nodal displacements and is arbitrary, it can be omitted from

(2.19), thus this equation can be written as

M (e) •� (e) + K (e) � (e) = 0 (2.20)

where the mass and sti�ness matrices are de�ned as

M (e) =
ZZZ




� � T � d
 K (e) =
ZZZ




B T DB d
 (2.21)

For �nding the components of mass and sti�ness matrices, theintegral must be taken over the
elements volume. AsD and � are not constant in the case of FG types distributions, these
matrices are evaluated by numerical integration for each element using the Gauss-Legendre
technique (Zienkiewicz, 2005). Now by assembling the element matrices, the global equations of
motion for the FG-CNTRC disks can be obtained as

M •� + K� = 0 (2.22)

Once the �nite element equations are estimated, substituting � = � 0ei !t (! is the natural
frequency) into Eq. (2.22) leads to an eigenvalue problem that can be solved using standard
eigenvalue extraction procedures.

In this regard, for calculating the elemental characteristic matrices (2.21) with the use of
Gauss-Legendre technique, obtaining the global ones and solve the eigenvalue problem after
imposing the boundary conditions, a FE code is prepared by the authors.

3. Numerical results and discussion

3.1. Validation

To validate the current work, the data of a non-homogeneous solid circular plate with variable
thickness can be used (Guptaet al., 2007). The outer radius of the disk isroand the variable
thickness is de�ned as

h(r ) = h0(1 + �r + �r 2) (3.1)

where h0, � and � are the thickness at the middle and taper parameters, respectively. The
elasticity modulus and density vary in the r direction as below

E(r ) = E0e�r � (r ) = � 0e�r (3.2)

in which � and � are non-homogeneity parameters.

The comparison of the �rst three frequency parameter (
 = !
q

� 0r 2
0(1 � � 2)=E0) for a

circular plate of � = � 0:5, � = 0 :1, � = � 0:5 and � = 0 :5 with the published data is shown in
Table 1 and a good agreement between these results is observed.

3.2. Numerical results

In this Section, the free vibrational response of FG-CNTRC disks with variable thickness
is presented. The disk is made of Polymethyl-methacrylate (PMMA) as the matrix, where
SWCNTs act as �bers aligned in the radial direction. The properties of basic materials are
(Han and Elliott, 2007; Shen, 2009)

E m = 2 :5 GPa � m = 0 :34 � m = 1150 kg=m3

E CNT
1 = 5 :6466 TPa E CNT

2 = 7 :08 TPa � CNT = 0 :175

� CNT = 1150 kg=m3

(3.3)
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Table 1. Frequency parameter compared with the result by Gupta (2007)

Boundary
condition

h0 = 0 :1 h0 = 0 :2

GFEM
Gupta Di�erence

GFEM
Gupta Di�erence

(2007) [%] (2007) [%]


 1 0.4121 0.4083 0.9 0.7765 0.7673 1.2
Clamped 
 2 1.4657 1.4471 1.2 2.5050 2.4604 1.8


 3 3.0403 2.9897 1.6 4.7195 4.6123 2.3

Simply
supported


 1 0.1857 0.1852 0.3 0.3650 0.3641 0.2

 2 1.0800 1.0715 0.8 1.9362 1.9258 0.5

 3 2.5635 2.5349 1.1 4.1489 4.1205 0.7

 1 0.3358 0.3348 0.3 0.6503 0.6480 0.3

Free 
 2 1.3553 1.3436 0.9 2.3823 2.3572 1

 3 2.9541 2.9159 1.3 4.7125 4.6299 1.8

The key issue for successful application of the extended rule of mixture to CNTRCs is to
determine the CNT e�ciency parameter � j (j = 1 ; 2; 3). However, there are no experiments con-
ducted to determine the value of� j for CNTRCs (Shen, 2009). Han and Elliott (2007), with the
use of MD simulation and energy minimization, obtained the elastic moduli of polymer/CNT
composites. In the conventional rule of mixture, the whole system is assumed to be continuum
and the interfaces between the matrix and �bers remain fully intact, thus the general macrosco-
pic rule of mixtures cannot be applied straightforwardly to composites with strong interfacial
interactions. Besides, micromechanics equations cannot capture the scale di�erence between the
nano and micro levels. For this purpose, CNT e�ciency parameters � j (j = 1 ; 2; 3) are obtained
by comparing Young's moduli E CNT

1 and E CNT
2 of CNTRCs achieved from the extended rule of

mixture to those from MD simulation given by Han and Elliot (2 007). It should be noticed that
there are no MD results available for shear modulusG12 in Han and Elliott (2007). The results
are shown in Table 2 and will be used in the present study, in which it is assumed� 3 = 0 :7� 2

(Yas et al., 2013).

Table 2. Comparison of Young's moduli for polymer/CNTRC at T0 = 300 (Yas et al., 2013)

V �
CNT

MD (Han et al., 2007) Extended rule of mixture
E1 [GPa] E2 [GPa] E1 [GPa] � 1 [{] E2 [GPa] � 2 [{]

0.12 94.6 2.9 94.78 0.137 2.9 1.022
0.17 138.9 4.9 138.68 0.142 4.9 1.626
0.28 224.2 5.5 224.5 0.141 5.5 1.585

Furthermore, the thickness pro�le of FG-CNTRC disk is in the form of

h(r ) = h0

�
1 � q

� r
b

� m �
(3.4)

whereh0, q and m are geometric parameters that 0¬ q < 1 and m > 0. By changing the values
of q and m, four di�erent thickness pro�les, namely constant, linear , concave and convex are
introduced in Table 3 and, in the case ofa = 0, b = 0 :5m, are shown in Fig. 4.

Table 3. Di�erent kinds of thickness pro�les

Constant Linear Concave Convex

q = 0
q = 0 :7 q = 0 :7 q = 0 :7
m = 1 m = 0 :5 m = 2
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Fig. 4. Di�erent kinds of thickness pro�les

It should be also stated that the plane of revolution of the disk (r -zplane) is devided into
1200 linear quadrilateral elements with mesh density of 60� 20 regularly placed along ther
and z direction. In the case of linear thickness pro�le, a schematic of �nite element mesh is
illustrated in Fig. 5.

Fig. 5. Finite element mesh

Now, by introducing the normalized natural frequency as


 = !b
r

� m

Gm
(3.5)

the �rst �ve normalized natural frequencies for FG-CNTRC an nular and solid disks for di�erent
types of distribution and volume fractions of CNTs, boundary conditions and thickness to radius
ratios (h0=b) as well as di�erent thickness pro�les are presented.

The e�ect of volume fraction of CNTs ( V �
CNT ) on the �rst �ve normalized natural frequen-

cies (
 ) of the solid UD and FG-CNTRC disk for di�erent types of CNTs d istribution is shown
in Table 4. In this case, the boundary conditions are assumedto be clamped, the thickness pro�le
to be constant and h0=b = 0 :5. As it can be seen; the normalized natural frequencies increase
when V �

CNT raises due to growth of the structure sti�ness. Moreover, changing the type of CNTs
distribution, a�ects the magnitude of natural frequencies. The FG V type of distribution has
the highest natural frequencies and the FGO has the lowest ones.

The comparison of �rst �ve normalized natural frequencies for UD and FG-CNTRC solid
disks for di�erent boundary conditions with the linear thic kness pro�le, V �

CNT = 0 :12 and
h0=b= 0 :5 is presented in Table 5. According to the results, boundaryconditions have noticeable
e�ects on natural frequencies. Thus, by changing the boundary conditions, the free vibration
response of the disk can be controlled.
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Table 4. Comparison of the �rst �ve normalized natural frequencies (
 ) for clamped UD and
FG-CNTRC solid disks for di�erent V �

CNT with constant thickness and h0=b= 0 :5

V �
CNT = 0 :12 V �

CNT = 0 :17 V �
CNT = 0 :28

UD FG V FG O FG X UD FG V FG O FG X UD FG V FG O FG X


 1 1.977 2.059 1.885 1.953 2.537 2.686 2.385 2.507 2.688 2.981 2.435 2.672

 2 4.669 4.699 4.631 4.576 6.009 6.075 5.943 5.882 6.339 6.536 6.219 6.231

 3 7.381 7.394 7.349 7.32 9.503 9.547 9.455 9.432 10.01 10.18 9.953 9.981

 4 10.13 10.14 10.11 10.06 13.06 13.09 13.02 12.98 13.74 13.91 13.73 13.71

 5 12.94 12.94 12.67 12.42 16.54 16.54 16.03 15.64 17.02 16.70 16.49 16.25

Table 5. Comparison of the �rst �ve normalized natural frequencies (
 ) for UD and FG-CNTRC
solid disks for di�erent boundary conditions with the linea r thickness pro�le, V �

CNT = 0 :12 and
h0=b= 0 :5

Clamped Simply supported Free
UD FG V FG O FG X UD FG V FG O FG X UD FG V FG O FG X


 1 1.44 1.53 1.323 1.426 1.317 1.427 1.125 1.335 2.942 3.009 2.775 2.723

 2 4.262 4.291 4.21 4.109 4.055 4.109 3.938 3.908 5.399 5.508 5.074 5.37

 3 6.936 6.957 6.884 6.818 6.669 6.709 6.581 6.579 7.945 8.085 7.658 7.905

 4 9.638 9.653 9.582 9.522 9.323 9.348 9.259 9.208 10.65 10.75 10.38 10.64

 5 12.4 12.41 12.35 12.33 12.03 12.04 11.98 11.96 13.41 13.49 10.79 13.39

Table 6 demonstrates the e�ect of thickness-to-radius ratio on the normalized natural fre-
quencies of UD and FG-CNTRC solid disks for di�erent types of CNTs distribution with the
concave thickness pro�le andV �

CNT = 0 :17, and the boundary conditions assumed to be simply
supported. It is obvious that enlarging the thickness-to-radius ratio leads to growth of natural
frequencies, and this growth is larger in the lower natural frequencies.

Table 6. Comparison of the �rst �ve normalized natural frequencies (
 ) for simply supported
UD and FG-CNTRC solid disks for di�erent thickness-to-radi us ratios (h0=b) with the concave
thickness pro�le and V �

CNT = 0 :17

h0=b= 0 :1 h0=b= 0 :2 h0=b= 0 :3
UD FG V FG O FG X UD FG V FG O FG X UD FG V FG O FG X


 1 0.473 0.562 0.337 0.475 0.881 1.032 0.638 0.889 1.205 1.382 0.905 1.215

 2 2.125 2.203 1.971 1.732 3.493 3.596 3.278 3.01 4.271 4.372 4.057 3.867

 3 4.175 4.154 4.065 3.866 6.284 6.313 6.124 6.053 7.349 7.407 7.184 7.182

 4 6.604 6.467 6.555 6.304 9.35 9.312 9.257 9.022 10.64 10.65 10.55 10.36

 5 9.355 9.113 9.366 9.059 12.65 12.56 12.63 12.41 14.11 14.07 14.08 13.95

The in
uence of di�erent thickness pro�les on the normalize d natural frequencies of free
UD and FG-CNTRC solid disks with V �

CNT = 0 :28 and h0=b= 0 :5 for di�erent types of CNTs
distribution is illustrated in Table 7. The achieved result s show that the natural frequencies are
highly dependent on the thickness pro�le. Moreover, the highest natural frequencies occur in
the convex thickness pro�le and the smallest ones occur in the concave thickness pro�le.

Now, the free vibration response of FG-CNTRC annular disks of variable thickness is discus-
sed. As before, the e�ect of volume fraction of CNTs, boundary condition, thickness to radius
ratio and thickness pro�le on the �rst �ve normalized natura l frequencies of annular UD and
FG-CNTRC disks are studied, in this case ofa=b= 0 :2. These results are illustrated in Tables
8-11. As it can be concluded from these tables, the normalized natural frequncies increase when
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Table 7. Comparison of the �rst �ve normalized natural frequencies (
 ) for free UD and
FG-CNTRC solid disks for di�erent thickness pro�les with h0=b= 0 :5 and V �

CNT = 0 :28

Linear Concave Convex
UD FG V FG O FG X UD FG V FG O FG X UD FG V FG O FG X


 1 4.027 4.162 3.762 3.585 3.375 3.886 3.401 3.291 4.349 4.459 4.158 3.884

 2 7.38 7.566 6.942 7.257 7.014 7.211 6.479 6.896 7.793 7.95 7.482 7.65

 3 10.87 11.06 10.46 10.71 10.45 10.65 9.991 10.28 11.32 11.49 10.99 11.16

 4 14.49 14.67 14.17 14.42 14.04 14.23 13.71 13.97 14.95 15.13 14.64 14.89

 5 18.21 18.39 15.02 18.18 17.75 17.93 14.76 17.72 18.14 17.31 15.12 17.82

Table 8. Comparison of the �rst �ve normalized natural frequencies (
 ) for clamped UD and
FG-CNTRC annular disks for di�erent V �

CNT with constant thickness and h0=b= 0 :5

V �
CNT = 0 :12 V �

CNT = 0 :17 V �
CNT = 0 :28

UD FG V FG O FG X UD FG V FG O FG X UD FG V FG O FG X


 1 3.203 3.237 3.167 3.301 4.122 4.194 4.076 4.314 4.348 4.541 4.321 4.757

 2 6.598 6.609 6.589 6.513 8.493 8.535 8.485 8.419 8.951 9.108 8.977 9.015

 3 10.03 10.04 10.02 10.03 12.93 12.96 12.92 12.98 13.61 13.77 13.66 13.83

 4 13.09 13.13 12.86 12.55 16.66 16.67 16.34 15.82 17.21 17.06 16.81 16.47

 5 13.55 13.56 13.54 13.1 17.47 17.51 17.29 16.61 18.31 18.49 18.09 17.29

Table 9. Comparison of �rst �ve normalized natural frequency ( 
 ) for UD and FG-CNTRC
annular disks for di�erent boundary conditions with linear thickness pro�le, V �

CNT = 0 :12 and
h0=b= 0 :5

Clamped Simply supported Free
UD FG V FG O FG X UD FG V FG O FG X UD FG V FG O FG X


 1 2.829 2.838 2.801 2.928 2.228 2.264 2.124 2.337 3.205 3.234 3.066 2.945

 2 6.155 6.154 6.144 5.984 5.181 5.191 5.125 5.045 6.097 6.129 5.797 6.093

 3 9.478 9.477 9.456 9.422 8.178 8.14 8.152 8.129 9.232 9.215 8.944 9.196

 4 12.88 12.87 12.86 12.83 11.28 11.16 11.27 11.23 12.53 12.46 11.43 12.59

 5 16.37 16.36 16.35 15.49 14.47 14.26 13.39 14.49 15.93 15.09 12.28 15.16

Table 10. Comparison of �rst �ve normalized natural frequency ( 
 ) for simply supported
UD and FG-CNTRC annular disks for di�erent thickness to radi us ratio (h0=b) with concave
thickness pro�le and V �

CNT = 0 :17

h0 = 0 :1 h0 = 0 :2 h0 = 0 :3
UD FG V FG O FG X UD FG V FG O FG X UD FG V FG O FG X


 1 1.429 1.193 1.418 1.432 2.212 2.023 2.156 2.329 2.593 2.515 2.488 2.781

 2 3.271 2.927 3.271 3.208 5.011 4.826 4.932 4.776 5.904 5.849 5.812 5.62

 3 5.712 5.279 5.767 5.592 8.421 8.209 8.418 8.285 9.626 9.561 9.609 9.559

 4 8.692 8.223 8.809 8.632 12.25 12.05 12.31 12.15 13.62 13.53 13.67 13.54

 5 12.14 11.69 12.31 12.12 16.37 16.19 16.48 16.34 17.81 17.64 17.76 17.83
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Table 11. Comparison of �rst �ve normalized natural frequency ( 
 ) for free UD and
FG-CNTRC annular disks for di�erent thickness pro�le with h0=b= 0 :5 and V �

CNT = 0 :28

Linear Concave Convex
UD FG V FG O FG X UD FG V FG O FG X UD FG V FG O FG X


 1 4.392 4.448 4.187 3.881 4.077 4.149 3.798 3.56 4.752 4.775 4.628 4.229

 2 8.336 8.399 7.978 8.281 7.928 7.986 7.472 7.887 8.814 8.858 8.585 8.731

 3 12.58 12.59 12.27 12.48 12.11 12.09 11.75 12.01 13.11 13.13 12.86 13.01

 4 17.03 16.98 15.97 17.09 16.54 16.44 15.69 16.61 17.56 16.91 16.07 17.63

 5 21.58 19.22 16.79 21.35 21.13 20.97 16.31 21.22 18.63 17.57 17.31 18.79

the volume fraction of CNTs or thickness-to-radius ratio raises. Moreover, the boundary condi-
tion and the type of CNTs distribution as well as the thickness pro�le have a great in
uence
on the normalized natural frequencies. Besides, in comparison to solid disks, annular disks of
the same conditions have larger normalized natural frequencies and, unlike the solid disks, the
highest normalized natural frequencies of annular disks occur in the case of FGX type of CNTs
distribution.

Thus, the normalized natural frequencies can be controlledand altered by changing the
distribution and volume fraction of CNTs, boundary conditi on, thickness-to-radius ratio and
the thickness pro�le.

4. Conclusions

In this study, free vibration analysis of thick FG-CNTRC ann ular and solid disks with variable
thickness is presented. The axisymmetric conditions are assumed, volume fraction of CNTs
is considered to be graded continuously along the radial direction and material properties are
estimated through the extended rule of mixture. By employing the graded �nite element method
and Hamilton's principle, the free vibrational response of FG-CNTRC disks is investigated.
Detailed parametric studies are performed to illustrate the e�ects of several parameters including
the type of distribution and volume fraction of CNTs, boundary condition, thickness-to-radius
ratio and the thickness pro�le on the normalized natural frequencies of FG-CNTRC disks. From
this analysis, some typical conclusions can be made:

� The normalized natural frequencies increase when the CNTs volume fraction or thickness-
-to-radius ratio rises.

