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A theoretical investigation of vibration control for linear laminated pla-
te due to uniform, harmonically or arbitrarily varying in-plane forces is
presented. A distributed controller in an active system consisting of elec-
troded piezoelectric sensors/actuators with suitable polarization profiles
is considered. To satisfy the Maxwell electrostatics equation in the actu-
ator, a constant electrical potential distribution in the in-plane directions
and linear distribution in transverse direction cannot be assumed but is
rather obtained by solving the coupled governing equations by assuming
a certain theoretically advisable distribution in the thickness direction.
Coupled dynamics equations with respect to a plate displacement and
an electric field are derived using the Hamilton principle. The rate velo-
city feedback is applied to stabilize the plate parametric vibration. The
almost sure stability of the trivial solution is analysed using the appro-
priate Liapunov functional.
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1. Introduction

Distributed piezoelectric layers can be used as distributed sensors and ac-
tuators for structural monitoring and control of elastic structures. In most of
the published literature on active systems consisting of continuous mechanical
systems with piezoelectric sensors and actuators, the actuator equations were
simplified by assuming that the generated electric fields depend only on the
applied external voltages (Lee, 1990; Tylikowski, 2001). In addition, the di-
stribution of the electric potential ¢ is assumed to be uniform in the in-plane
directions of the piezoelectric actuator and linear in its thickness direction.
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The approach was criticized since the Maxwell electrostatics equation is not
satisfied for the actuator layers (Gopinathan et al., 2000; Krommer and Ir-
schik, 1999, 2000; Tylikowski, 2005; Wang and Quek, 2000). In this paper,
the coupled partial differential equations describing the transverse plate mo-
tion w and the electric potential are derived. The two piezoelectric layers are
placed symmetrically with the poling direction oriented in the transverse di-
rection of the plate. When voltages of equal magnitude but opposite phase
are applied to the upper and the lower piezoelectric layers of the plate, the
induced strains are resulting in flexure action. The sensor layer is made of a
thin piezoelectric foil PVDF with a negligible stiffness as compared with the
plate and the piezoelectric actuators stiffnesses. The derived plate dynamics
equation which contains the component dependent on the second derivative of
electric field is derived. Similarly, the Maxwell equation contains an additional
component dependent on the plate curvatures. The plate is supposed to be
bi-axially loaded by time-dependent forces, which can excite parametric vi-
bration and destabilize the equilibrium state. The present paper is devoted to
formulating a control law without the necessity of modeling the plate in terms
of its vibration modes. The voltage applied to the actuators is calculated from
the rate feedback. The derived coupled equations are applicable to the stabi-
lity analysis of plate parametric vibration. The control law is derived using
the Liapunov approach, with a functional as a sum of the modified mechani-
cal plate energy and the energy of electric field. The results indicate that the
transverse plate vibrations can be effectively stabilized using the distributed
piezoelectric elements.

2. Derivation of dynamic equations

Consider the symmetrically laminated rectangular plate of length a,
width b and the total thickness 2h with two piezoelectric actuators of thick-
ness hi, embedded symmetrically at the distance e from the plate middle
plain, with poling direction oriented in the transverse direction of the plate.
When voltages of equal magnitude but opposite phase are applied to the upper
and the lower piezoelectric layers of the plate, the induced strains are resulting
in flexure action. The sensor layer is made of a thin piezoelectric foil PVDF
with a negligible stiffness as compared with the plate and the piezoelectric
actuators stiffnesses and with the appropriate polarization function. The ana-
lysis will use the Kirchhoff kinematic assumptions to describe the plate strains.
The plate is assumed to be simply supported on all edges.
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Strains and stresses in a laminated plate according to the Kirchhoff theory

are
Ep = —2W g Ey = —2W,y Yoy = —22W gy (2.1)
0925 = 1E/4p,/123(€”” +vpey) + €31 E; J; = 1zfgplﬁ%(ay +vpeg) + enE,
Ty = %%y o = Qn x +Q1 €y (22)
oy = Qi er + QL) €y 1(k Q66 Yy

where the superscripts 1 and 2 represent the laminated plate and the piezoelec-
tric material, respectively, w is the plate transverse displacement, z denotes
the distance from the plate middle plain, Y, and v, denote the Young modulus

and the Poisson ratio of the piezoelectric material, respectively. {Q Ef)} deno-
tes the stiffness matrix of the kth lamina, eg; and ez denote the piezoelectric
constants and F, denotes the component of electric field in z-direction. The
electric potential @ is assumed in the form proposed by Wang and Quek (2000)
as a combination of an approximate half-cosine and linear variation

_ m2) 2z
P ="0(z,y,21) = — COS(h—l)w(m,y,t) + 5, P (2:3)

where z; is a local co-ordinate measured from the center of the piezoelectric
actuator in the global z-direction, ¢, is the value of external electric voltage
applied to the actuator electrodes and ¢(z,y,t) is the time and spatial varia-
tion of the electric potential in z-direction. The components of electric field E
are given as follows

E, = —cos(g )<Pa: , By = _COS(%)%Z] (2.4)
N T
EZ:_Sln(hl) h_l""h_l@a

Components of the electric displacement in a piezoelectric layer are given by
D,==5211FE, Dy = 522Ey D, = Z33F, + e316, + €32€y (25)

The system Lagrangian is written as the volume integral of kinetic energy and
electric enthalpy

1
L— /(§p’w72T ~ U+ D, By + DyE, + D.E.) d22 (2.6)
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Substituting the components of electric field and strains we have

1 & . i
L= ) /{p(z)w?t - le)z%?m — 2Q§2)22w7mw7yy _ Qgg)ZQU)?yy n

19,
Soz + Sz(t) Soy + Sy(t)
Qe + S S (27)
+Z11 cos (h—l) + Z9o COSQ(%)@%}, + Z33 [— Slﬂ( h?)sﬁ;; + h%s@ar +
[Sm(WZl) hi - hz }(631271),:1::1: + 632Zw,yy)} df?

