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In the paper the algorithm to determine o;;(n,0), €;;(n,6), u;(n,6),
dn(n), I,(n) functions that are necessary to obtain values of stresses,
strains and displacements in the crack tip neighborhood according to
the Hutchinson, Rice and Rosengren solutions is presented. The algori-
thm can also be used to determine ;;(n,0,T), €;;(n,0,T,), u;(n,0,T;),
dn(n,T), In(n,T,) functions for a 3D approximate solution of the stress
field in front of the crack introduced by Guo Wanlin, where constraint
due to the thickness effect is introduced through the 7T, function.
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1. Introduction

In 1968, Hutchinson (1968) published a fundamental work, which characte-
rised stress field in front of a crack for the non-linear Ramberg-Osgood (R-O)
material. Following Williams (1952), Hutchinson proposed the Airy function
for non-linear materials in the form of a series

¢ =101(0) +1'02(0) + ... (1.1)
where r and 6 are polar coordinates of the coordinate system located at the

crack tip. The functions 51(0) describe angular changes of components of the
stress tensor.
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Hutchinson limited his considerations to the first dominant element of this
series. Using the compatibility equation and the R-O relationship, Hutchison
obtained formula for the stress field in front of a crack in the form

Op = ﬁr“Q&e(ﬁ, s) op = ?7“5*259(0, s)

. . (1.2)
o = Kr5725,(0, s) o9 = Kr726,4(0, s)

where s = (2n+1)/(n+1), n is the R-O exponent, o, is the equivalent stress,
or, 09, Org are the stress tensor components in the polar coordinate system,
K is the plastic stress intensity factor, which can be related to the J-integral
through the relationship (McClintock, 1971)

= J  \T
K=(— 1.3
(a00501n> (1.3)
where: « is the R-O constant, E is Young’s modulus, oq is the yield stress,
go is the strain related to o( through the relation ¢y = o¢/E.
Thus, relationships (1.2) are usually known in the form

_ !] 1«11»71,\,
O'ij —O'O(m) UZ](Q,n)—f-
J 1ﬁn~
€ij = Oée’fo(m) €U(0,n) + ... (14)

u; — U = aaor( EZOACKD

aopegl,r
Functions ¢;5(n,0), &;(n,0), u;(n,0), I,(n) must be found by solving the fo-
urth order non-linear homogenous differential equation for the plane stress
and plane strain independently (Hutchinson, 1968). In the literature, these
functions are presented for limited values of the strain hardening exponent n.
However, it is very often required to use values of these functions for other
values of n than given in the literature. The program proposed in this pa-
per allows one to obtain all functions in the HRR solution for an arbitrary
exponent n.

2. Generalization of the HRR solution to the 3D-case

Values of the functions o;;, &, u; and I, for a predetermined stain harde-
ning exponent n depend on selection of the plane stress or plane strain model
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of an element. In a real specimen, the plane strain or stress states can be found
in the vicinity of the symmetry axis of the specimen close to the crack edge or
near the free surface of the specimen, respectively. The remaining part of the
specimen along the crack front is dominated by three-dimensional stress and
strain fields.

Guo (1993a) defined the T,-function as

033
T,=— 2.1
T o+ o @1)
For the non-linear plastic materials, T, is equal to 0 for plane stress and 0.5
for plane strain. Thus, 7, changes from 0.5 to 0 along the crack front from
the specimen axis to the specimen surface.
Using function (2.1), Guo postulated the Maxwell stress function in the
form

¢ = Kr*T=)g;(0,T.,) (2.2)

where the functions ggi(H,Tz) describe the angular changes of stress tensor
components. In the functions ¢; both the s exponent and 51 functions were
assumed to be dependent on the function 7,. The ¢; functions were used to
obtain a solution analogous to the HRR field. However, Guo’s solution is not
limited to the plane strain or plane stress cases. Since the T, function changes
along the crack front, Guo’s solution covers also these layers of the material
along the crack front which are in the 3D state of the stress and strain field.
The only requirement is to know the T, (x1,z3) function.

Guo showed that the s(7%) function is equal to s in the HRR solution
for the plane strain (7, = 0.5) or plane stress (7, = 0) cases only. However,
between the specimen axis and the specimen surface s(0 < T, < 0.5) # SyRR-
Moreover, for all these points along the crack front, the Jintegral is not path
independent.