� In solid FG-CNTRC disks, the FG V type of CNTS distribution has higher normalized
natural frequencies than the other types, and in the case of annular FG-CNTRC disks, the
higher normalized frequencies occur in FGX type of CNTs distribution.

� By using the variable thickness pro�le, the normalized natural frequencies can be control-
led. Convexing the thickness pro�le generates larger normalized natural frequencies and
concaving the thickness pro�le, generates smaller ones.
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CRACKED BI-MATERIAL STRUCTURE SUBJECTED TO
MONOTANICALLY INCREASING THERMAL LOADING. DETERMINATION
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A modi�ed analytical shear lag model is used for the evaluation of the interfacial shear and
peeling stresses in a cracked bi-material structure composed of two elastic plates bonded
together by an interface zero thickness material and subjected to monotonically increasing
thermal loading. The \peeling" stress can be determined by the aid of the interfacial shear
stress and is proportional to de
ections of the thinner plate of the structure. The interface
is assumed to exhibit brittle failure when the shear stress reaches the critical value. The
analytical solution and the length of the debonding and intact zones as well as the interfacial
shear and peeling stresses for given material properties and thermal loading are discussed
and illustrated in �gures.

Keywords: cracked bi-material plates, monotonic thermal loading, interfacial shear and
peeling stresses

1. Introduction

Interfacial stresses are the main driving factors for the initiation of delamination. To minimize
such failure in multi-layered structures, it is important t o develop a better understanding of the
stress distribution in the interface. The shear lag approach is one of the most used analytical
tools in mechanics of composite materials. The papers of Dowling and Burgan (1990), Nairn
(1988a,b) as well as the basic paper of Cox (1952) trace the interest in shear lag of aircraft
and ship design from the early days to the more recent attention devoted to it by structural
engineers. The shear lag model has been adopted and successfully used by di�erent authors. In
the papers of Nikolovaet al. (2006), Nikolova (2008), Nikolova and Ivanova (2013), theshear lag
approach is applied to a bi-material layered structure with the pre-cracked �rst layer. Di�erent
loadings are considered: static, thermal and combined thermo-mechanical ones.

The shear lag approach is also intensively used in the interface fracture mechanics considering
the cracking, decohesion and delamination of the thin �lm on a substrate. A very important
basic case in the fracture mechanics of thin �lms is the problem of a crack in the �lm oriented
perpendicular to the �lm/substrate interface with the crac k tip touching the interface and of
a crack of the same geometry, but with length less than the �lm thickness, so that the crack
tip is within the �lm. This problem was investigated by Beuth (1992) and Beuth and Klingbeil
(1996). The plastic yielding of the substrate and �lm is accompanied by vertical cracking in the
�lms and the interface fracture as well as delamination fromthe ends of the vertical crack in the
�lm and the crack extension in the substrate along the interface (Hutchinson and Suo, 1991).

Interfacial shear and peeling stresses of layered composite materials under thermal loading
were analysed in numerous papers. In most of them, the analysis is based on linear fracture
mechanics assumptions when both element cracking and interface debonding are treated as
mixed mode crack propagation with critical conditions expressed in terms of stress intensity
factors, cf. Zhang (2000), Bleecket al. (1998), Sorensenet al. (1998).
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The approximate analytical model for the assessment of interfacial stresses in a bi-material
soldered assembly with a low-yield-stress of the bonding material was presented by Suhir (2006).

The aim of this paper is to investigate the interfacial shearand peeling stresses at the interface
of a cracked bi-material structure subjected to monotonically increasing thermal loading. An
approximate predictive model (Nikolova et al., 2006; Nikolova, 2008; Nikolova and Ivanova,
2013) is developed for the evaluation of interfacial thermal stresses in a bi-material structure.
This material is considered linearly elastic at the stress level below the critical point and ideally
plastic at higher stresses.

The delamination process is analysed for a cracked bi-material structure with stress free
boundary. The plates are assumed as linear elastic and isotropic with di�erent sti�ness and
thermal expansion moduli. The analytic solutions for the shear and peeling stresses are obtained.
The main objective of the paper is to discuss the e�ect of the interface parameters and interfacial
stresses on the delamination process.

2. Assumptions and problem formulation

2.1. Assumption

The following major assumptions are made in our analysis:

� The approximate analytical model can be used to present the in
uence of the temperature
on behavior of the peeling stress and length of the interfacedebonding zone in the pre-
-cracked two plates structure with an interface zero thickness adhesive layer and subjected
to thermal loading.

� At least one of the structure components (the \plate A"/"plate B ") is thick and sti� eno-
ugh, so that this structural component and the construction as a whole do not experience
bending deformations.

� The bonding material behaves linearly in the elastic stage.When the induced shearing
stress exceeds the critical value, the interface debondingoccurs.

� The interfacial stresses can be evaluated based on the concept of the interfacial compliance
without considering the e�ect of \peeling". The \peeling" s tress can be then determined
from the evaluated interfacial shear stress. Due to this assumption, the \peeling" stress is
proportional to the de
ections of the thinner plate of the assembly, i.e., to its displacements
with respect to the thicker plate.

2.2. Two-plate structure model and basic equations

Let us consider two elastic platesA and B (the plate A has a normal [transverse] crack to
the interface). The plates have di�erent material properti es and thermal expansion coe�cients
� A , � B and they are bonded along the interfaceI and loaded by a monotonically increasing
thermal loading �T (see Fig. 1).

The modi�ed shear lag model is applied and the plate bending is neglected, according to the
second assumption (see Section 2.1). The interface is supposed to be with negligible thickness
and works only on shear (Nikolovaet al., 2006; Nikolova, 2008; Nikolova and Ivanova, 2013).

In view of symmetry, only the solution for the half plate is derived taking the origin of
Cartesian coordinate at the centre of interfaceI . The plates length is denoted by 2L and thickness
of platesA and B by 2hA , 2hB , and the Young moduli by EA and EB , respectively. The thickness
of structures is denoted by 2h = 2hA + 2hB and is equal to the sum of the thickness of the plate
A and B . The uniform temperature of the plates is denoted by�T .
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Fig. 1. Model of a Cracked two-plate structure

According to the shear lag hypothesis, the following ordinary di�erential equations of 1 D
plate equilibrium can be stated

d� A

dx
=

� I

2hA

d� B

dx
= �

� I

2hB
(2.1)

where � I = � I (x) is the interface shear stress.
The following constitutive equations for the plates and interface hold

� A = EA ("A � � A �T ) � B = EB ("B � � B �T ) � I = GI wI (2.2)

where

wI =
uA � uB

hA + hB
=

uI

hA + hB
"A =

duA

dx
"B =

duB

dx
(2.3)

and uA = uA (x), uB = uB (x) and uI = uI (x) = uA (x) � uB (x) are the displacement �elds in
the plate A, plate B and the interface. GI is the representative shear modulus of the interface
(adhesive).

Introduce now non-dimensional variables de�ned as follows

x =
x
h

ui =
ui

h
� i =

� i

EB
� I =

� I

EB
GI =

GI

EB

hA =
hA

hA
+ hB � =

hA

hB
� =

EA

EB
i = A; B; I h = hA + hB

(2.4)

Then equilibrium equations (2.1) and constitutive equation (2.2) become

d� A

dx
=

� I (1 + � )
2�

d� B

dx
= �

� I (1 + � )
2

(2.5)

where

� A = � ("A � � A �T ) � B = ( "B � � B �T )

In subsequent derivation, the formulas will be expressed interms of non-dimensional varia-
bles, but the dashes over the parameters will be deleted, butremembered.

2.3. Debonding zone solution

Let us denote uI (x) as uI (x) = uA (x) � uB (x). Putting the constitutive equations (2.2) in
(2.1), we obtain

d2uI

dx2 = � 2uI �
d

dx
[(� A � � B )�T ] � 2 =

GI (1 + � )(1 + �� )
2��

(2.6)
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Assuming uniform temperature �elds in the plates and constant thermal expansion coe�-
cients, equation (2.6) becomes

d2uI

dx2 = � 2uI (2.7)

Then equilibrium equations (2.5) can be expressed as follows

d2uA

dx2 =
� 2

1 + ��
uI

d2uB

dx2 = �
� 2

1 + ��
��u I (2.8)

Obviously, the substitution uI (x) = uA (x) � uB (x) has to be satis�ed.
The general solution of equation (2.7) has the form

uI = A1 cosh(�x ) + A2 sinh(�x ) (2.9)

where are the integration constants which have to be determined.
Considering the two plate structure with a transverse crackin the �rst plate A, the following

boundary and contact conditions are proposed

uB (0) = 0 ) uI (0) = uA (0)

� A (0) = 0 � A (L ) = � B (L ) = 0
(2.10)

The strain-stress behavior and respective displacements can be obtained from equations (2.7)
and (2.8), satisfying the above-mentioned contact and boundary conditions (2.10). The stress-
-strain and displacements �eld is presented in detail by Nikolova et al. (2006), Nikolova (2008),
Nikolova and Ivanova (2013).

Now the equation for the interfacial shear stress has the following form

� I (x) = GI uI (x) =
GI (1 + �� )( � A � � B )�T

�
cosh[� (L � x)]

sinh(�L )
(2.11)

2.4. Length of the debonding zone

The debond length ld, which gives the magnitude of brittle cracking along the interface layer
can be calculated from (2.11) assuming that at� I (x) = � cr , uI (ld) = ucr = � cr =GI . Then

� I (x) = GI uI (x) =
GI (1 + �� )( � A � � B )�T

�
cosh[� (L � x)]

sinh(�L )
= � cr (2.12)

Using the substitution exp[� (L � ld)] = y, we receive from (2.12) the following equation for

y2 � 2Ay + 1 = 0 A =
�� cr sinh(�L )

GI (1 + �� )( � A � � B )�T
(2.13)

Then two roots of (2.13) are available

y1;2 = A �
p

A2 � 1 (2.14)

Now using the substitution exp(�l d) = y, we obtain

ld1;2 = L �
1
�

ln(A �
p

A2 � 1) (2.15)

Obviously, A2 � 1 > 0.
Then we have to choose the length of the debonding zone from the condition that this length

has a maximum value, i.e.

ld = L �
1
�

ln(A +
p

A2 � 1) (2.16)
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3. Determination of the peeling stress

3.1. Basic equation of the dimensional peeling stress

The basic equation for the dimensional peeling stressp(x), can be obtained using the following
equation of equilibrium for the thinner plate A of the structure treated as an elongated thin
plate (Suhir, 2006; Nikolova and Ivanova, 2013)

xZ

� x �

xZ

� x �

p(&) d& d&+ D1w00(x) =
hA

2
T(x) =

hA

2

" xZ

� x �

� I (&) d&� EB � cr (L � ld)

#

(3.1)

where

DA =
EA h3

A

12(1 � � 2
A )

� I (x) =
EB GI (1 + �� )( � A � � B )�T

�
cosh[� (L � x)]

sinh(�L )
(3.2)

w(x) is the de
ection function of the plate A (with respect to the thicker plate that does not
experience bending deformations),DA is the 
exural rigidity of this plate and � I (x) is the
dimensional interfacial shear stress, see equations (2.4)and (2.11)

T(x) =
xZ

� x �

� (&) d&� EB � cr (L � ld) (3.3)

are the thermally induced forces acting in the cross-sections of the two-plate structure, � cr is the
dimensional critical stress of the interface and (L � ld) is length of the intact zone, whereL is
half the structure length. The length ld can be de�ned asld = x � = L � (1=� ) ln[A +

p
A2 � 1].

The origin 0 of the coordinate x is in the mid-cross-section of the structure.
The peeling stressp(x) can be evaluated as

p(x) = Kw (x) = E I w(x) (3.4)

where K is the spring constant of the elastic foundation, w(x) is the de
ection function and
E I is Young's modulus of the bonding material.

We obtain the following integral equation for the peeling stress function p(x)
xZ

� x �

xZ

� x �

p(&) d& d&+
DA

K
p00(x) =

hA

2
T(x) (3.5)

After di�erentiating this equation twice with respect to th e coordinatex and considering rela-
tionship (3.3), we obtain the following basic equation for the peeling stress function

pIV (x) + 4 � 4p(x) = 2 � 4hA EB � 0(x) (3.6)

where � = 4
p

K=4DA is the parameter of the peeling stress.
In the case, when plastic strains occur in the bonding material, the following conditions must

be ful�lled at the boundary, x = x � = ld, between the intact and the debonding zones

� I (x � ) = EB � cr T(x � ) = � EB � cr (L � ld) (3.7)

From (3.5) we �nd, by di�erentiation (for more details see Ni kolova and Ivanova (2013))
xZ

� x �

p(&) d&+
DA

K
p000(x) =

hA

2
EB � I (x)

x �Z

� x �

xZ

� x �

p(&) d& d&= 0

x �Z

� x �

p(&) d&= 0

(3.8)
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With consideration of conditions (3.8)2, relationships (3.5) and (3.8)1 result in the following
boundary conditions for the peeling stress functionp(x)

p00(x � ) = �
hA Kl e� cr

4DA
= � 2� 4hA (L � ld)EB � cr

p000(x � ) =
hA K� cr

2DA
= 2 � 4hA EB � cr

(3.9)

The peeling stress in the debonding zone should be zero as it follows from equation (3.6).
The dimensional shear stress is equal to the dimensional critical stress between the intact and
the debonding zones.

3.2. Solution to the peeling stress equation

Equation (3.6) has form of an equation of a beam lying on a continuous elastic foundation.
We seek a solution to this equation in form

p(x) = C0V0(�x ) + C1V1(�x ) + C2V2(�x ) + C3V3(�x ) + B
sinh[� (L � x � )]

sinh(�x )
(3.10)

These functionsp(x) are odd functions, i.e.p(� x) = � p(x). They have their maximum value
(zero derivative) at the origin, and are symmetric with respect to the mid-cross-section of the
assembly.

The �nal form of the solution to equation (3.6) is the followi ng

p(x) = C0V0(�x ) + C2V2(�x ) + B
sinh[� (L � x � )]

sinh(�x )
(3.11)

where the functions Vi (�x ), i = 0 ; 2 are expressed as follows

V0(�x ) = cosh(�x ) cos(�x ) V2(�x ) = sinh( �x ) sin(�x ) (3.12)

The �rst two terms in (3.11) provide the general solution to t he homogeneous equation, which
corresponds to non-homogeneous equation (3.6), and the third term is the particular solution
to this equation. Introducing this term into equation (3.6) , we obtain

(3:13)B =
2GI EB hA � 4(� A � � B )�T (1 + �� )

4� 4 + � 4 (3.13)

Using boundary conditions (3.9), we obtain the following algebraic equations for the constants
C0 and C2 of integration

� 2� 3[sin(�x � ) cosh(�x � ) + sinh( �x � ) cos(�x � )]C0

� 2� 3[sin(�x � ) cosh(�x � ) + sinh( �x � ) cos(�x � )]C2 = 2 � 4hA EB � cr

� � [sin(�x � ) cosh(�x � ) � sinh(�x � ) cos(�x � )]C0

+ � [sin(�x � ) cosh(�x � ) + sinh( �x � ) cos(�x � )]C2 = � 2� 4hA (L � ld)EB � cr

(3.14)

Algebraic equations (3.14) have the following solutions

C0 =
�h A EB [sin(�x � ) cosh(�x � )(1 � 2� 2L +2 � 2ld)+sinh( �x � ) cos(�x � )(1+2 � 2L � 2� 2ld)]� cr

cos(2�x � ) � cosh(2�x � ) (3.15)

C2 =
�h A EB [sin(�x � ) cos(�x � )(1+2 � 2L � 2� 2ld) � sinh(�x � ) cos(�x � )(1 � 2� 2L +2 � 2ld)]� cr

cos(2�x � ) � cosh(2�x � )
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Note that for long enough elastic zones, solution (3.11) canbe simpli�ed as follows

p(x) =
�h A EB [sin(�x � ) cosh(�x � )(1 � 2� 2L + 2 � 2ld)]� cr

cos(2�x � ) � cosh(2�x � )
cosh(�x ) cos(�x )

+
�h A EB [sinh(�x � ) cos(�x � )(1 + 2 � 2L � 2� 2ld)]� cr

cos(2�x � ) � cosh(2�x � )
cosh(�x ) cos(�x )

+
�h A EB [sin(�x � ) cos(�x � )(1 + 2 � 2L � 2� 2ld)]� cr

cos(2�x � ) � cosh(2�x � )
sinh(�x ) sin(�x )

�
�h A EB [sinh(�x � ) cos(�x � )(1 � 2� 2L + 2 � 2ld)]� cr

cos(2�x � ) � cosh(2�x � )
sinh(�x ) sin(�x )

+
2GI EB hA � 4(� A � � B )�T (1 + �� )

4� 4 + � 4

sinh[� (L � x � )]
sinh(�x )

(3.16)

4. Numerical example

Let us consider two elastic platesA (made from ZrO2) and B (made from Ti6Al 4V) bonded
by the interface with �nite lengths 2 L = 120 mm and variable thickness of the �rst plate hA

2hA = [1 :6 mm; 2 mm], 2hB = 2 mm, h = hA + hB = [1 :8 mm; 2 mm], � = hA =hB = [0 :8; 1] under
monotonic temperature loading �T . The following material characteristics are taken:

� ZrO2 { Young's modulus EA = 132:2 GPa, coe�cient of thermal expansion � A =
= 13:3 � 10� 6 K � 1,

� Ti 6Al 4V { Young's modulus EB = 122:7 GPa, coe�cient of thermal expansion � B =
= 10:291� 10� 6 K � 1,

� interface layer { Young's modulus E I = 2 :1 GPa, shear modulusGI = 800 MPa and the
critical shear stress� I = � cr = 18 MPa.

In Table 1, the variable parameters of the problem considered are presented.

Table 1. Variable parameter

Name Variable

Thickness of the �rst plate A hA

Geometric parameter of the structure � = hA =hB

Non-dimensional parameter � =
q

GI (1 + � )(1 + �� )=2��
Flexural rigidity of the plate A DA = EA h3

A =[12(1 � � 2
A )]

Parameter of the peeling stress � = 4
p

K=4DA

Temperature monotonic loading �T

The behavior of the dimensional interfacial shear and the peeling stresses onx=h, the di-
mensional peeling stressp(x) for three di�erent temperature of the monotonic loading �T and
as well as the behavior of the respective peeling stressesp(x) for three di�erent values of the
parameter � = hA =hB are illustrated at the given bellow �gures (Figs. 2, 3, and 4).

The analytically calculated shear and peeling stresses areplotted in Fig. 2 for a temperature
�T = 350 K. As shown in this �gure, the interfacial shear stress is equal to the critical shear
stress at the point between the intact and debonding zones. Thereafter, the shear stress decreases
sharply from its maximum value at the interface end (the dependence of the interfacial shear
stress for di�erent temperatures is presented in detail in Nikolova et al. (2006), Nikolova (2008)).

Contrary to the shear stress, the interfacial peeling stress attains a maximum value at the
end of the interface. From the beginning of the intact zone, the peeling stress has a negative
value and then increases to its maximum value (less than the critical shear stress value).
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Fig. 2. Calculated interfacial stresses

Figure 3 shows the behavior of the peeling stressesp(x) for � = hA =hB = 1 and three
di�erent values of temperature loading �T . The peeling stress again attains a maximum value
at the end of the interface layer and is negative in the middleof the intact zone.

Fig. 3. Dependence ofp(x) on x=h for di�erent temperature loadings �T

The maximum peeling stress decreases with a rise of the temperature loading �T .
For a given valuehB = 0 :001 m, three di�erent thicknesseshA and �T = 350 K, the interfa-

cial peeling stresses are plotted as a function of the axial distance in Fig. 4.

Fig. 4. Dependence of the peeling stressesp(x) on x=h for three di�erent values of the parameter �

The thickness of material A is varied in a range hA = 0 :0008 m-0:001 m. The peeling
stress p(x) decreases with a increase in the parameter� and attains its maximum value at
the interface end, strongly depending on the thickness of plate (material) A. The maximum pe-
eling stress increases with a decrease in the plateA thickness hA , while the area for the peeling
stress region decreases with the increasing of the thickness hA .
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The dependence of the interfacial peeling stress is sensitive to material properties and geo-
metry of the bi-material structure.

When the thickness of the �rst plate is very small, the peeling stress increases extremely
rapidly and exceeds the critical shear stress value, then inthe structure the full debonding of
the interface can be observed.

5. Conclusions

The shear lag method, classical plate theory formulation and elastic foundation theory have
been used to investigate the interfacial shear and peeling stresses in a pre-cracked bi-material
structure subjected to monotonic thermal loading.

The following results can be summarized:

(1) The lengths of the debonding and intact zones are calculated by means of the shear lag
analysis associated with constitutive equations.

(2) The peeling stress is sensitive to material properties,geometry of the pre-cracked bi-
-material structure and the applied thermal loading. Therefore, the thermally induced
interfacial peeling stresses in di�erent ceramic-metal composites are preferable to be with
low maximum values.

(3) Interfacial shear and peeling stresses due to thermal and elastic mismatch in layered struc-
tures are one of the major reasons of mechanical and thermal failure and delamination in
multilayered structures.

(4) The obtained from the present analysis results can be used for the assessment of thermal-
ly induced stresses in di�erent pre-cracked ceramic-metalcomposites during production
of new ideally designed ceramic-metal composites with optimal properties of combining
high temperature resistance and hardness (ceramic), and the ability to undergo plastic
deformation (metal).
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APPLICATION OF ANTHROPODYNAMIC DUMMIES FOR EVALUATING
THE IMPACT OF VEHICLE SEAT VIBRATIONS UPON HUMAN BODY
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The paper presents the anthropodynamic dummy constructed at the Department of Auto-
motive Vehicles and Transportation of the Kielce University of Technology, Kielce, Poland.
The dummy is shown at the concept and design stages, and as a �nal construction. The �rst
part of the study presents structural and dynamic requirements, and also the structure and
construction selected for the dummy. The vertical dynamicsof the body of a seated human
is accounted for by conducting detailed analysis of the variation range of mass parameters
and of the dummy elastic and damping parameters. The second part of the study presents
the results of experimental simulations performed for the dummy.

Keywords: anthropodynamic dummy, vibratory comfort

1. Introduction

Initially, the measurements of transfer of vibrations by vehicle seats required participation of
human subjects exposed to vibrations. The research resultsobtained in this way were far from
satisfactory due to a signi�cant variety of people's individual body features. Moreover, such
measurements require input functions that must be safe for humans. Therefore, for ethical and
safety reasons, it is advisable to conduct evaluation of vehicle seats without people being subject
to vibrations. On the other hand, using sti� mass or a sand bag instead of a living person fails
to ensure results that are satisfactorily consistent with real conditions (Gri�n, 1990; Šomako et
al., 1998; Mans�eld and Gri�n, 1996). Much better results can b e obtained when the human
subject is replaced with a dummy imitating dynamic reactions of a seated person. An example
of such dummies is the Memosik. Information about impedance, measured under buttocks of a
seated person as well as about the head-seat acceleration transmittance are useful in building
the dummies. Memosik I was intended for tests at the 1-50 Hz frequency range. An adequately
formed base and low centre of gravity ensure dummy stabilityduring tests (Knoblauch et al.,
1995). Memosik 1 dummy was the basis for Memosik II model which is intended for tests at the
0.5-30 Hz frequency range, which is typical for analyzing vibrational comfort in passenger vehicles
(Knoblauch, 1992). Memosik III model was based on Memosik II, in which the degrees of freedom
were reduced from �ve to three (Cullmann and W•olfel, 1998). Two subsequent dummy models:
Memosik IV (W•olfel, 2006) and Memosik V (Moza�arin et al., 2008) are active dummies, made
on the basis of a passive dummy. Memosik IV enables conduction of tests in vertical direction,
whereas Memosik V additionally enables tests in longitudinal and lateral directions.

Using dummies is justi�ed by the requirement of comparability and objectivity of the results.
In the course of comparative studies of several constructional solutions of seats, after some time,
people change their position to a more comfortable one, sti�en their bodies due to weariness,
etc. It distorts the research results. Dummies, on the otherhand, manifest no such behaviour.
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2. Construction of anthropodynamic dummy

The construction of an anthropodynamic dummy presented in Fig. 1 is based upon the model
with four degrees of freedom, which imitates propagation ofvertical vibrations to selected body
parts of a sitting person (Fig. 2).

Fig. 1. Anthropodynamic dummy on a passenger seat

By means of four masses, the anthropodynamic model imitatesfour selected parts of the
human body:

� massm1 imitates mass of the head,
� massm2 imitates mass of the pectoral girdle, chest and its internalorgans and arms,
� massm3 imitates mass of the internal organs, abdominal cavity, diaphragm and abdominal

walls,
� massm4 imitates mass of the spine, pelvis, thighs, forearms and hands.

Fig. 2. Anthropodynamic model of a sitting human

The base of the dummy (imitating buttocks) and the support (i mitating human back) con-
nected with the basis with a hinged grip is made of epoxy resin. The weight of those elements
accounts for 6 percent of the total dummy weight and it has not been taken into consideration
in the studies.

The dummy frame consists of guides, �xed and moving discs, clamps and line bearings. The
frame is �xed to the base, in which six evenly spaced sockets have been made. Mounted in the
sockets are rubber springy-damping elements (Fig. 3), and the entire construction rests upon
the dummy base.
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Fig. 3. The base of the dummy frame with rubber spring-damping elements mounted in six sockets:
1 { frame basis, 2 { rubber element

The guides are made of metal rollers. The accurate position of guides is ensured by �xed
metal discs connected with the guides by aluminium clamps. Three moving discs slide on the
guides, imitating respectively mass of the �rst (head), second (chest) and the third (abdomen)
part of the human body (Fig. 4). Mounting the suitable set of weights to vibrating elements
enables one to imitate individual anthropometric featuresof di�erent body types.

Fig. 4. Moving discs imitating the respective body parts with a sample sets of weights: a { disc 1,
b { disc 2, c { disc 3

The moving discs have holes where longitudinal bearings aremounted. The bearings ensure
minimal resistance to motion for the discs moving on the guides.

Each moving disc is connected to the dummy frame by means of a spring-damper system
consisting of a damper and a spring (Fig. 5).

Fig. 5. Spring-damper system: 1 { spring, 2 { damper

Properly selected sets of weights, dampers, springs and rubber elements enable the dummy
to imitate the vertical dynamics of various types of the human body.

2.1. Selection of spring-damping elements of the anthropod ynamic dummy and
identi�cation of their parameters

One of the fundamental requirements to be met by the anthropodynamic dummy is the
accurate imitation of the vertical dynamics of a seated human body. For that purpose, a number
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of tests has been carried out on a stand constructed on the basis of MTS components (Zuska,
2007). The objective of the tests was to determine the transmittance of acceleration for three
con�gurations (output-input): head-seat, chest-seat and abdomen-seat in the selected group of
people, Fig. 6 (Zuska, 2007).

Upon the transmittance courses for medians and quantiles 0.1 and 0.9 of the modules de-
signated in laboratory tests, the sti�ness (k1, k2, k3, k4), damping (c1, c2, c3, c4) and mass
parameters of the model presented in Fig. 2 are identi�ed.

Fig. 6. Courses of transmittance modules: (a) head { seat, (b) chest { seat, (c) abdomen { seat

Before the selection of the supple elements, a number of constructional requirements to be
met was adopted. The requirements have been established upon the assumed dimensions of
the dummy and the identi�ed parameters of sti�ness and damping elements of the mathematic
model (Table 1). For the obtained sti�ness and damping coe�c ients, a 15% toleration has been
permitted.

Table 1. Parameters of the anthropodynamic model

Parameter Quantile 0.1 Median Quantile 0.9

Mass [kg]

m1 4.83 5.77 7.43
m2 13.75 16.43 21.17
m3 6.75 8.06 10.38
m4 33.05 39.40 50.90

Sti�ness
coe�cient

[N/m]

k1 3898 5098 7169
k2 14856 18124 24181
k3 11350 14761 20644
k4 508863 398800 279187

Damping
coe�cient
[N�s/m]

c1 200 212 302
c2 254 257 349
c3 197 209 245
c4 13385 1113 17
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The tests aimed at determining:

� sti�ness coe�cient of the springs,

� damping coe�cient of the dampers,

� sti�ness and damping coe�cients of the rubber elements,

and have been carried out on the testing stand adopted for such tests (construction based on a
hydraulic actuator manufactured by MTS). They which enabled imitation of the working para-
meters of dampers, springs and rubber elements (Table 2) as well as recording of the following
signals:

� displacement of the plate with the �xed rubber element or spring and displacement of the
holder with the �xed cylinder of the damper,

� compressive force a�ecting the rubber element or spring anddamping force of the shock
absorber.

Table 2. Working parameters of spring-damping systems

Parameter
System

No. 1 No. 2 No. 3 No. 4

Frequency [Hz] 1-20 1-20 1-20 1-20
Amplitude [mm] 0.00-2.73 0.00-4.49 0.00-2.15 0.05-0.62
Pre-load load [kg] 5.77 16.43 8.06 69.66

2.1.1. Selection of coil springs and identi�cation of their sti�ness coe�cient

Taking into consideration the constructional assumptions and sti�ness coe�cients ( k1, k2,
k3) identi�ed for the mathematical model, a pre-selection of springs has been made.

For every pre-selected spring, a test has been carried out toidentify their actual sti�ness
coe�cient (Table 3).

Table 3. Parameters of the 50-centile dummy springs

Sti�ness coe�cient [N/m] Deviation from

Designation
Assumed Catalogue Test-determined the assumed

value value value value [%]

k1m50 5098 5300 5495 7.8
k2m50 18124 17781 20249 11.7
k3m50 14761 15556 17230 16.7

The obtained values of sti�ness coe�cients k1m50 and k2m50 di�er from the assumed values
by less than 15 percent and fall within the assumed range of toleration, whereas the value of the
k3m50 sti�ness coe�cient di�ers from the assumed one by 16.7 percent and does not meet the
15-percent toleration range. However, a decision has been made to keep the spring and not to
reject it until the entire dummy has been examined.

2.1.2. Selection of dampers and identi�cation of their damping coe�cient

Taking into consideration the constructional requirements:

� damper maximum length 250 mm,

� minimum stroke of the piston rod 10 mm,
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as well as damping coe�cients (c1, c2, c3) identi�ed for the mathematical model, a pre-selection
of dampers has been made.

The actual characteristics of the selected dampers di�eredfrom the required ones. Therefore,
constructional changes have been made, which included:

� using oil of various density and viscosity,

� replacing the valves installed in the piston by suitable discs with openings (ducts, bypasses).

After each constructional change in the dampers, a test has been performed to determine
the work diagram, which served as a basis for identifying thedamping coe�cient of the tested
dampers (Fig. 7).

The obtained values of the damping coe�cient (Table 4) di�er from the assumed values by
less than 15 percent.

Table 4. Parameters of dampers of the 50-centile dummy

Damping coe�cient [N �s/m] Deviation from the
Designation Assumed value Determined value assumed value [%]

c1m50 212 222.65 5.0
c2m50 257 264.36 2.9
c3m50 209 191.54 8.4

2.1.3. Selection of rubber elements and identi�cation of their damping (c4) and sti�ness ( k4) coe�cients

The rubber element in the mathematical model is presented asa Kelvin-Voigt spring-damping
element.

Taking into consideration the constructional requirements:

� rubber elements have cylindrical shape of a 50 mm diameter,

� height of the rubber elements falls within the 20-100 mm range,

� quantity of the rubber elements to ensure the dummy stability is either three, four or six
items,

as well as the damping (c4) and sti�ness (k4) coe�cients identi�ed for the mathematical models,
a pre-selection of the rubber elements has been made (Table 5) followed by identi�cation of
actual values of those coe�cients.

Table 5. Initial parameters of the selected rubber elements

Hardness Diameter Height
Shape

[� Sh] [mm] [mm]

40, 50, 60, 70, 80, 90 50 20, 40, 60 cylinder

For every pre-selected rubber element, a test has been carried out to determine its static
characteristics (Fig. 8) upon which the sti�ness and damping coe�cients for the tested elements
have been identi�ed.

An assumption has been made that the characteristics of the rubber elementf (�; _� ) may be
presented in an additive form

f (�; _� ) = f s(� ) + f t ( _� )

where f s(� ) is the sti�ness component of the characteristics,f t ( _� ) { the damping component of
the characteristics.
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Fig. 7. Work diagrams and the actual characteristics of dampers utilised in the 50-centile
anthropodynamic dummy: (a) work diagram of disc 1 support, (b) damping characteristics of disc 1
support, (c) work diagram of disc 2 support, (d) damping characteristics of disc 2 support, (e) work

diagram of disc 3 support, (f) damping characteristics of disc 3 support

Given a relatively small nonlinearity of the frame axis with in the range of actual work
parameters (pre-load load { 23 kg, de
ection amplitude { 0.62 mm) it has been assumed that it
has a linear shape (Fig. 8b, Fig. 9). The slope of the linear regression line of the frame axis is
the required sti�ness coe�cient of the rubber element (Fig. 11).

Since the velocity of the damper piston rod is known for everypoint in the diagram (Fig. 10a),
it is possible to determine the damping characteristicsf t ( _� ) (Fig. 10b).
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Fig. 8. Characteristics of selected rubber elements: (a) for wide range of loads, (b) made for actual work
parameters (actual load range)

Fig. 9. Sti�ness characteristics of the rubber element

Fig. 10. Characteristics of the rubber element without sti� ness component and the damping
characteristics based upon it: (a) work diagram of the rubber element, (b) damping characteristics

The slope of the linear regression line of the damping characteristics is the required damping
coe�cient of a single rubber element (Table 6).

The obtained value of the sti�ness coe�cient di�ers from the assumed value by 18 percent
and meets the 20 percent tolerance range, whereas the value of the damping coe�cient di�ers
from the assumed value by 98% and fails to meet the 20 percent tolerance range. It has been
decided to keep the rubber elements and not to reject it until the entire dummy has been
examined.
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Table 6. Parameters of the selected rubber elements

Coe�cient Designation
Assumed Determined Deviation from the

value value assumed value [%]

Damping [N�s/m] c4m50 1113 2207.94 98
Sti�ness [N/m] k4m50 398800 470940 18

3. Anthropodynamic dummy { the results of veri�cation tests

The value measured in the tests has been the acceleration of three moving discs of the dummy
(disc 1, disc 2 and disc 3) and the acceleration of the surfaceof the plate on which the dummy
is placed.

The recorded acceleration signals have been used for determining the transmittance of three
input-output systems: plate { disc 1, plate { disc 2, plate { d isc 3.

The list of the test results conducted for the dummy and the median transmittance courses,
determined for 80 tested people, are presented in the Fig. 11.

Fig. 11. Results of the experiment { testing of the dummy and the median of tests of 80 people:
(a) transmittance of disc 1 and body part 1, (b) transmittanc e of disc 2 and body part 2,

(c) transmittance of disc 3 and body part 3

The highest compatibility is displayed by the transmittanc e courses of disc 2 and body part 2.
As presented in the diagram of transmittance courses, the highest enhancement is observed for
frequencies of 5 Hz and 5.5 Hz, respectively. The di�erence between the maximum enhancement
values for these characteristics is 3.3 percent. The courses of the curves for other frequency
ranges presented in the diagrams are also very similar.