Because at the above problems, Guo postulated a general approximate
formula for a quasi-three-dimensional case in the form

J T

Tij = JO(aaoffoI:C(l:L,Tz)r) a 7ij(0,n,T) (2.3)
where: Jg,, is the J-integral computed for the contour of integration drawn
over the domain dominated by the plane stress (r > B where B is specimen
thickness). In Eq. (2.3), the out of plane effect was taken into account by the
value of T,. Guo demonstrated, by comparison with numerical results, that
using Eq. (2.3) the error in stress values along the crack edge was not greater
than 7% for n = 10 and decreased with n. Equation (2.3) can be used for



22 J. GArLKIEWICZ, M. GRABA

each point along the crack front as well as for the mean value of T, through
the specimen thickness. In that case, one obtains an intermediate case with
respect to the plane strain and plane stress models. In the polar coordinate
system, the Guo solution is

o, = Kr*725,.(n,0,T.) o9 = Kr*254(n,0,T.)
(2.4)
o0 = Kr¥7%5,4(n,0,T.)
where
_ - 9% _ ~
Jr(nv 97TZ) - 3¢ + ap2 Ue(nv 97TZ) = S(S - 1)¢
00
(2.5)
57’9(”707TZ) = (1 - S)g_(g
and
O = Kr5_25e(n, 0,T,)
(2.6)

0, = TZKT‘S_Q[&T(n, 0,T,)+ d9(n,0,T,)]

In the following section the functions in Eqgs (2.5) will be determined.

3. Calculation of values of 7;;(n,0,T,), &;(n,0,1.), u;(n,0,T,),
dn(naTz)a In(nyTz)

The constitutive relation of a homogeneous isotropic elastoplastic continu-
um can be expressed by

1—-2v

gij = (1 +v)S; + 3

where S;; is the stress deviator, J;; is the Kronecker delta, v is the Poisson
ratio and o, is the von Misses equivalent stress.

The strain components in the cylindrical coordinate system can be written

in the form

3
Ukk;éij + Eaag_lSi' (3.1)

3 _ 14T

err = (L4 v)op — (14 Ty)v(op + ogg) + Eaagffl |:0'7,7, — TZ(UTT + 099)}
3 _ 1+T.

gogp = (L +v)ogg — (1 +T2)v(ow + 0gp) + 50602}]«1 [099 - = (o + 099)}

3 -
Erpg = (]. + I/)O'Tg + 50[0'gff10'r9 (32)
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Making use of Eq. (2.4) and Eq. (3.2) in the compatibility equation (3.3)

902 r or r2 Or

2 2
10 %8 Err lasrr 2 0 ( 85749) —0 (3.3)

r o) o 50

one can obtain forth order non-linear homogeneous differential equation (3.4)
with two unknowns: the functions ¢(#,T,) and the singularity parameter s(7%)

(s —2) + n(s - 2z [o(s(2 DAy FO Ty

92 -1 3—s(1+1T, 9%¢ 12T,

ol B + ST+
i~ (3—s(1+ T, 926 2 — T,

o2 () B (BT

—2n (3—2)+1]§0{3(1— )&g—lg—‘;} =0

(3.4)

In order to find values of 7;5(n,0,T%.), ;(n,0,T.), u;(n,0,T%), dn(n,T%),
I,(n,T,), Eq. (3.4) should be solved first. After transformation of Eq. (3.4)
one can obtain

9*¢  NUMERATOR

00" ~ DENOMINATOR (3.5)

where
NUMERATOR = - ~

ot 2(Gg) + (i )] [~ ]
- [qub + Zs (gz)z + (216 + 21 ng) 2293]
e e DI
_ngln;ﬂzlﬁgb +Zl5(g?)2+(217$+z12227f)227f} ’ (3.6)
{5 o o ) 5 o s (555

) - [200° + 215(?3)2 + (Z0d + 2122%))%} agt



24 J. GArLKIEWICZ, M. GRABA

[gz( Z16 g? + ZZ?(QZm + 2217)) ;Hf (2216<75 + 229%(2215 + Zl7)> +
w2z ) | (6 + 2:535)