As indicated by the transmittance courses of body part 1 and disc 1, the highest enhancement
for both courses occurs for the same frequency of 4.5 Hz. The di�erence of enhancement values
for this frequency is 10.6 percent. The characteristics have similar courses in the frequency range
between 3 and ca. 12 Hz. Above the latter frequency, there areincreasing discrepancies between
the characteristics.
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The transmittance courses for body part 3 and disc 3 are the least compatible. The highest
enhancement for both these courses exists in di�erent resonant frequencies, with a 1.5 Hz o�-
set with respect to one another. The di�erence between the maximum enhancement values is
15 percent. In this instance, the characteristics display the highest compatibility in two frequency
ranges: 1-6 Hz and 9-12.5 Hz.

4. Conclusion

Testing vibrational comfort in vehicles may involve either the entire body of a sitting person or
its selected parts. For ethical reasons, as well as for ensuring safety and repeatability of obtained
results, people are increasingly often replaced with anthropodynamic dummies. The structure
of such dummies, used for testing vibrational comfort, should re
ect the structure of a sitting
human being while taking into consideration the analysed body parts for which test are to be
carried out.

The results of the conducted experimental tests indicate that at least three areas of the
human body should be distinguished in a dummy, as each one is characterised by a di�erent
resonance frequency and various levels of acceleration enhancement. The structure of the dummy
presented in this paper comprises these parts. The proposedamount of degrees of freedom is a
compromise between obtaining the most accurate representation of the human body structure
and the constructional limitations which occurred as the dummy was being built.

The symmetric construction of the dummy prevents the occurrence of forces producing
unwanted longitudinal or lateral rocking which, in consequence, increases the dummy stabi-
lity. Properly formed buttocks and the back ensure the adequate imitation of the distribution of
individual pressures produced by a vehicle driver or passenger. The construction of the dummy
enables one to imitate mass structures of people of various weight (slim, normal weight, obese).

A signi�cant qualitative and quantitative similarity betw een the characteristics obtained
in laboratory tests of the dummy transmittance and the respective characteristics of human
subjects proves that dummies (with a construction based upon the results of the experiment)
may be successfully applied to evaluate the impact of vibrations on vehicle passengers.

The assumed solution enables a fairly easy recon�guration of the dummy to imitate the 10th
and the 90th percentile of the weights of tested people.
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This article presents the solution for free vibration of nanobeams based on Eringen nonlocal
elasticity theory and Timoshenko beam theory. The small scale e�ect is considered in the
�rst theory, and the transverse shear deformation e�ects aswell as rotary inertia are taken
into account in the latter one. Through variational formula tion and the Hamilton principle,
the governing di�erential equations of free vibration of th e nonlocal Timoshenko beam and
the boundary conditions are derived. The obtained equations are solved by the di�erential
transformation method (DTM) for various frequency modes of the beams with di�erent end
conditions. In addition, the e�ects of slenderness and on vibration behavior are presented. It
is revealed that the slenderness a�ects the vibration characteristics slightly whilst the small
scale plays a signi�cant role in the vibration behavior of the nanobeam.

Keywords: free vibration, nanobeam, Eringen nonlocal elasticity theory

1. Introduction

Nanostructures have signi�cant mechanical, electrical and thermal performances that are supe-
rior to conventional structural materials. They have attra cted much attention in modern science
and technology. For example, in micro/nano electromechanical systems (MEMS/NEMS); na-
nostructures have been used in many areas including communications, machinery, information
technology, biotechnology technologies, etc. So far, three main methods have been provided to
study the mechanical behavior of nanostructures. These arethe atomistic (Baughman et al.,
2002), semi-continuum (Li and Chou, 2003) and continuum models (Wang and Cai, 2006). Ho-
wever, both atomistic and semi-continuum models are computationally expensive and are not
suitable for analyzing large scale systems.

Due to the inherent size e�ects, at nanoscale, the mechanical characteristics of nanostructures
are often signi�cantly di�erent from their behavior at macr oscopic scale. Such e�ects are essential
for nanoscale materials or structures and the in
uence on nano-instruments is great (Maranganti
and Sharma, 2007). Generally, theoretical studies on size e�ects at nanoscale are by means of
surface e�ects (Zhu et al., 2009), strain gradients in elasticity (Mindlin, 1964) and plasticity
(Aifantis, 1984) as well as nonlocal stress �eld theory (Eringen, 1983, 1972a), etc. Unfortunately,
the classical continuum theories are deemed to fail for these nanostructures, because length
dimensions at nano scale are often su�ciently small such that call the applicability of classical
continuum theories into the question. Consequently, the classical continuum models need to be
extended to consider the nanoscale e�ects. This can be achieved through the nonlocal elasticity
theory proposed by Eringen (1972a) which considers the size-dependent e�ect. According to
this theory, the stress state at a reference point is considered as a function of strain states of all
points in the body. This nonlocal theory is proved to be in accordance with the atomic model
of lattice dynamics and with experimental observations on phonon dispersion (Eringen, 1983).
In nonlocal theory, nonlocal nanoscale in the constitutiveequation could be considered simply
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as a material-dependent parameter. The ratio of internal characteristic scale (such as the lattice
parameter, C-C bond length, granular distance, etc.) to external characteristic scale (such as
crack length, wave length, etc.) is de�ned within a nonlocal nanoscale parameter. If the internal
characteristic scale is much smaller than the external characteristic scale, the nonlocal nanoscale
parameter approaches zero and the classical continuum theory is recovered.

For analyzing these nanoscale beams, Euler-Bernoulli and Timoshenko beam theories appear
to be inadequate, since they are scale free. For this problem, continuum mechanics is needed,
and one of the e�cient theories for nonlocal continuum mechanics is Eringen's (Eringen, 1983;
1972a,b) theory which allows small scale e�ect by indicating that stress at one point is a function
of strain at all points of the body.

In the recent years, nanobeams and carbon nanotubes (CNTs) have held a wide variety of
potential applications (Zhang et al., 2004; Wang, 2005; Wang and Varadan, 2006) such as sen-
sors, actuators, transistors, probes, and resonators in nanoelectromechnical systems (NEMSs).
Thus, establishing an accurate model of nanobeams is a key issue for successful NEMS design.
As a result, nanotechnological research on free vibration properties of nanobeams is important
because such components can be used as design components in nano-sensors and nano-actuators.
Furthermore, many researchers worked on bending, bucklingand vibration of beam-like elements
(Peddiesonet al., 2003; Liewet al., 2008; Xu, 2006; Amaraet al., 2010) and in some papers the
Euler-Bernoulli theory has been applied for vibration of nanobeams (Lu et al., 2006; Zhanget
al., 2005; Xu, 2006). But they used the Euler-Bernoulli theory which does not account trans-
verse shear force and rotary inertia which are signi�cant in stubby beams and high vibration
frequencies. So in this paper, we used Timoshenko beam theory and the governing equations
and boundary conditions for free vibration of a nonlocal Timoshenko beam have been derived
via Hamilton's principle. To the author's best knowledge, there is no work reported on the ap-
plication of DTM on vibration analysis of nonlocal Timoshenko beams with various boundary
conditions. Furthermore, the solution procedure in this study is the di�erential transformation
method (DTM) which is a semi analytical-numerical technique depending on Taylor series expan-
sion. This method was �rst introduced by Zhou (1986) in his study about electrical circuits, and
this method has the advantage of its simplicity in use as wellas high accuracy. The results in
this paper are provided by a MATLAB code with respect to DTM ru les, for the �rst time.

2. Nonlocal Timoshenko beam equations and boundary conditi ons

Consider a beam with lengthL and cross sectional area ofA. Based on Timoshenko beam theory,
strain-displacement and strain energy relations are as follows (Wang et al., 2000)

"xx = z
d�
dx


 xz = � +
dw
dx

(2.1)

in which x is the longitudinal coordinate measured from the left end ofthe beam andz is the
coordinate measured from the mid-plane of the beam,w represents the transverse displacement
and � is rotation of the beam due to bending, "xx is the normal strain, 
 xz is the transverse
shear strain, � xx is normal stress and� xz { transverse shear stress. The strain energy relation
is as follows (Leissa and Qatu, 2011)

U =
1
2

LZ

0

Z

A

(� xx "xx + � xz 
 xz ) dA dx (2.2)
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After substituting equations (2.1) into equation (2.2) and putting the bending moment and shear
force into relation (2.2), the strain energy becomes

U =
1
2

LZ

0

Z

A

�
� xx z

d�
dx

+ � xz

�
� +

dw
dx

�i
dA dx =

LZ

0

1
2

h
M

d�
dx

+ Q
�
� +

dw
dx

�i
dx

M =
Z

A

� xx z dA Q =
Z

A

� xz dA

(2.3)

where M is the bending moment andQ is the shear force. The kinetic energyT, by assuming
free harmonic motion and rotary inertia e�ect, is

T =
1
2

LZ

0

(�A! 2w2 + �I! 2� 2) dx (2.4)

in which ! is the circular frequency of vibration and � and I are the mass density and the second
moment of area of the beam, respectively. Applying Hamilton's principle (Chow, 2013), requires

� (T � U) = 0 =
LZ

0

h
� M

d��
dx

� Q
�
�� +

d�w
dx

�
+ �A! 2w�w + �I! 2���

i
dx (2.5)

After performing integration by parts, we reach

0 =
LZ

0

h� dM
dx

� Q + �I! 2�
�
�� +

dQ
dx

+ �A! 2w
�
�w

i
dx � [M�� ]L0 � [Q�w ]L0 (2.6)

This results in the following equations

dM
dx

= Q � �I! 2�
dQ
dx

= � �A! 2w (2.7)

And the boundary conditions are in two forms of below relations

Either w = 0 or Q = 0

Either � = 0 or M = 0
(2.8)

As can be seen, the equations appear to be the same as in local Timoshenko beam theory, but
the shear force and bending moment expressions in nonlocal beam theory must be di�erent. The
constitutive equation of classical elasticity is an algebraic relationship between stress and strain
tensors while Eringen nonlocal elasticity includes spatial integrals which indicate the average
e�ect of strain of all points of the body to the stress tensor at the given point (Eringen, 1972b;
1983). Since the spatial integrals in constitutive equations are mathematically di�cult to solve,
they can be converted into equal di�erential constitutive equations under certain conditions.
The nonlocal constitutive stress-strain relation for an elastic material in the one dimensional
case beam can be simpli�ed as (Eringen, 1983)

� xx � (e0a)2 d2� xx

dx2 = E" xx (2.9)

in which E is the Young modulus, e0a is the scale coe�cient that incorporates the small scale
e�ect, a represents the internal characteristic length ande0 is a constant appropriate to each
material which is measured experimentally. The local and nonlocal constitutive shear strain-
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-stress relations are the same, since form of the Eringen nonlocal constitutive model cannot be
applied in the z direction

� xz = G
 xz (2.10)

in which G is the shear modulus. After multiplying the term ( z dA) and integrating over the
area A, equation (2.9) becomes

M � (e0a)2 d2M
dx2 = EI

d�
dx

(2.11)

By integrating equation (2.10) over the area, we obtain

Q = K sGA
�
� +

dw
dx

�
(2.12)

in which K s is the shear correction factor in the Timoshenko beam theoryin order to compensate
for the error in assuming equal shear stress or strain in the whole beam thickness. Now by
substituting equations (2.7) into equation (2.11), the moment can be reached as below

M = EI
d�
dx

� (e0a)2
�
�A! 2w + �I! 2 d�

dx

�
(2.13)

And by utilizing equations (2.12) and (2.13) in Timoshenko beam equations (2.7), the governing
equation for the vibration of nonlocal Timoshenko beam may be obtained as below

EI
d2�
dx2 � K sGA

�
� +

dw
dx

�
+ �I! 2� � (e0a)2

�
�A! 2 dw

dx
+ �I! 2 d2�

dx2

�
= 0

K sGA
� d�

dx
+

d2w
dx2

�
+ �Aw! 2 = 0

(2.14)

On the basis of equation (2.8) and due to various endings of the beam, e.g. for a simply supported
end, we have

w = 0 M = EI
d�
dx

� (e0a)2
�
�A! 2w + �I! 2 d�

dx

�
= 0 (2.15)

and for a clamped end

w = 0 � = 0 (2.16)

and for a free end

M = EI
d�
dx

� (e0a)2
�
�A! 2w + �I! 2 d�

dx

�
= 0

Q = K sGA
�
� +

dw
dx

�
= 0

(2.17)

3. Non-dimensional parameters

The non-dimensional parameters contributes to simpli�cation of the equations and to the making
of comparisons in the studies possible. The non-dimensional parameters are introduced as the
following terms

x =
x
L

w =
w
L

� 2 = ! 2 �AL 4

EI


 =
EI

K sGAL 2 � =
e0a
L

" =
L

p
A

p
I
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where � 2 is frequency parameter,
 { shear deformation parameter, � { scaling e�ect arameter,
" { slenderness ratio.

By applying the non-dimensional parameters to governing equations (2.14), the following
relations are obtained



�
1 �

� 2� 2

"2

� d2�
dx2 +

� 
� 2

"2 � 1
�
� � (� 2� 2
 + 1)

dw
dx

= 0

d�
dx

+
d2w
dx2 + � 2
 w = 0

(3.1)

Also boundary conditions equations (2.15)- (2.17) appear for the simply supported end as

w = 0 M =
�

 �


� 2� 2

"2

� d�
dx

� 
� 2� 2w = 0 (3.2)

And for the clamped end as

w = 0 � = 0 (3.3)

And for the free end as

M =
�

 �


� 2� 2

"2

� d�
dx

� 
� 2� 2w = 0 Q = K sGA
�
� +

dw
dx

= 0 (3.4)

4. Di�erential transformation method

The di�erential transformation method is one of the useful t echniques to solve di�erential equ-
ations with small calculation errors and capable of solvingnonlinear equations with boundary
condition value problems. Abdel-Halim Hassan (2002) applied the DTM to eigenvalues and nor-
malized eigenfunctions. Also Wang (2013) and Chen and Ju (2004) used the method in their
studies. The DTM is a transformation technique based on the Taylor series expansion and is a
useful tool to obtain analytical solutions to di�erential e quations. The DTM is proved to be a
good computational tool for various engineering problems.Using the di�erential transformation
technique, ordinary and partial di�erential equations can be transformed into algebraic equ-
ations from which a closed-form series solution can be obtained easily. In this method, certain
transformation rules are applied to both the governing di�erential equations of motion and the
boundary conditions of the system in order to transform them into a set of algebraic equations
as presented in Table 1 and 2.

Table 1. Basics of the di�erential transform method (Chen and Ju, 2004)

Original function Transformed function

f (x) = g(x � h(x) F (K ) = G(K ) � H (K )

f (x) = �g (x) F (K ) = �G (K )

f (x) = g(x)h(x) F (K ) =
KP

l=0
G(K � l)H (l)

f (x) =
dng(x)

dxn F (K ) =
(k + n)!

k!
G(K + n)

f (x) = xn F (K ) = � (k � n) =

8
><

>:

0 if k 6= n

1 if k = n
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Table 2. Transformed boundary conditions (BC) based on DTM (Chen andJu, 2004)

X = 0 X = 1

Original Transformed Original Transformed
BC BC BC BC

f (0) = 0 F [0] = 0 f (1) = 0
1P

k=0
F [k] = 0

df
dx

(0) = 0 F [1] = 0
df
dx

(1) = 0
1P

k=0
kF [k] = 0

d2f
dx2 (0) = 0 F [2] = 0

d2f
dx2 (1) = 0

1P

k=0
k(k � 1)F [k] = 0

d3f
dx3 (0) = 0 F [3] = 0

d3f
dx3 (1) = 0

1P

k=0
k(k � 1)(k � 2)F [k] = 0

The solution of these algebraic equations gives the desiredresults of the problem. It is
di�erent from the high-order Taylor series method because the Taylor series method requires
symbolic computation of necessary derivatives of data functions and is expensive for large orders.

The basic de�nitions and the application procedure of this method can be introduced as
follows:

The transformation equation of the function f (x) can be de�ned as (Chen and Ju, 2004)

F [k] =
1
k!

dk f (x)
dxk

�
�
�
x= x0

(4.1)

where f (x) the original function and F [k] is the transformed function.
The inverse transformation is de�ned as

f (x) =
1X

k=0

(x � x0)kF [k] (4.2)

Combining equations (4.1) and (4.2), one obtains

f (x) =
1X

k=0

(x � x0)k

k!
dk f (x)

dxk

�
�
�
x= x0

(4.3)

Considering equation (4.3), it is noticed that the concept of the di�erential transform is
derived from Taylor series expansion. In actual application, the function f (x) is expressed by a
�nite series, and equation (4.3) can be written as follows

f (x) =
nX

k=0

(x � x0)k

k!
dk f (x)

dxk

�
�
�
x= x0

(4.4)

which implies that the term in relation (4.5) is negligible

f (x) =
1X

k= n+1

(x � x0)k

k!
dk f (x)

dxk

�
�
�
x= x0

(4.5)

In this study, the natural frequencies determine the value of n.



A nonlocal Timoshenko beam theory for vibration analysis... 1047

5. Solution with DTM

According to the DTM rules given in Table 1, equations (3.1) will be transformed into the
following equations



�
1�

� 2� 2

"2

�
(k + 1)( k + 2) � (k + 2) +

� 
� 2

"2 � 1
�
� (k) � (� 2� 2
 + 1)( k + 1) W (k + 1) = 0

(5.1)
(K + 1) � (k + 1) + ( k + 1)( k + 2) W (k + 2) + � 2
 W (k) = 0

The rules of the DTM for de�ning boundary conditions are given in Table 2. W(k) and � (k)
are transforms of w(x) and � (x), respectively. By substituting values for k = 0 ; 1; 2; : : :, � = 0,
" = 34:641 and
 = 0 :2436 into equations (5.1), we can evaluate the amounts ofW (2); W (3); : : :
and � (2); � (3); : : : in terms of ! 2 and some constants likec1; : : :. The values can be achieved
with a computer program, and after substituting W(i ) and � (i ) into boundary conditions the
following equation is obtained

N r 1(n) (! )c1 + N r 2(n) (! )c2 = 0 r = 1 ; 2; : : : ; n (5.2)

in which Ns are polynomials in terms of! corresponding to then-th term. When solving equation
(5.2) in matrix form, the following eigenvalue equation may be obtained

�
�
�
�
�
N n

11(! ) N n
12(! )

N n
21(! ) N n

22(! )

�
�
�
�
�

= 0 (5.3)

The solution to equation (5.3) gives ! n
r which is the r -th estimated eigenvalue for the n-th

repeat. The number of repeats can be obtained by equation (5.4) as

j! n
r � ! n� 1

r j < � (5.4)

In the present study, � = 0 :0001 and this shows the accuracy of calculations. With respect
to the di�erential transformation method and the algorithm above, a MATLAB code has been
developed in order to determine vibration characteristicsof the nonlocal Timoshenko nanobeam.

6. Results and discussion

In the present study, the impact of the small scale coe�cient as well as the e�ect of slenderness
on the �rst, second and third frequencies of the nonlocal Timoshenko nanobeam are presented.
Also, three types of boundary conditions are compared. In order to validate the computed
results, a comparison between the present paper and the results obtained by Wang et al. (2007)
is performed. The mechanical properties of the nonlocal Timoshenko nanobeam are given in
Table 3.

Table 3. Mechanical properties of the nonlocal Timoshenko nanobeam(Wang et al., 2007)

Property Unit

E T�Pa 5.5
P g�cm� 3 2.3
� { 0.19

Also, the Timoshenko shear correction factorks is taken 0.563. For calculating the exact
di�erence between the results of the present paper and the available results in literature, relation
(6.1) has been applied

%di�erence = 100 �
jreference� presentj

present
(6.1)
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As shown by the comparisons given in Tables 4 and 5, a close correlation between these results
validates the proposed method of solution.

Table 4. First three nondimensional frequencies
p

� of the nonlocal Timoshenko beam for both
clamped ends andL=d = 10

Mode 1 Mode 2 Mode 3
� pre- Wang et al. di�. pre- Wang et al. di�. pre- Wang et al. di�.

sent (2007) [%] sent (2007) [%] sent (2007) [%]

0 4.53 4.45 1.766 7.19 6.95 3.33 9.6 9.2 4.1
0.1 4.4233 4.3471 1.72 6.67 6.4952 2.62 8.4 8.2 2.38
0.3 3.83 3.7895 1.057 5 4.9428 1.14 5.95 5.846 1.74
0.5 3.2657 3.242 0.725 4 3.994 0.15 4.75 4.6769 1.53
0.7 2.85 2.8383 0.41 3.45 3.4192 0.89 4.05 3.9961 1.33

Table 5. First nondimensional natural frequency
p

� of the nonlocal Timoshenko beam for two
kinds of boundary conditions and L=d = 10

Clamped-simple Simple-free
� pre- Wang et al. di�. pre- Wang et al. di�.

sent (2007) [%] sent (2007) [%]

0 3.82 3.7845 0.929 3.08 3.0929 0.418
0.1 3.73 3.6939 0.967 3.059 3.0243 1.13
0.3 3.23 3.2115 0.5727 2.91 2.6538 8.8
0.7 2.415 2.4059 0.37 2.4 2.0106 16

In addition, the convergence of the di�erential transformation method is perused. In Fig. 1,
the convergence of the third frequency of the nonlocal Timoshenko beam with both clamped
ends is presented. It illustrates that the third frequency converges at the 46th repeat, while the
�rst and the second frequencies converged before, in this example at the 29th and 37th repeats.

Fig. 1. Convergence of the third frequency,L=d = 10, � = 0

The variables in governing equations (3.1) are� , " and 
 . � relates to the small scale
e�ect, " is in terms of the slenderness (L=d) and 
 relates to the mechanical properties and
slenderness. So, it is possible to investigate the e�ects ofslenderness and small scale on various
frequencies and mode shapes of the nonlocal Timoshenko beam. Furthermore, determination
of the magnitude of e0 is signi�cant due to its prominent e�ect on the small scale coe�cient.
Some researchers worked on estimating the magnitude ofe0a. For instance, Zhanget al. (2005)
estimated the magnitude of the parameter for carbon nanotubes to be approximately 0:82. In
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this study, we adopt 0 ¬ � < 0:8 in our investigations as reported by Lu et al. (2006). As
Figs. 2a,b,c show when the coe�cient � equals zero, the frequency of the nonlocal Timoshenko
beam equals its local counterpart. As the coe�cient increases, the frequency ratio decreases,
which means that the nonlocal beam frequency becomes smaller than the local counterparts.
This reduction is especially noticeable in higher modes andcannot be neglected. In sum, the
small scale e�ect makes the beam more 
exible since in nonlocal theory elastic springs link the
atoms together (Liew et al., 2008).

Fig. 2. E�ect of small scale on di�erent frequency modes,L=d = 10: (a) clamped ends, (b) simply
supported beam, (c) clamped-simply beam

Figure 3 indicates that the small scale have signi�cant e�ect on short beams and, as the
beam gets longer, its impact becomes gradually negligible.So, the small scale will diminish for a
very long and thin (slender) beam. Also, Fig. 4 illustrates that the nonlocal Timoshenko beam
frequency approaches the local Timoshenko beam frequency as the slenderness increases.

Fig. 3. Small scale e�ect on the frequency ratio with di�erent values of L=d (both ends clamped)
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Table 6. First three frequencies
p

� of the nonlocal Timoshenko beam with two kinds of boun-
dary conditions

e0a Mode L=d = 10 L=d = 20 L=d = 30

Simply supported-simply supported beam
0

1

3.08057 3.12577 3.13451
0.1 3.08056 3.12577 3.13451
0.3 3.08056 3.12577 3.1345
0.5 3.08052 3.12576 3.1345
0.7 3.08047 3.12574 3.13449
0.9 3.08040 3.12572 3.13448
0

2

5.94588 6.18907 6.24037
0.1 5.94584 6.18906 6.24036
0.3 5.94558 6.18898 6.24033
0.5 5.94466 6.18882 6.24025
0.7 5.94425 6.18858 6.24015
0.9 5.94318 6.18826 6.24000
0

3

8.53236 9.15198 9.29787
0.1 8.53225 9.15194 9.29785
0.3 8.53139 9.15165 9.29771
0.5 8.52995 9.15107 9.29743
0.7 8.52936 9.15020 9.29702
0.9 8.52366 9.14904 9.29647

Clamped-simply supported beam
0 3.829744 3.901179 3.915187

0.1 3.829726 3.901175 3.915186
0.3 3.829653 3.901155 3.915176
0.5 1 3.829491 3.901111 3.915155
0.7 3.829248 3.901045 3.915136
0.9 3.828925 3.900957 3.915086
1 3.828732 3.900904 3.915063
0 6.644277 6.948166 7.01359

0.1 6.644219 6.948148 7.013581
0.3 6.642754 6.948008 7.013516
0.5 2 6.642824 6.947726 7.013386
0.7 6.641431 6.947305 7.013191
0.9 6.639576 6.946740 7.01293
1 6.638475 9.946408 7.012778
0 9.177342 9.888691 10.05988

0.1 9.177189 9.888635 10.05986
0.3 9.175962 9.888215 10.05966
0.5 3 9.173494 9.887381 10.05925
0.7 9.169836 9.886127 10.05866
0.9 9.164950 9.883445 10.05853
1 9.162052 9.883461 10.05806
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Fig. 4. E�ect of slenderness on the nonlocal beam frequency (� = 0 :7, both ends clamped)

7. Conclusion

A semi-analytical method called the di�erential transform ation method is generalized to ana-
lyze vibration characteristics of a nanobeam. The formulation is based on the assumptions of
Timoshenko beam theory and the nonlocal di�erential constitutive relations of Eringen. The
transverse shear force and rotary inertia that become signi�cant at short beams and higher fre-
quencies are taken into account in the equations. Also, the e�ect of the small scale coe�cient as
well as the slenderness and boundary conditions in various frequency ratios are investigated. It
is demonstrated that the DTM has high precision and computational e�ciency in the vibration
analysis of nanobeams.
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Assuming that the thermo-elastic creep response of the material is governed by Norton's law
and material properties, except Poisson's ratio, are considered as a function of the radius
of the spherical vessel, an analytical solution is presented for calculation of stresses and
displacements of axisymmetric thick-walled spherical pressure vessels made of functionally
graded materials. This analytical solution could be used tostudy the time and temperature
dependence of stresses in spherical vessels made of functionally graded materials. Creep
stresses and displacements are plotted against dimensionless radius and time for di�erent
values of the powers of the material properties.

Keywords:spherical pressure vessels, creep, time-dependent, thermo-elastic, functionally gra-
ded material

1. Introduction

Composites are commonly employed in various structural andengineering applications. Recently,
a new class of composite materials known as functionally graded materials (FGMs) has drawn
considerable attention. From viewpoints of solid mechanics, FGMs are non-homogeneous elastic
mediums (Ghannad and Nejad, 2013). FGMs are those in which two or more di�erent material
ingredients change continuously and gradually along a certain direction (Noda et al., 2012).
The mechanical and thermal responses of materials with spatial gradients in composition are
of considerable interests in numerous industrial applications such as tribology, biomechanics,
nanotechnology and high temperature technologies. These materials are usually mixtures of
metal and ceramic which exhibit excellent thermal resistance with low levels of thermal stresses
(Alashti et al., 2013).

Extensive studies have been carried out, both theoretically and numerically, on thermo-elastic
creep stress distribution in functionally gradient materials. Time-dependent creep analysis of
FGM spheres and cylinders has been an active area of researchover the past decade.

Assuming the in�nitesimal strain theory, Finnie and Heller (1959) studied creep problems
in engineering materials and a steady-state creep solutionfor a spherical vessel under internal
pressure. Johnson and Khan (1963) obtained a theoretical analysis of the distribution of stress
and strain in metallic thick-walled spherical pressure vessels subject to internal and external
pressures at elevated temperatures. Penny (1967) investigated creep of spherical shells containing
discontinuities.

In this study, the solution procedure has been applied to pressurized spherical shells conta-
ining discontinuities with a view to discovering, in broad terms, how stresses change with time
and how strains accumulate during the creep process. Bhatnagar and Arya (1975) obtained cre-
ep analysis of a pressurized thick-walled spherical vesselmade of a homogeneous and isotropic
material by making use of the �nite strain theory, and with co nsidering large strains. Miyazaki



1054 M.D. Kashkoli, M.Z. Nejad

et al. (1977) presented a parametric analysis of the creep buckling of a shallow spherical shell
subjected to uniform external pressure using the �nite element incremental method. Xiroucha-
kis and Jones (1979) investigated creep buckling behavior of a geometrically imperfect complete
spherical shell subjected to a uniform external pressure using Sanders' equilibrium and kinema-
tic equations appropriately modi�ed to include the in
uenc e of initial stress-free imperfections
in the radius.

In this study, the Norton-Bailey constitutive equations ar e used to describe the secondary
creep behavior, and elastic e�ects are retained. Aryaet al. (1980) studied e�ect of material ani-
sotropy on creep of pressurized thick-walled spherical vessel considering the large strain theory.
Kao (1981) obtained creep deformations and creep buckling times for axisymmetric shallow sphe-
rical shells with and without initial imperfections. For no nlinear creeps, both strain-hardening
and time-hardening rules are employed in this study. Creep of a sphere subjected to inner and
outer pressures, and also thermal stress, was discussed by Sakaki et al. (1990) by using internal
stress arising from a spherically symmetric, �nite plastic strain. Assuming that the elastic beha-
vior of the material is undergoing both creep and dimensional changes, Miller (1995) presented
a solution for stresses and displacements in a thick spherical shell subjected to internal and
external pressure loads. Based on basic equations of steady-state creep of spherically symme-
tric problems, You et al. (2008) proposed a simple and e�cient iterative method to determine
creep deformations and stresses in thick-walled sphericalvessels with varying creep properties
subjected to internal pressure. Using a long-term materialcreep constitutive model de�ned by
the � projection concept, Loghman and Shokouhi (2009) evaluatedthe damage histories of
a thick-walled sphere subjected to an internal pressure anda thermal gradient. They studied
the creep stress and damage histories of thick-walled spheres using the material constant creep
and creep rupture properties de�ned by the theta projection concept. Aleayoub and Loghman
(2010) studied time-dependent creep stress redistribution analysis of thick-walled FGM spheres
subjected to internal pressure and a uniform temperature �eld.

In this study, using equations of equilibrium, compatibili ty and stress-strain relations, a dif-
ferential equation, containing creep strains, for radial stress is obtained. Ignoring creep strains
in this di�erential equation, a closed-form solution for in itial thermo-elastic stresses at zero time
is presented. Pankaj (2011) investigated creep stresses for a thick isotropic spherical shell by
�nitesimal deformation under steady-state temperature and internal pressure by using Seth's
transition theory. Marcadon (2011) presented mechanical modelling of the creep behavior of
Hollow-Sphere Structures. Based on basic equations of steady-state creep of spherically symme-
tric problems, Nejad et al. (2011) presented a new exact closed form solution for creepstresses in
isotropic and homogeneous thick spherical pressure vessels. Loghman et al. (2011) investigated
time-dependent creep stress redistribution analysis of thick-walled spheres made of a functionally
graded material (FGM) subjected to internal pressure. In another study, Loghman et al. (2012)
investigated magneto-thermo-elastic creep behavior of thick-walled spheres made of functionally
graded materials (FGM) placed in uniform magnetic and distributed temperature �elds and
subjected to internal pressure using the method of successive elastic solution. They developed
a semi-analytical method in conjunction with Mendelson's method of successive elastic solution
to obtain history of stresses and strains. Assuming that thecreep response of the material is
governed by Norton's law, Nejad et al. (2013) presented a new exact solution for steady state
creep stresses of hollow thick-walled spherical shells subjected to internal and external pressure,
made of functionally graded materials (FGMs). By using the method of successive elastic solu-
tion, Fesharaki et al. (2014) presented a semi-analytical solution for the time-dependent creep
behavior of hollow spheres under thermomechanical loads.

In this study, assuming that the thermo-elastic creep response of the material is governed by
Norton's law, an analytical solution is presented for the calculation of stresses and displacements
of FGM thick-walled spherical pressure vessels. For the creep material behavior, the solution is
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asymptotic. For the stress analysis after creeping for a long time, an iterative procedure is
necessary.

2. Geometry and loading condition, material properties and creep constitutive
model

2.1. Geometry and loading condition

A thick-walled spherical vessel made of a functionally graded material with inner radius a,
and outer radius b, subjected to internal pressurePi and external pressurePo and a distributed
temperature �eld due to steady-state heat conduction from the inner surface to the outer surface
of the vessel is considered.

2.2. Material properties

The material properties are assumed to be radially dependent

E(r ) = E i

� r
a

� n1
� (r ) = � i

� r
a

� n2
� (r ) = � i

� r
a

� n3
(2.1)

Here E i , � i and � i are the modulus of elasticity, linear expansion and thermalconductivity on
the linear surface,r = a and n1, n2 and n3 are inhomogeneity constants determined empirically.