8$ 9 2¢ 82¢
DENOMINATOR Z5 [Zlﬁqb + Z15(89> (Zl7¢ + Z12 892) 892} +
n— D2 ~ 2oy %P1 ™
+— {Zl6¢ + 215(80) + (Zl7¢ + Z12 802) 892} (3.7)
92 27
. Ny, 0%
. (Zl7¢ + 2Z12 w) (Z4¢ +Z5 W)
and
Z1 = [n(s = 2) + 1[n(s — 2)] Zvo = Z1Z3+ ZsZs — Zs + ZsZr
3(s—1)—s(1+T,
Zy = 8( ( ) 5 ( )) Zhve = $*Z12 + ZraZhg — sZ14
Z3:1+TTZ Zig=1-T,+T?
3—s(14+T,
Zy = 8(%) Z13 = 32(3 - 1)2
2-T, 2
Zs = 5 Ziy = (142T, — 2T7)s(s — 1)
Zs =2[n(s —2) +1] Z15 = 3(s — 1)*
Iy = g(l —5) 211 =244 — ZgZy
Zs =n(s—2) Zhr = 28212 — Z14

Zo = 7179 — Zs 74

To solve Eq. (3.5), a combination of numerical methods was used (see
Fig.1). The function &(9) was found by the forth order Runge-Kutta method
(Burden and Faires, 1985), and in order to find the initial value of 92¢(0)/d6>
and the value of the power exponent s(7%), the shooting method (Burden and
Faires, 1985; Marciniak et al., 2000) was used.

It turns out that during the process of numerical computations, more itera-
tions are required when the strain hardening exponent n increases. A solution
to the plane strain problem is more easily obtained. A satisfactory convergence
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Inputs:
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n, Tz, precision (prec),
integration step (d_teta),

iteration (iter. limit)

!

determination
S=2n+1)/(n+1)

Initial singularity

F(x) <prec

in the main loop S and #"'(0) are found to satisfy
conditions ¢'(0)=¢""(0)=0 with the initial

conditions ¢(m)=¢'(7)=0

initial value of

¢"(0)and §'( )

Determination of the

Y

New value of

40)
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to fulfill condition ¢/( 7)=0

| in this loop the valu of S is found to

| fulfill the condition ¢(m)=0

=

L
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initial value of
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v
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Results ‘

Fig. 1. The algorithm for numerical solution to Eq. (3.2)
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was found for the strain hardening exponent n < 20 in the case of the plane
stress, and for n < 30 in the plane strain. The convergence depends on T,
and the worst situation was observed for T, € [0.23 —0.27]. Exemplary results
for the strain hardening exponent n = 20 and the plane stress are presented
in Fig. 2.
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Fig. 2. Exemplary results for n = 3, T, = 0; (a) stress functions &(6), (b) strain
functions £(0), (c) displacement functions u(f) and their first derivatives,
(d) function ¢(0) and its derivatives

20 0 oy

4. Calculations of d, and I, functions

In order to compute the crack opening displacement (Neimitz, 1998), one
must know the value of d,(a,e,n,T;)

or = dn(a,e,n,TZ)Ji (4.1)
0
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Using Eq. (2.1) and the method proposed by Shih (1981), (see Fig. 3), one can
compute d,, for any material from the following formula

3=

dn = 13172(71', n, Tz) (% [17’1 (77) n, TZ) + 272(7‘(', n, TZ)]) (42)

n

\
/4N /
\\ ///
N

crack edge

Fig. 3. Definition of CTOD

The value of the function I, (n,T,) follows form the path-independency of
the J-integral. The J-integral is path-independent when

B ™ n ~n+1 - § . ~ [~ ~ = ~ ~/
I(T.,n) = /{n+1ae cos 0 2(sm9[ar(u9 U,) — ooy +u9)]>] +
o (4.3)

+ gcos 0[n(s — 2) + 1](o,u, + 5r9270)} do

5. Comparison of results

The values obtained with the help of the program hrr_par.exe for I,,(n) and
(m/1,)Y "+ which depend on the R-O power exponent n, may be compared
with the Hutchinson results obtained for 7, = 0.5 or 0 (Hutchinson, 1968).
Differences are presented in Table 1. The differences are smaller than 0.3%
both for the plane stress and plane strain.