Fig. 1. Geometry and boundary conditions of the sphere

2.3. Creep constitutive model

For materials with creep behavior, Norton's law (1956) is used to describe the relations
between the rates of stress _� ij and strain _" ij in the multi-axial form

_" ij =
1 + �

E
_� ij �

�
E

_� kk � ij +
3
2

D� (N � 1)
e� Sij (2.2)

and

Sij = � ij �
1
3

� kk � ij

� e� =

r
3
2

Sij Sij =
1

p
2

q
(� rr � � �� )2 + ( � rr � � �� )2 + ( � �� � � �� )2 = � rr � � ��

(2.3)

where D and N are material constants for creep.� e� is the e�ective stress, Sij is the deviator
stress tensor and� rr and � �� = � �� are respectively the radial and circumferential stresses.
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3. Heat conduction formulation

In the steady-state case, the heat conduction equation for the one-dimensional problem in sphe-
rical coordinates simpli�es to

1
r 2

@
@r

�
r 2�

@T
@r

�
= 0 (3.1)

We can determine the temperature distribution in the spherical vessel by solving Eq. (3.1) and
applying appropriate boundary conditions. Equation (3.1) may be integrated twice to obtain
the general solution

T(r ) = A1r � n3 � 1 + A2 (3.2)

It is assumed that the inner surface is exposed to uniform heat 
ux, whereas the outer surface
is exposed to airstream. To obtain the constants of integration A1 and A2, we introduce the
following boundary conditions

� �T 0 =

(
qa for r = a

h1 (T � T1 ) for r = b
(3.3)

where T0 = dT=dr.
Applying these conditions to the general solution, we obtain

A1 =
an3+2 qa

(n3 + 1) � i
A2 = T1 +

qa

h1

� a
b

� 2
�

an3+2 qa

� i (n3 + 1) bn3+1 (3.4)

Substituting the constants of integration A1 and A2 into the general solution, we obtain the
temperature distribution

T(r ) = T1 +
qa

h1

� a
b

� 2
+

an3+2 qa

(n3 + 1) � i
(r � n3 � 1 � b� n3 � 1) (3.5)

4. Formulation of the thermo-elastic creep analysis

4.1. Solution for linear elastic behavior of FGM thick spher ical pressure vessels

For the stress analysis inan FGM thick spherical pressure vessel, having material creep be-
havior, solutions of the stresses at a time equal to zero (i.e. the initial stress state) are needed,
which correspond to the solution of materials with linear elastic behavior. In this Section, equ-
ations to calculate such linear stresses in FGM thick spherical pressure vessel analytically will
be given. The elastic stress-strain relations in each material read

� rr =
E

(1 + � )(1 � 2� )
[(1 � � )" rr + 2 �" �� � (1 + � )�T ]

� �� = � �� =
E

(1 + � )(1 � 2� )
[" �� + �" rr � (1 + � )�T ]

(4.1)

where� rr and � �� = � �� are radial and circumferential stresses, respectively. Here E, � and � are
Young's modulus, Poisson's ratio and thermal expansion coe�cient, respectively, and T = T(r )
is the temperature distribution in the sphere. The strain displacement relation is written as

" rr =
dur

dr
" �� =

ur

r
(4.2)
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where " rr and " �� = " �� are radial and circumferential strains andur is the displacement in the
r -direction. The equation of the stress equilibrium inside the FGM spherical pressure vessel is

d� rr

dr
+

2
r

(� rr � � �� ) = 0 (4.3)

Using Eqs. (4.1)-(4.3), the essential di�erential equation for the displacementur can be obtained
as

d2ur

dr2 +
n1 + 2

r
dur

dr
+

� 00n1 � 2
r 2 ur = � 0(Ar n2 � 1 + Br n2 � n3 � 2)

� 0 =
1 + �
1 � �

� 00=
2�

1 � �

(4.4)

where

A = ( n1 + n2)
hT1 � i

an2
+

qa� i

h1 an2

� a
b

� 2i
�

an3 � n2+2 qa� i (n1 + 1) b� n3 � 1

� i (n3 + 1)

B =
(n1 + 1) an3 � n2+2 qa� i

� i (n3 + 1)
�

an3 � n2+2 qa� i

� i

(4.5)

It is obvious that the homogeneous solution for Eq. (4.4) canbe obtained by assuming

ur = Cr x (4.6)

Substituting Eq. (4.6) into Eq. (4.4) one can obtain the following characteristic equation

x2 + ( n1 + 1) x + ( � 00n1 � 2) = 0 (4.7)

The roots of Eq. (4.7) are

x1 =
� (n1 + 1) +

p
(n1 + 1) 2 � 4(� 00n1 � 2)

2

x2 =
� (n1 + 1) �

p
(n1 + 1) 2 � 4(� 00n1 � 2)

2

(4.8)

For selected common values ofn1 = � 0:4; � 0:8 and � = 0 :292 in this study, the discriminant of
Eqs. (4.8) is always greater than zero; therefore,x1 and x2 are real and distinct. The homogeneous
solution to Eq. (4.4) is then as follows

uh = C1r x1 + C2r x2 (4.9)

The particular solution to di�erential equation (4.4) can b e obtained as

up = u1r x1 + u2r x2 (4.10)

where

u1 =
Z

� r x2 P(r )
W (r x1 ; r x2 )

dr u2 =
Z

r x1 P(r )
W (r x1 ; r x2 )

dr (4.11)

in which

P(r ) = � 0(Ar n2 � 1 + Br n2 � n3 � 2) (4.12)

is the expression on the right-hand side of Eq. (4.4), andW is de�ned as

W (r x1 ; r x2 ) =

�
�
�
�
�

r x1 r x2

x1r x1 � 1 x2r x2 � 1

�
�
�
�
�

= ( x2 � x1)r x1+ x2 � 1 (4.13)
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Therefore, u1 and u2 can be obtained by the following integration

u1 = � 0
hZ

� r x2Ar n2 � 1

(x2 � x1)r x1+ x2 � 1 dr +
Z

� r x2 Br n2 � n3 � 2

(x2 � x1)r x1+ x2 � 1 dr
i

= � � 0
h Ar n2 � x1+1

(x2 � x1)(n2 � x1 + 1)
+

Br n2 � n3 � x1

(x2 � x1)(n2 � n3 � x1)

i

u2 = � 0
hZ

r x1 Ar n2 � 1

(x2 � x1)r x1+ x2 � 1 dr +
Z

r x1 Br n2 � n3 � 2

(x2 � x1)r x1+ x2 � 1 dr
i

= � 0
h Ar n2 � x2+1

(x2 � x1)(n2 � x2 + 1)
+

Br n2 � n3 � x2

(x2 � x1)(n2 � n3 � x2)

i

(4.14)

Substituting Eqs. (4.14) into Eq. (4.10), one can obtain theparticular solution as

up = � 0
h Ar n2+1

(n2 � x2 + 1)( n2 � x1 + 1)
+

Br n2 � n3

(n2 � n3 � x2)(n2 � n3 � x1)

i
(4.15)

The complete solution to Eq. (4.4) can be written as

ur (r ) = C1r x1 + C2r x2 + � 0
h Ar n2+1

(n2 � x2 + 1)( n2 � x1 + 1)
+

Br n2 � n3

(n2 � n3 � x2)(n2 � n3 � x1)

i

(4.16)

The corresponding stresses are

� rr =
E i

�
r
a

� n1

(1 + � )(1 � 2� )

n
C1r x1 � 1[2� + (1 � � )x1] + C2r x2 � 1[2� + (1 � � )x2]

+
A� 0[(n2 + 1)(1 � � ) + 2 � ]r n2

(n2 � x2 + 1)( n2 � x1 + 1)
+

B� 0[(n2 � n3)(1 � � ) + 2 � ]r n2 � n3 � 1

(n2 � n3 � x2)(n2 � n3 � x1)

� (1 + � )
h� T1 � i

an2
+

qa� i

h1 an2

� a
b

� 2
�

an3 � n2+2 qa� i b� n3 � 1

� i (n3 + 1)

�
r n2

+
an3 � n2+2 qa� i

� i (n3 + 1)
r n2 � n3 � 1

io

� �� =
E i

�
r
a

� n1

(1 + � )(1 � 2� )

n
C1r x1 � 1(1 + x1� ) + C2r x2 � 1(1 + �x 2)

+
A� 0[(n2 + 1) � + 1] r n2

(n2 � x2 + 1)( n2 � x1 + 1)
+

B� 0[(n2 � n3)� + 1] r n2 � n3 � 1

(n2 � n3 � x2)(n2 � n3 � x1)

� (1 + � )
h� T1 � i

an2
+

qa� i

h1 an2

� a
b

� 2
�

an3 � n2+2 qa� i b� n3 � 1

� i (n3 + 1)

�
r n2

+
an3 � n2+2 qa� i

� i (n3 + 1)
r n2 � n3 � 1

io

(4.17)

To determine the unknown constantsC1 and C2 in each material, boundary conditions have to
be used, which are

� rr =

(
� Pi for r = a

� Po for r = b
(4.18)

The unknown constants C1 and C2 are given in Appendix.
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4.2. Solution for creep behavior of FGM thick spherical pres sure vessel

The relations between the rates of strain and displacement are

_" rr =
d _ur

dr
_" �� =

_ur

r
(4.19)

And the equilibrium equation of the stress rate is

d_� rr

dr
+

2
r

( _� rr � _� �� ) = 0 (4.20)

The relations between the rates of stress and strain are

_� rr =
E

(1 + � )(1 � 2� )
[(1 � � ) _" rr + 2 � _" �� ] �

3
2

E
(1 � � )(1 � 2� )

D� (N � 1)
e� S0

rr

_� �� =
E

(1 + � )(1 � 2� )
[ _" �� + � _" rr ] �

3
2

E
(1 � � )(1 � 2� )

D� (N � 1)
e� S0

��

(4.21)

where

S0
rr = (1 � � )Srr + 2 �S �� S0

�� = S�� + �S rr (4.22)

Using Eqs. (4.19)-(4.22), the essential di�erential equation for the displacement rate _ur in FGM
spherical vessel can be obtained as

d2 _ur

dr2 +
d_ur

dr

� 2
r

+
d ln E

dr

�
+

_ur

r

� 2�
1 � �

d ln E
dr

�
2
r

�
=

d ln E
dr

3
2(1 � � )

D� (N � 1)
e� S0

rr

+
1

1 � �
d
dr

� 3
2

D� (N � 1)
e� S0

rr

�
+

3
r (1 � � )

D� (N � 1)
e� (S0

rr � S0
�� )

(4.23)

In general, the quantities � e� , S0
rr and S0

�� are very complicated functions of the coordinater ,
even in an implicit function form. Therefore, it is almost im possible to �nd an exact analytical
solution to Eq. (4.23). We can alternatively �nd an asymptot ical solution to Eq. (4.23). At �rst,
we assume that� e� , S0

rr and S0
�� are constant, i.e. they are independent of the coordinater

d2 _ur

dr2 +
1 + n1

r
d _ur

dr
�

�n 1 � 1
r 2 _ur =

3
2

D
r

� (N � 1)
e� [S0

rr (1 + n1 � v0) + S0
�� (n1� 0� 1 + � 0)] (4.24)

The homogeneous solution to Eq. (4.24) is then

uh = D1r x1 + D2r x2 (4.25)

The particular solution to di�erential equation (4.24) can be obtained as

up = u0
1r x1 + u0

2r x2 (4.26)

where

u0
1 =

Z
� r x2 Hr � 1

(x2 � x1)r x1+ x2 � 1 dr u0
2 =

Z
r x1 Hr � 1

(x2 � x1)r x1+ x2 � 1 dr

H =
3
2

D
(1 � � )

� (N � 1)
e� [S0

rr (2 + n1) � 2S0
�� ]

(4.27)

The complete solution to Eq. (4.24) can be written as

_ur (r ) = D1r x1 + D2r x2 +
3
2

Dr� (N � 1)
e� [(n1 + 2) S0

rr � 2S0
�� ]

(1 � � )[n1(� 00� 1) � 2]
(4.28)
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where the unknown constantsD1 and D2 can be determined from the boundary conditions. The
corresponding stress rates are

_� rr =
E i

�
r
a

� n1

(1 � 2� )(1 + � )

n
D1r x1 � 1[2� + (1 � � )x1] + D2r x2 � 1[2� + (1 � � )x2]

+
3
2

� 0

n1(� 00� 1) � 2
D� (N � 1)

e� [(n1 + 2) S0
rr � 2S0

�� ] �
3
2

D� (N � 1)
e� S0

rr

o

_� �� =
E i

�
r
a

� n1

(1 � 2� )(1 + � )

n
D1r x1 � 1(1 + �x 1) + D2r x2 � 1(1 + �x 2)

+
3
2

1 + �
n1(� 00� 1) � 2

D� (N � 1)
e� [(n1 + 2) S0

rr � 2S0
�� ] �

3
2

D� (N � 1)
e� S0

��

o

(4.29)

To determine the unknown constantsD1 and D2 in each material, boundary conditions have to
be used. Since the inside and outside pressures do not changewith time, the boundary conditions
for stress rates on the inner and outer surfaces may be written as

_� rr =

(
0 for r = a

0 for r = b
(4.30)

The unknown constants D1 and D2 are given in Appendix. When the stress rate is known, the
calculation of stresses at any timet i should be performed iteratively

� (i )
ij (r; t i ) = � (i � 1)

ij (r; t i � 1) + _� (i )
ij (r; t i )dt(i ) t i =

iX

k=0

dt(k) (4.31)

To obtain a generally useful solution, a higher-order approximation of � e� , S0
rr and S0

�� should
be made

� e� (r ) = � e� (r ) +

d
dr [� e� (r )]

�
�
�
r = r

1!
(r � r ) +

d2

dr 2 [� e� (r )]
�
�
�
r = r

2!
(r � r )2 +

d3

dr 3 [� e� (r )]
�
�
�
r = r

3!
(r � r )3

S0
rr (r ) = S0

rr (r ) +

d
dr [S0

rr (r )]
�
�
�
r = r

1!
(r � r ) +

d2

dr 2 [S0
rr (r )]

�
�
�
r = r

2!
(r � r )2 +

d3

dr 3 [S0
rr (r )]

�
�
�
r = r

3!
(r � r )3

(4.32)

S0
�� (r ) = S0

�� (r ) +

d
dr [S0

�� (r )]
�
�
�
r = r

1!
(r � r ) +

d2

dr 2 [S0
�� (r )]

�
�
�
r = r

2!
(r � r )2 +

d3

dr 3 [S0
�� (r )]

�
�
�
r = r

3!
(r � r )3

where r is the center point of the wall thickness in the following analysis.

5. Numerical results and discussion

In the previous Sections, the analytical solution of creep stresses for FGM thick-walled spheri-
cal vessels subjected to uniform pressures on the inner and outer surfaces has been obtained.
In this Section, some pro�les are plotted for the radial displacement, radial stress and circum-
ferential stress as a function of the radial direction and time. An FGM thick-walled spherical
vessel with creep behavior under internal and external pressure is considered. Radii of the sphere
are a = 20 mm, b = 40 mm. Mechanical properties of the sphere such as modulus of elastici-
ty, linear expansion and thermal conductivity are assumed to be varying through the radius.
The inhomogeneity constants n1 = n2 = n3 = n, and n ranges from � 0:8 to +0 :8. The fol-
lowing data for loading and material properties are used in this investigation: E i = 207 GPa,
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� = 0 :292, � i = 10:8 � 10� 6 K � 1, Pi = 80 MPa, Po = 0 MPa, qa = 500 W/m 2, � i = 43 W/(m � C),
h1 = 6 :5 W/(m 2 � C), T1 = 25 � C, D = 1 :4 � 10� 8, N = 2 :25.

The distributions of creep stress components� rr and � �� after 10h of creeping for values
of n = � 0:4, � 0:8 are plotted in Fig. 2. It must be noted from Fig. 2a that the radial stress
increases asn decreases, and that the radial stress for di�erent values ofn is compressive. The
absolute maximums of radial stress occur at the outer edge. It means the maximum shear stress,
which is � max = ( � �� � � rr )=2 for each value ofn will be very high on the outer surface of the
vessel.

Fig. 2. Normalized radial and circumferential stresses versus dimensionless radius after 10h of creeping

It is also clear from Fig. 2a that the maximum changes in the radial stresses with time
take place for the material n = 0 :8 and the minimum changes occur forn = � 0:4, � 0:8.
The circumferential stress shown in Fig. 2b remains compressive throughout and is observed
to decrease with the increasing radius forn = � 0:4, � 0:8, and reaches the minimum value
somewhere towards the inner radius followed by an increase with a further increase in the
radius. It also can be seen from Fig. 2b that the circumferential stress remains compressive
throughout the cylinder for n = +0 :8 with the maximum value at the inner radius and zero at
the outer radius under the imposed boundary conditions, andthat the minimum changes occur
for n = 0 :4.

Time dependent stress redistributions at the point r = 30 mm are shown in Fig. 3. It can
be seen in Fig. 3a that the radial stress increases as time increases. It must be noted from
Fig. 3b that, for n = +0 :4, +0:8 the circumferential stress decreases as time increases, whereas
for n = � 0:4, � 0:8 the circumferential stress increases as time increases.

Fig. 3. Time-dependent radial and circumferential stresses at the point r = 30 mm

The radial displacement along the radius is plotted in Fig. 4a. There is an increase in the
value of the radial displacement asn increases and the maximum value of radial displacement
occurs at the outer edge. The time-dependent radial displacement at the point r = 30 mm
is shown in Fig. 4b. Figure 4b shows that the radial displacement redistribution at the point
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r = 30 mm increases as time increases forn = � 0:4, � 0:8, while for n = +0 :4, +0:8 the radial
displacement decreases as time increases. Figure 5 shows the e�ect of adding external pressure to
the radial and circumferential stresses. It can be seen in Fig. 5 that the radial stress decreases as
the external pressure increases while the circumferentialstress increases as the external pressure
increases.

Fig. 4. (a) Normalized radial displacement versus dimensionless radius after 10h of creeping,
(b) time-dependent radial displacement at the point r = 30 mm

Fig. 5. The e�ect of adding external pressure to the radial and circumferential stresses

Temperature distribution of four di�erent values of n is shown in Fig. 6. It can be seen in
Fig. 6 that the maximum values of temperature occur at the inner radius for n = � 0:8 and
that the minimum values of temperature occur at the outer radius for all values of n under the
imposed boundary conditions.

Fig. 6. Temperature distribution of FGM thick-walled spher ical vessel for values ofn = � 0:4, � 0:8

6. Conclusions

In this paper, assuming that the thermo-creep response of the material is governed by Norton's
law, an analytical solution is presented for the calculation of stresses and displacements of FGM
thick-walled spherical pressure vessels. For the stress analysis inasphere, having material creep
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behavior, the solutions of the stresses at a time equal to zero (i.e. the initial stress state) are
needed, which corresponds to the solution of materials withlinear elastic behavior. It is assumed
that the material properties change as graded in the radial direction to a power law function.
To show the e�ect of inhomogeneity on the stress distributions, di�erent values are considered
for inhomogeneity constants. The pressure, inner radius and outer radius are considered con-
stant. The heat conduction equation for the one-dimensional problem in spherical coordinates
is used to obtain temperature distribution in the sphere. For the creep material behavior, the
solution is asymptotic. For the stress analysis after creeping for a long time, the iterative proce-
dure is necessary. It could be seen that the inhomogeneity constants have signi�cant in
uence
on the distributions of the creep stresses and radial displacement. By increasing the grading
parameter n, the normalized radial stress increases due to internal pressure and temperature
distribution while the normalized circumferential stress decreases (Fig. 2). The absolute maxi-
mums of radial and circumferential stresses occur at the outer edge. It must be noted that the
radial and circumferential stresses at the point r = 30 mm for di�erent values of n are com-
pressive. As can be seen, the absolute maximum of radial stress at the point r = 30 mm occurs
at a time equal to 10 hours for di�erent values of n, whereas forn = +0 :4, +0:8 the absolute
maximum of circumferential stress occurs at a time equal to zero, and for n = � 0:4, � 0:8 the
absolute maximum of circumferential stress occurs at a timeequal to 10 hours.

Appendix

The unknown constants in Eqs. (4.17) are

C1 =
� Pi (1 + � )(1 � 2� )

E i [2� + (1 � � )x1]ax1 � 1 �
C2[2� + (1 � � )x2]ax2 � 1

[2� + (1 � � )x1]ax1 � 1

�
A� 0[(n2 + 1)(1 � � ) + 2 � ]an2

(n2 � x2 + 1)( n2 � x1 + 1)[2 � + (1 � � )x1]ax1 � 1

�
B� 0[(n2 � n3)(1 � � ) + 2 � ]an2 � n3 � 1

(n2 � n3 � x2)(n2 � n3 � x1)[2� + (1 � � )x1]ax1 � 1

+
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The unknown constants in Eqs. (4.29) are

D1 =
3
2 � 0D� (N � 1)

e� (ax2 � 1 � bx2 � 1)[(n1 + 2) S0
rr � 2S0

�� ]

[2� + (1 � � )x1][n1(� 00� 1) � 2](ax1 � 1bx2 � 1 � bx1 � 1ax2 � 1)

+
3
2D� (N � 1)

e� S0
rr (bx2 � 1 � ax2 � 1)

[2� + (1 � � )x1](ax1 � 1bx2 � 1 � bx1 � 1ax2 � 1)

(A.3)

D2 =
3
2 � 0D� (N � 1)

e� (ax1 � 1 � bx1 � 1)[(n1 + 2) S0
rr � 2S0

�� ]

[2� + (1 � � )x2][n1(� 00� 1) � 2](ax2 � 1bx1 � 1 � bx2 � 1ax1 � 1)

+
3
2D� (N � 1)

e� S0
rr (bx1 � 1 � ax1 � 1)

[2� + (1 � � )x2](ax2 � 1bx1 � 1 � bx2 � 1ax1 � 1)

(A.4)
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The e�ects of magnetic �eld and heat source strength on thermal convection of a compres-
sible rotating ferromagnetic 
uid through a porous medium are investigated theoretically
using linear stability theory. A normal mode analysis method is employed to �nd solutions
for the 
uid layer con�ned between parallel planes with free boundaries. The cases of sta-
tionary and oscillatory instabilities are discussed. For the stationary state, compressibility,
medium porosity and temperature gradient due to heat sourcehave destabilizing e�ects,
whereas rotation and ratio of magnetic permeability delay the onset of convection. The ma-
gnetic �eld and medium permeability have both stabilizing and destabilizing e�ects under
certain conditions. The variations in the stationary criti cal thermal Rayleigh number and
neutral instability curves in (Ra 1; x)-plane for various values of physical parameters are
shown graphically to depict the stability characteristics. The su�cient conditions for the
non-existence of overstability are obtained and the principle of exchange of stabilities holds
true in the absence of magnetic �eld and rotation under certain conditions.

Keywords: ferro
uids, rotation, magnetic �eld, porous medium, heat s ource, compressibility

1. Introduction

Ferro
uids (also known as magnetic 
uids) are electrically non-conducting colloidal suspensions
of �ne solid ferromagnetic particles or nanoparticles (iron, nickel, cobalt etc.) and their study
opens a wide range of attractive and futuristic applications in various engineering and medi-
cal science purposes like vacuum technology, instrumentation, lubrication mechanism, acoustics
theory, recovery of metals, detection of tumours, drug delivery to a target site, magnetic 
u-
id bearings, non-destructive testing, sensors and actuators, sorting of industrial scrap metals.
They also serve as a challenging subject for scientists interested in the basics of 
uid mechanics.
The ferromagnetic nanoparticles are coated with a surfactant to prevent their agglomeration.
Rosensweig (1985, 1987) discussed the fundamental concepts related to the use of ferro
uids
and provides a comprehensive and detailed application of ferrohydrodynamics (also known as
FHD) in various commercial usages such as novel zero-leakage rotary shaft seals used in compu-
ter disk drives (Bailey, 1983); semiconductor manufacturing (Moskowitz, 1975); pressure seals
for compressor and blowers (Rosensweig, 1985); tracer of blood 
ow in non-invasive circulatory
measurements (Newbower, 1972) and in loudspeakers to conduct heat away from the speakers
coil (Hathaway, 1979). The thermal instability problem of f erro
uids is a current topic of frontier
research and also attractive from a theoretical point of view. Thus, the overall �eld of ferro
u-
id research has a highly interdisciplinary character bringing physicists, engineers, chemists and
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mathematicians together. Finlayson (1970) discussed the convective instability problem of a fer-
romagnetic 
uid layer heated from below when under the e�ect of a uniform vertical magnetic
�eld with or without considering the e�ect of body force (gra vity force). He quanti�ed that the
magnetization of a ferromagnetic 
uid depends upon the magnetic �eld strength, temperature
gradient and density of 
uid, and is known as ferroconvection (which is very similar to B�enard
convection as noted by Chandrasekhar, 1981). Lalas and Carmi (1971) studied a thermoconvec-
tive instability problem of ferro
uids without considerin g buoyancy e�ects, whereas the problem
of thermal convection in a ferromagnetic 
uid saturating a p orous medium under the in
uence
of rotation and/or suspended dust particles was simulated by Sunil et al. (2005a,b). Copious
literatures (Odenbach, 2002; Neuringer and Rosensweig, 1964; Berkovsky and Bashtovoy, 1996;
Sherman and Sutton, 1962) are available to deal with the hydrodynamic and hydromagnetic
instability problems of ferro
uids and forcing further inv estigation in the whole research area.

The thermo-convective transport phenomenon in a rotating porous medium is of signi�cant
importance in modern science and engineering problems suchas rotating machinery, crystal
growth, food processing engineering, centrifugal �ltration processes, biomechanics and in thermal
power plants (to generate electricity by rotation of turbin e blades). Magneto-hydrodynamics
(MHD) theory of electrically conducting 
uids has several scienti�c and practical applications
in atmospheric physics, astronomy and astrophysics, spacesciences, etc. Magnetic �eld is also
used in several clinical areas such as neurology and orthopaedics for probing and curing the
internal organs of the body in several diseases like tumoursdetection, heart and brain diseases,
stroke damage, etc. Aggarwal and Makhija (2014) studied thee�ect of Hall current on thermal
instability of ferromagnetic 
uid in the presence of horizontal magnetic �eld through a porous
medium. Spiegel and Veronis (1960) simpli�ed the set of equations for compressible 
uids by
assuming that the vertical height of the 
uid is much smaller than the scale height as de�ned by
them, and the 
uctuations in density, temperature and pressure did not exceed their total static
variations. The thermal instability problem for a compressible 
uid in the presence of rotation
and magnetic �eld was studied by Sharma (1997).

Detailed investigations related with the problem of convection through various porous me-
diums were supplied and very well de�ned by Nield and Bejan (2006). The 
uid 
ow problems
saturating a porous medium plays a key role in petroleum and chemical industry, geophysical

uid dynamics, �ltering technology, recovery of crude oil f rom Earth's interior, etc. Kumar et
al. (2014a,b, 2015) addressed theoretically the thermal instability problems of couple-stress and
ferromagnetic 
uids by considering the e�ects of various parameters such as rotation, suspen-
ded particles, compressibility, heat source and variable gravity through Darcy and/or Brinkman
porous medium. The physical properties of comets, meteorites and interplanetary dust strongly
suggest the importance of porosity in astrophysical situations (McDonnel, 1978). The governing
hydrodynamic equations of motion are solved using a regularperturbation technique. The objec-
tive of the present study is to discuss the in
uence of rotation, compressibility and heat source
on thermal stability of a ferromagnetic 
uid layer heated fr om below through a porous medium
using linear stability analysis. The understanding of rotating ferro
uid instability problems plays
a key role in microgravity environmental applications. Some existing results are recovered as a
particular case of the present study.

2. Governing equations

Consider an in�nite horizontal porous layer saturated with a non-conducting compressible ferro-
magnetic 
uid con�ned between the parallel planes z = 0 and z = d subject to a uniform vertical
magnetic �eld of intensity H (0; 0; H ) and uniform vertical rotation 
 (0; 0; 
 ). A Cartesian fra-
me of reference is chosen with thez-axis directed vertically upwards and the x- and y-axes at
the lower boundary plane. It is also assumed that the 
ow in the porous medium is governed by
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Darcy's law in the equation of motion with medium porosity " and permeability k1 for the case
of free and perfect conducting boundaries. The geometricalcon�guration of the present problem
is shown in Fig. 1.

Fig. 1. Geometrical sketch of the physical problem

The basic governing equations of motion, continuity, energy and Maxwell equations for a
magnetized ferro
uid saturating a homogenous porous medium with constant viscosity under
Boussinesq approximation are given as follows (Finlayson,1970; Rosensweig, 1985; Sunilet al.,
2005a,b)

�
"

h@q
@t

+
1
"

(q � r )q
i

= �r p + � X i + � 0(M � r )H �
� �

k1

�
q +

2�
"

(q � 
 )

+
� e

4�
[(r � H ) � H ]

"
@�
@t

+ r � (� q) = 0

["�c v + � scs(1 � " )]
@T
@t

+ �c v(q � r )T = kT r 2T + �

"
� @H

@t

�
= [ r � (q � H )] + "� (r 2H r � H = 0

(2.1)

where the symbols� , t, � , q, r p, � e, � 0, H , X i = � g� i , � s, cs, cv , T , kT , � and � denote,
respectively, density of the compressible 
uid, time, co-e�cient of viscosity, 
uid velocity, pres-
sure gradient term, magnetic permeability of the medium, magnetic permeability of vacuum
4� � 10� 7 H/m (H { Henry), magnetic �eld intensity, gravitational acc eleration term, density of
the solid material, heat capacity of the solid material, speci�c heat at constant volume, tempe-
rature, e�ective thermal conductivity, internal heat sour ce strength and electrical resistivity.

The rotational e�ect induces two terms in the equation of mot ion, namely, the Centrifugal
force (� 0:5 gradj
 � r j2) and the Coriolis force 2(q � 
 ). In Eq. (2.1)1, p = ( pf � 0:5� j
 � r j2) is
the reduced pressure, wherepf stands for the 
uid pressure and 
 denotes the angular velocity.

Maxwell's equations for an electrically non-conducting 
uid with no displacement currents
are

r � B = 0 r � H = 0 (2.2)

The magnetic induction B , magnetization M and the intensity of magnetic �eld H are related
by (Pen�eld and Haus, 1967)

B = � 0(H + M ) (2.3)

In general, the magnetizationM of a ferro
uid depends upon the magnitude of magnetic �eld H
and temperature T, but in the present study it is assumed that the magnetization does not
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depend upon the magnetic �eld strength and is a function of temperature only. So, the magnetic
equation of state takes the form

M = M 0[1 + � (T0 � T )] (2.4)

whereT0 and M 0 are the reference temperature and reference magnetization, respectively, with
M 0 = M (T0). � = � (1=M 0)(@M =@T)H 0 stands for the pyromagnetic co-e�cient and H 0 is the
uniform magnetic �eld of the 
uid layer when placed in an exte rnal magnetic �eld H = H ext

0 � � i ,
where � i is the unit vector in the vertical direction.

According to Spiegel and Veronis (1960), the equations for compressible 
uids are equivalent
to those for incompressible 
uids if the static temperature gradient � is replaced by the term
(� � g=cp) and f is de�ned as any of the state variable (p; �; T ) and is expressed in the form

f (x; y; z; t ) = f m + f 0(z) + f 0(x; y; z; t ) (2.5)

where f m is the constant space distribution of f , f 0 is the variation in the absence of motion,
f 0(x; y; z; t ) stands for the 
uctuations in f resulting from motion of the 
uid and cp stands for
the speci�c heat at constant pressure.

The quantities of the basic state are given by

q = qb = [0 ; 0; 0] p = pb(z) � = � b(z) = � 0(1 + ��z )

H = H b(0; 0; H z) M = M b(z) � =
T0 � T1

d

T = Tb(z) = T0 �
�
� �

g
cp

�
z +

�
2�

(zd � z2) H 0 + M 0 = H ext
0

(2.6)

and

� = � m [1 � � m (T � Tm ) + K m (p � pm )] � m = �
� 1

�
@�
@T

�

m

K m =
� 1

�
@�
@p

�

m
p(z) = pm � g

zZ

0

(� 0 + � m ) dz
(2.7)

where � 0 and T0 stands for the density and temperature of the 
uid at the lower boundary, whe-
reaspm and � m stand for a constant space distribution of pressurep and density � , respectively.
The subscript b denotes the basic state,� is the coe�cient of thermal expansion and � denotes
the basic temperature gradient.

Now, to analyze the stability of the basic state using the perturbation technique, in�nitesimal
perturbations are assumed around the basic state solutionsof the following form

q = qb + q0 p = pb(z) + p0 T = Tb(z) + � � = � b(z) + � 0

M = M b(z) + M 0(mx ; my ; mz) H = H b + h(hx ; hy ; hz)
(2.8)

where q0(u; v; w), p0, � , � 0, M 0, h(hx ; hy ; hz) are the perturbations in velocity q, pressurep,
temperature T, density � , magnetization M and magnetic �eld intensity H , respectively. The
changes in density and magnetizationM 0 caused by perturbation � in temperature T are de�ned
as

� 0 = � �� m � M 0 = � � M 0� (2.9)
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Using equation (2.8) in equations (2.1) and assuming the perturbation quantities to be very
small, the following linearized perturbation equations are obtained as follows

1
"

� @q0

@t

�
= �

1
� m

(r p0) � g
� � 0

� m

�
� i �

� 0� M 0(r H )�
� m

+
� 0(M � r )h

� m
�

�
k1

q0

+
2
"

(q0 � 
 ) +
� e

4�� m
[(r � h) � H ]

r � q0 = 0 E
� @�

@t

�
= �

� @Tb
@z

�
w + � (r 2� )

r � h = 0 "
� @h

@t

�
= ( r H )q0+ "� (r 2h)

(2.10)

where E = " + (1 � " )[� scs=(� m cv)], � i = [0 ; 0; 1] and w stands for the vertical 
uid velocity.
Eliminating u, v and r p0 from the momentum equation and retaining the vertical component
of 
uid velocity, the following perturbation equations are obtained
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where� = @h y
@x � @h x

@y (z-components of current density),� = @v
@x�

@u
@y (z-component of vorticity),

r 2 = @2

@x2 + @2

@y2 + @2

@z2 (three dimensional Laplacian operator), r 2
1 = @2

@x2 + @2

@y2 (two dimensional

horizontal Laplacian operator), L = 1 � 1
G = 1 � �c p

g (modi�ed dimensionless compressibility

parameter), S = �d
2��L (dimensionless heat source parameter),h(z) = 1 � S

�
1� 2z

d

�
(non-uniform

temperature gradient) and � = kT
� m cv

(thermal di�usivity of the 
uid).

3. Normal modes and linear stability analysis

The system of equations (2.11) can be solved by using the method of normal modes in which the
perturbation quantities have solutions with dependence upon x, y and t of the following form

[w; �; �; h z ; � ] = [ W (z); � (z); Z (z); K (z); X (z)] exp[i(kx x + kyy) + nt ] (3.1)

where kx and ky are the horizontal wave numbers along thex and y directions, respectively,
k2 = k2

x + k2
y is a dimensionless resultant wave number andn is the growth rate of harmonic

disturbance. In�nitesimal perturbations of the state may e ither grow or damp depending upon
the growth rate n. Substituting expression (3.1) into linearized di�erenti al equations (2.11) along
with z = z� d, a = kd, � = nd2=� , D = @=@z� , the following non-dimensional form is obtained
(after ignoring the asterisk)
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and

� �
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+
1
Pl

�
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d
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The dimensionless parameters in equations (3.2) and (3.3) are the thermal Prandtl number
Pr1 = �=� , the magnetic Prandtl number Pr2 = �=� and the dimensionless medium permeability
Pl = k1=d2.

The boundary conditions appropriate for the case of two freeboundaries are de�ned as
(

W = D 2W = DZ = � = 0 at z = 0 and z = 1

hx ; hy ; hz are continuous at the boundaries
(3.4)

The solution to equations (3.2) and (3.3) satisfying boundary conditions (3.4) can be taken in
the form

W = W0 sin(l�z ) l = 1 ; 2; 3; : : : (3.5)

where W0 is a constant. The most suitable mode corresponds tol = 1 (fundamental mode).
Therefore, using solution (3.5) with l = 1 into equations (3.2) and (3.3), the dispersion relation
is obtained as follows (after eliminating � , X , Z and K )

(1 + x)(1 + x + iE Pr1� i )(1 + x + iPr2� i ) = Ra 1x"P Lh (z)
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(3.6)

where RaF is the thermal Rayleigh number for ferromagnetic 
uids, Q { Chandrasekhar num-
ber, QM { modi�ed Chandrasekhar number for ferromagnetic 
uids, � { ratio of magnetic
permeability with magnetization to magnetic strength and TA { Taylor number

RaF =
�
g �

� 0�M 0r H
� m �

� ��d 4

��
Q =

� eH 2d2

4�� m ��
QM =

� 0M 0(1 + ��T )
� m

Hd2

��

� =
QM 1

QM
=

4�� 0M
� eH

TA =
4
 2d4

� 2

and

Ra1 =
RaF

� 4 x =
a2

� 2 i� i =
�
� 2 P = � 2Pl

Q1 =
Q
� 2 QM 1 =

QM

� 2 TA 1 =
TA

� 4

Equation (3.6) is the required dispersion relationship that accounts for the e�ects of rotation,
medium permeability, medium porosity, compressibility, uniform heat source and magnetic �eld
on thermal instability of the ferromagnetic 
uid in a porous medium.