The values of the singularity exponent s(n,T,) are close to Guo’s results
(Guo, 1993a,b). The differences are less than 0.15% almost for all cases (Ta-
ble 2). Only for n = 8 and T, = 0.45 this difference is about 1.35%. In Fig. 4,
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the function d,, (obtained using hrr_par.exe) is presented. Results are close to

J. GArLKIEWICZ, M. GRABA

those presented by Guo (1995).

Table 1. Values of I,,(n) function, (m/I,)Y®+1

‘ n ‘I ‘I HRR‘leference‘ (/1) T (/1) i1|HRR‘Diﬂference
Plane stress (T, = 0)
3| 3.85 3.86 0.26% 0.950 0.949 0.15%
5| 341 3.41 0.00% 0.986 0.987 0.06%
9 | 3.03 3.03 0.00% 1.004 1.004 0.04%
13| 2.87 2.87 0.00% 1.006 1.006 0.05%
Plane strain (7, = 0.5)
3| 5.51 5.51 0.00% 0.869 0.869 0.00%
5| 5.02 5.01 0.20% 0.925 0.925 0.02%
9 | 4.60 4.60 0.00% 0.963 0.963 0.04%
13| 4.40 4.40 0.00% 0.976 0.976 0.02%
Table 2. Values of singularity exponent s(n,T)
n I:
0 03 | 04 0.45 0.5
Our results
3 —0.2500000 | —0.2380839 | —0.2380157 | —0.2426839 | —0.2500000
3.6364 | —0.2156929 | —0.2031756 | —0.2034906 | —0.2084886 | —0.2156854
8 —0.1111266 | —0.0997175 | —0.1019225 | —0.1059254 | —0.1111112
10 | —0.0909101 | —0.0803697 | —0.0828057 | —0.0863690 | —0.0909083
Guo results
3 —0.250000 | —0.237825 | —0.237730 | —0.242500 | —0.250000
3.6364 | —0.215686 | —0.203186 | —0.203186 | —0.208336 | —0.215686
8 —0.111111 | —0.099617 | —0.101835 | —0.104511 | —0.111111
10 —0.090909 | —0.080280 | —0.082909 | —0.086409 | —0.090909
Differences between our results and Guo ones (Shih, 1981)
3 0.00% 0.11% 0.12% 0.08% 0.00%
3.6364 0.00% 0.01% 0.15% 0.07% 0.00%
8 0.01% 0.10% 0.09% 1.35% 0.00%
10 0.00% 0.11% 0.12% 0.05% 0.00%

The results presented in this section concern an infinite plate with the crack
loaded at infinity. The results for a finite body can be found in Gatkiewicz and
Graba (2004).
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dn:dn(n:Tz)

Fig. 4. Results of normalized crack tip opening displacement for different n vs. T,
6. Conclusions

Using the program hrr_par.exe, one can obtain results for a wide range of
materials which are characterised by n, og, €9, £ in an easy and fast way.
The obtained results are accurate when compared to those published in the
literature.

The program hrr_par.exe — the source version (for Delphi 6) and the compiled
source are available on:

http://www.tu.kielce.pl/~pgfm /HRR.htm

http://www.tu.kielce.pl/~mgraba — Fracture

http://www.tu.kielce.pl/~mgraba/Fracture_03.htm
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Algorytm wyznaczania funkcji o,;(n,0), €;;(n,0), u;(n,0), d.(n), I.(n)

w rozwigzaniu HRR i jego tréjwymiarowym uogdlnieniu

Streszczenie

W artykule zaprezentowano algorytm pozwalajacy na okreslenie funkeji 7;;(n, 6),
€ij(n,0), w;(n,0), dn(n), I,(n) niezbednych do opisu pola naprezen, odksztalcen
i przemieszczen w materiatach nieliniowych wedtug prawa Ramberga-Osgooda. Algo-
rytm pozwala uzyskaé¢ réwniez wartosci funkcji 7;;(n,0,T%,), €;;(n,0,T%), w;(n,0,T%)
dla prébek tréjwymiarowych przy wykorzystaniu parametru T, ktéry zalezy od gru-
bosci prébki i moze byé wyznaczony numerycznie.
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