From equation (3.6), the thermal Rayleigh number Ra1 can be separated into the real and
imaginary parts as

Ra1 = X 1 + i� i X 2 (3.7)
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where X 1, X 2 and � i are real numbers de�ned as

X 1 =
1

x"PLh (z)

 

[(1 + x)2" � � 2
i PPr1E(1 + x)]

+
PQ1[x� + (1 + x)][(1 + x)2 + � 2

i Pr1Pr2E]
(1 + x)2 + � 2

i Pr2
2

+
TA 1 P2

[(1 + x) + Q1P]2 + � 2
i Pr2

2

n
[(1 + x)2 � � 2

i Pr1Pr2E][(1 + x + Q1P)" + � 2
i PPr2]

� � 2
i [(1 + x)(Pr 2 + Pr 1E)][(1 + x)P + Q1P2 � Pr2" ]

o
!

X 2 =
1

x"PLh (z)

 

[(1 + x)2P + Pr 1E" (1 + x)] +
P Q1[x� + (1 + x)](1 + x)(Pr 1E � Pr2)

(1 + x)2 + � 2
i Pr2

2

+
TA 1 P2

[(1 + x) + Q1P]2 + � 2
i Pr2

2

n
[(1 + x)2 � � 2

i Pr1Pr2E][(1 + x + Q1P)P � Pr2" ]

+ [(1 + x + Q1P)" + � 2
i PPr2](1 + x)(Pr 2 + Pr 1E)

o
!

(3.8)

Since Ra1 is a physical quantity, it must be real. Hence, from equation(3.7) it follows that either
� i = 0 (stationary state) or X 2 = 0, � i 6= 0 (oscillatory state). It should also be noted that when
� 0 = 0 (i.e. � = 0) then from equation (3.8) 2 X 2 cannot vanish and therefore,� i must be zero.
This implies that for an ordinary viscous 
uid, the principl e of exchange of stabilities is valid
even in the presence of a porous medium, and this statement isveri�ed in Section 6.

3.1. The stationary state

For real � i , the marginal instability (or neutral instability) occurs when � i = 0. Substituting
� i = 0 into equations (3.7) and (3.8)1, the modi�ed thermal Rayleigh number is obtained for
the onset of stationary convection in the following form

Rastat
1 =

1
x"PLh (z)

n
(1 + x)2" + P Q1[x� + (1 + x)] + TA 1 P2 (1 + x)2"

Q1P + (1 + x)

o
(3.9)

Equation (3.9) leads to the marginal instability curves in stationary conditions.
For higher values of permeability (P ! 1 ) which correspond to the case of pure 
uids,

equation (3.9) gives

Rastat
1 =

1
Lh (z)

n Q1[x� + (1 + x)]
"x

+
TA 1 (1 + x)2

Q1x

o
(3.10)

Minimizing equation (3.9) with respect to x yields an equation of degree four inx as

x4 + A1x3 + A2x2 + A3x + A4 = 0 (3.11)

where

A1 = 2(1 + Q1P)

A2 = Q2
1P2 + 2Q1P �

Q1P
"

+ TA 1 Q1P3 � TA 1 P2

A3 = �
h
2(1 + Q1P) + 2 TA 1 P2 +

2Q1P(1 + Q1P)
"

i

A4 = � 1 + Q2
1P2 + 2Q1P �

Q1P
"

� TA 1 Q1P3 � TA 1 P2 �
(Q2

1P2 + 2Q1P)Q1P
"
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In the absence of heat source parameter (i.e.h(z) = 1), equation (3.9) gives

Rastat
1 =

1
x"PL

n
(1 + x)2" + PQ1[x� + (1 + x)] + TA 1 P2 (1 + x)2"

Q1P + (1 + x)

o
(3.12)

which agrees with the previous published work by Aggarwal and Makhija (2014) in the absence
of the Hall e�ect but in the presence of rotation and compressibility.

The classical results for Newtonian 
uids can be obtained asa particular case of the present
study.

For an incompressible (L = 1), non-rotatory and non-magnetized system, equation (3.12)
reduces to

Rastat
1 =

(1 + x)2

Px
(3.13)

This coincides with the classical Rayleigh-B�enard result for a Newtonian 
uid in a porous me-
dium.

To analyze the e�ects of various parameters such as modi�ed compressibility, medium poro-
sity, temperature gradient due to internal heating, rotati on, magnetic �eld and medium perme-
ability, the behaviour of dRastat

1 =dL, dRastat
1 =d", dRastat

1 =dh(z), dRastat
1 =dTA 1 , dRastat

1 =dQ1 and
dRastat

1 =dP is examined analytically.
Di�erentiating equation (3.9) with respect to various para meters, i.e.L , " , h(z), TA 1 , Q1, P ,

leads to following expressions

dRastat
1

dL
= �

R�

L 2h(z)
dRastat

1

d"
= �

1
Lh (z)

n [x� + (1 + x)]Q1

"2x

o

dRastat
1

dh(z)
=

8
>><

>>:

1
L(1 � S)2 R� at z = 0

�
1

L(1 + S)2 R� at z = d

(3.14)

This shows that the modi�ed compressibility, medium porosity and temperature gradient (except
for the lower boundary) have a destabilizing e�ect

dRastat
1

dTA 1

=
1

Lh (z)

n P(1 + x)2

x[Q1P + (1 + x)]

o
(3.15)

which is positive, thereby implying the stabilizing e�ect o f the rotational parameter

dRastat
1

dQ1
=

1
Lh (z)

n x� + (1 + x)
"x

�
TA 1 P2(1 + x)2

x[Q1P + (1 + x)]2

o

dRastat
1

dP
=

1
Lh (z)

n TA 1 (1 + x)2

x[Q1P + (1 + x)]
�

P QTA 1 (1 + x)2

x[Q1P + (1 + x)]2 �
(1 + x)2

P2x

o (3.16)

Equations (3.16) show that the magnetic �eld and medium permeability have dual e�ects. In
a non-rotating frame, the magnetic �eld has a stabilizing e� ect, whereas permeability has a
destabilizing e�ect where

R� =
(1 + x)2

Px
+

[x� + (1 + x)]Q1

"x
+

TA 1 P(1 + x)2

x[Q1P + (1 + x)]
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3.2. The oscillatory state

For an oscillatory state, setting X 2 = 0, � i 6= 0 in equation (3.8)2 gives a polynomial in � 2
i

of degree two in the form

a0� 4
i + a1� 2

i + a2 = 0 (3.17)

Solving equation (3.17) for � 2
i , one gets

� 2
i =

� a1 �
q

a2
1 � 4a0a2

2a0
(3.18)

For simplicity, the values of coe�cients a0, a1 and a2 are not mentioned here to save spaces.

With � 2
i determined from equation (3.18), the Rayleigh number for anoscillatory instability

can be obtained with the help of equations (3.7) and (3.8)1 as

Raosc
1 =

1
x"PLh (z)

 

(1 + x)2" � � 2
i PPr1E(1 + x)

+
PQ1[x� + (1 + x)][(1 + x)2 + � 2

i Pr1Pr2E]
(1 + x)2 + � 2

i Pr2
2

+
TA 1 P2

[(1 + x) + Q1P]2 + � 2
i Pr2

2

n
[(1 + x)2 � � 2

i Pr1Pr2E
i
[(1 + x + Q1P)" + � 2

i PPr2]

� � 2
i (1 + x)(Pr 2 + Pr 1E)[(1 + x)P + Q1P2 � Pr2" ]

o
!

(3.19)

The values of the critical wave numberxc for the oscillatory case can be obtained from equation
(3.19) with the condition dRaosc

1 =dx = 0 and then substituting this critical wave number xc into
equation (3.19) yields the critical Rayleigh number Raosc

1c for the oscillatory instability. Further,
substituting these critical wave number and the critical Rayleigh number of oscillatory instability
into equation (3.18) gives the critical frequency for the oscillatory case.

4. Results and discussion

In the present Section, we mainly focused on the determination of critical wave numbers and
critical thermal Rayleigh numbers for the stationary case.The values of the critical wave num-
ber xc for the onset of stationary instability are determined numerically from equation (3.11)
with the condition dRastat

1 =dx = 0, and then equation (3.9) will give the critical thermal Ra yle-
igh number for the stationary state. The variations in criti cal thermal Rayleigh numbers Rastat

1c
for various values of physical parameters are depicted graphically in Fig. 2. Also, the variations
of marginal (neutral) instability curves in the (Ra 1 � x) plane for di�erent parametric values
(L; h (z); "; TA 1 ; Q1; P) are shown in Fig. 3. We �xed the values of the parameters except for the
varying parameter.
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Fig. 2. Variation of Ra1c verrsusL (a), TA 1 (b), Q1 (c), P (d), " (e), h(z) (f)various valuesof physical
parameters; curve 1:Q1 = 0, QM 1 = 1, " = 1, P = 1, h(z) = 5, L = 5, TA 1 = 0, curve 2: Q1 = 1,

QM 1 = 3, " = 2, P = 2, h(z) = 10, L = 10, TA 1 = 2, curve 3: Q1 = 3, QM 1 = 5, " = 3, P = 3, h(z) = 15,
L = 15, TA 1 = 4, curve 4: Q1 = 5, QM 1 = 7, " = 4, P = 4, h(z) = 20, L = 20, TA 1 = 6, curve 5: Q1 = 7,

QM 1 = 9, " = 5, P = 5, h(z) = 25, L = 25, TA 1 = 8
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Fig. 3. Neural instability curve for di�erent values of: (a) comprssibility parameter, h(z) = 5, P = 5,
" = 5, Q1 = 10, QM 1 = 10, TA 1 = 500; (b) temperature gradient, L = 10, P = 2, " = 3, Q1 = 10,

QM 1 = 10, TA 1 = 500; (c) porosity, L = 5, h(z) = 5, P = 2, Q1 = 20, QM 1 = 20, TA 1 = 1000;
(d) rotation parameter, L = 3, h(z) = 3, P = 3, " = 2, Q1 = 50, QM 1 = 50; (e) permeability, L = 2,

h(z) = 2, P = 5, " = 3, Q1 = 10, QM 1 = 10, TA 1 = 50; (f) magnetic �eld parameter, L = 5, h(z) = 5,
P = 5, " = 5, QM 1 = 5, TA 1 = 50
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5. The overstable case

Now, the possibility whether the instability may occur as overstability is examined. Equating
the real and imaginary parts of equation (3.6) leads to

[(1 + x)2 � � 2
i EPr1Pr2](1 + x) = Ra 1x"P Lh (z)

(1 + x)" + � 2
i PPr2

"2 + � 2
i P2

� P [(1 + x)" + � 2
i Pr1PE]

(1 + x)Q1 + QM 1 x
"2 + � 2

i P2

� TA 1 P2
n

[(1 + x)2 + � 2
i Pr2(Pr 2 � Pr1E)](1 + x)2

+ [(1 + x)2 � � 2
i Pr2(Pr 2 + 2Pr 1E)]Q1P(1 + x) � � 4

i EPr1Pr3
2

o

� i (Pr 2 + Pr 1E)(1 + x)2 = Ra 1x"P Lh (z)
� i [Pr2" � P(1 + x)]

"2 + � 2
i P2

�
� i P[Pr1E" � P(1 + x)][(1 + x)Q1 + QM 1 x]

"2 + � 2
i P2 � TA 1 P2� i

h
(Pr 2 + Pr 1E)(1 + x)3

+ Q1P(2Pr2 + Pr 1E)(1 + x)2 + � 2
i Pr2

2(Pr 2 + Pr 1E)(1 + x) � � 2
i Pr1Pr2

2Q1P E
i

(5.1)

Eliminating Ra 1 between equations (5.1) and assuming� 2
i = y, a four degree polynomial iny is

obtained as follows

b0y4 + b1y3 + b2y2 + b3y + b4 = 0 (5.2)

where

b0 = TA 1 P6Pr3
2[PPr2(1 + x) � Pr1E(Pr 2" + Q1P2)]

b4 = TA 1 P3"4(1 + x)5 + [ P "4 + TA 1 P2"4(Pr 1E" + Q1P2)](1 + x)4

+ [Pr 1E" 5 + TA 1 Q1P3"5(Pr 1E + Pr 2)](1 + x)3 + [ Q1P "4(Pr 1E � Pr2)](1 + x)2

+ [ QM 1 P"4x(Pr 1E � Pr2)](1 + x)

(5.3)

The coe�cients b1, b2 and b3 involving the large number of terms are not written here as they
do not play any role in determining the overstability. Since � i is real for overstability to occur,
therefore all the roots of y should be positive. So, from equation (5.2), the product of roots
equalsb4=b0 must be positive. b0 is negative if

PPr2(1 + x) < Pr1E(Pr 2" + Q1P2) i.e. P � (1 + x) < �E (Pr 2" + Q1P2) (5.4)

and b4 is positive if

Pr1E > Pr2 i.e. �E > � (5.5)

Thus, for inequalities (5.4) and (5.5), the overstability cannot occur and the principle of exchange
of stabilities holds true. Therefore, the aforementioned inequalities are the su�cient conditions
for the non-existence of overstability, violation of which does not necessarily imply the occurrence
of overstability.

6. Principal of exchange of stabilities and oscillatory mod es

Here, the conditions have been derived, if any, under which the principle of exchange of stabilities
is satis�ed and the possibility of oscillatory modes for theferromagnetic 
uid takes place. For this
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purpose, equation (3.2) is multiplied by W � (the complex conjugate ofW ) and then integrated
over the range ofz using equations (3.3). With the help of boundary conditions(3.4), it gives

� �
"

+
1
Pl

�
I 1 �

�
g �

� 0�M 0r H
� m �

� ��a 2

��Lh (z)
(I 2 + EPr1� � I 3)

+
� 0M 0(1 + ��T )

� m

a2"
Pr2H

(I 4 + Pr 2� � I 5)

+
� e"

4�� m Pr2
(I 6 + Pr 2� � I 4) + d2

h� � �

"
+

1
Pl

�
I 7 +

� e"
4�� m Pr2

(I 8 + Pr 2� � I 9)
i

= 0

(6.1)

where the integrals I 1-I 9 are positive de�nite and de�ned as

I 1 =
1Z

0

(jDW j2 + a2jW j2) dz I2 =
1Z

0

(jD� j2 + a2j� j2) dz I3 =
1Z

0

(j� j2) dz

I 4 =

1Z

0

(jDK j2 + a2jK j2) dz I5 =

1Z

0

jK j2 dz

I 6 =

1Z

0

(jD 2K j2 + a4jK j2 + 2a2jDK j2) dz I7 =

1Z

0

(jZ j2) dz

I 8 =
1Z

0

(jDX j2 + a2jX j2) dz I9 =
1Z

0

(jX j2) dz

(6.2)

Putting � = i� i in equation (6.1) and equating the imaginary part leads to

� i

�
I 1

"
+

�
g �

� 0�M 0r H
� m �

� ��a 2

��Lh (z)
Pr1EI 3 �

� 0M 0(1 + ��T )
� m

a2"
Pr2H

Pr2I 5

�
� e"Pr2I 4

4�� m Pr2
�

d2I 7

"
+

� e"d2Pr2I 9

4�� m Pr2

�
= 0

(6.3)

From equation (6.3), it is concluded that either � i = 0 or � i 6= 0, i.e. the modes may be
non-oscillatory or oscillatory, respectively.

For a non-magneto-rotatory system (i.e. I 4 = I 5 = I 7 = 0), equation (6.2) reduces to

� i

hI 1

"
+

�
g �

� 0�M 0r H
� m �

� ��a 2

��Lh (z)
Pr1EI 3

i
= 0 (6.4)

It is obvious from equation (6.4) that if g > � 0�M 0r H=(� m � ) then the term inside the square
bracket will surely be positive, which leads to � i = 0. Therefore, the modes are non-oscillatory
and the principle of exchange of stabilities is satis�ed. The oscillatory modes are introduced due
to the presence of magnetic �eld and rotation. Thus the su�ci ent condition for the oscillatory
modes to appear in the system is that the inequalityg < � 0�M 0r H=(� m � ) is satis�ed.

Further, for an ordinary viscous 
uid � 0 = 0 (i.e. � = 0), equation (6.3) reduces to

� i

hI 1

"
+

g��a 2

��Lh (z)
Pr1EI 3

i
= 0 (6.5)

which implies that � i = 0 and the principles of exchange of stabilities is found to hold good.
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7. Conclusions

In this study, linear stability theory is used to �nd the crit ical Rayleigh number for the onset of
both stationary and oscillatory thermal instabilities. Th e e�ects of various embedded parameters
(rotation, magnetic �eld, compressibility, heat source, permeability and porosity) on thermal
instability of a ferro
uid have been analyzed for the stationary state. The main conclusions
drawn are presented as:

� For the case of stationary convection, compressibility, medium porosity and temperature
gradient due to heat source (except at the lower boundary) accelerate the onset of convec-
tion, whereas rotation and ratio of magnetic permeability delay the onset of convection.
The magnetic �eld and medium permeability have dual e�ects on thermal instability of
the system, whereas in the absence of rotation, the stabilizing e�ect of the magnetic �eld
and the destabilizing e�ect of the medium permeability is obvious from equations (3.16).

� The conditions P � (1 + x) < �E (Pr 2" + Q1P2) and �E > � are the su�cient conditions
for the non-existence of overstability. The principle of exchange of stabilities holds good
for an ordinary viscous 
uid and also in the absence of magnetic �eld and rotation for
g > � 0�M 0r H=(� m � ). Hence, the oscillatory modes are due to the presence of magnetic
�eld and rotation only.

� Finally, from the present study, it is concluded that the compressibility, porosity, perme-
ability, rotation, magnetic �eld and heat source parameter have profound e�ects on the
onset of ferroconvection saturating a porous medium. The present work will also be useful
for understanding more complex problems under di�erent physical parameters mentioned
above, and it is also possible to suppress the convective instability in a ferromagnetic 
uid
layer by controlling the magnitude of heat source, compressibility and medium porosity.
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