Integrating with respect to z over the thickness 2h we obtain the Lagran-
gian of the system as a function of the transverse displacement w(z,y) and
electric potential ¢(x,y) of the plate

a b
1
T2 //{%hwi a D”w?” — 2D12w,zew gy — D22w,2yy - 4D66w,2my +

w?, + (2.8)

+E1h@% + Sash1@’, + [Sow + Su(t)]w?, + [Soy + Sy(t)]
w2 o 42

hﬁ” T

+533< ) + 4(es1w 5o + €32W,4y) [QWE@ - (6 + %)S%} } dxdy

Remembering that the variation of external potential ¢, is equal to zero we

apply the Hamilton principle and finally we obtain

a b

///{ [(_Qﬁhw,tt - Dllw,mmaz:ﬁ - 2(1912 + 2D66)w,a}xyy - D22w,yyyy +
00

4h
—[S0w 4 Su(8)]w 2 — [Soy + Sy(D)]w.yy + 71(6314,0@95 + €32 y) +

h
_2<6 + ?1) (63190a,zx + e32@a,yy))5w + (2'9)
- T2 _ _ 4h
+(:33h1 (h_1> <P—:11h1<P,m—:22h1¢,yy+71(631w,m + 632w,yy)>5@} dxdy +

b

4631h1 h1 a
+ /(_Dllw,:m: D12w,yy + "2 2(6 + 7)63190a> 0
0

ow o dy+
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a

+ /(_DIZw,zz - D22w,yy +

0
b
—/511h1<P,m
0

The Euler equations which are obtained from the condition that dw and d¢ are
independent of the transverse plate displacement w and the in-plane electric
potential vp are as follows

desohy b
-2 ) d
- © ( o Wy ar +

e+ %)&32%)

a

a b
05@ dy — /:gghlapﬂ}o&p dm} dt=0
0

2ﬁhw,tt + Dllw,mmaz:ﬁ + 2(1912 + 2D66)w,ma}yy + D22w,yyyy +

4h
+[S()x + S(t)]wﬂm + [Soy + Sy(t)]wgy + 71(63180,:10:1@ + 632907%,) +

h
—2(e + 71) (310,00 + €320ayy) =0
(2.10)
2

- — 4h,
=833~ E1hi@er — E22h19 4y + P (€31W 3z + €32W 4y) = 0
1

(z,y) € (0,a) x (0,b)

From Eq. (2.9) we also obtain the natural boundary conditions for z = 0 and
r=a

4h h
w =10 Dw zg + Diow gy — 71631<P + 2(6 + 71)631% =0

(2.11)
=0 or ¢,=0
and for y=0and y =0
4h1 hl
w=0 Diow gz + Dogw gy — o e2¢ + 2(6 ™ 7)632(‘0‘1 =0 (2.12)

p=20 or p,=0

Introducing the passive damping viscous term with coefficient o = 4phg,
and the active damping feedback term (Tylikowski, 2005)
a b
9a(7,y) = G(€31Xa,zzt€32Xayy) / / Xs (2, y)(€31W zote3ow,yy) ¢ dudy (2.13)
0 0

where Y, is the actuator polarization function and Yy is the sensor sensitivity
function (Gardonio and Elliott, 2004) with piezoelectric constants ef;, e3,, we
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obtain the following basic system of partial differential equations with respect
to w, ¢

2ﬁhw,tt + 4ﬁhﬁw,t + Dllw,zwzz + 2(D12 + 2D66)w,mmyy + D22w,yyyy +
4h
+[Sox + Sz (t)]w 4z + [Soy 4+ Sy (£)]w,yy + 71(e31<p,m + e300,4y) +

+ga(x7y) =0 (2.14)

2 4h

- — - 1

233h—80 - thl@,m - :22h180,yy + —W (631w,m + 632w,yy) =0
1

(z,y) € (0,a) x (0,b)

The sensor voltage is calculated from an elementary formula relating the
charge, the generated voltage and the sensor capacity. Distributed piezoelec-
tric elements are implemented to suppress the motion caused by parametric
disturbances. A proportional controller in an active system consisting of elec-
troded piezoelectric sensors/actuators with a suitable polarization profile is
considered. The active stabilizing effect with velocity feedback is described by
term g, (x,y) with the gain G.

3. Energy extraction

Vibration damping of the plate with parametric excitation can be exami-
ned by means of the total energy considerations. The method can be applied
without earlier modal or finite-dimensional approximations. The energy consi-
sts of the kinetic energy, the bending energy, the elastic energy of compression
due to constant components of the in-plane forces Sy, and Sp,, and the energy
of electric field

1 a b
E = 5 //<2ﬁhw?t + an?m + 2D12w,mw7yy + D22w’2yy + 4D66U}’2$y +
00 (3.1)
2
T
—<p2> dx

2 2, = 2 | = 2 | =
—Sopw?y — Soyw?, + E11h1e’ + Enhip], + Es3 3
1

The energy is positive definite if the clasic buckling condition is fulfilled by
the constant components of in-plane forces. By differentiating Eq. (3.1) with
respect to time, the rate of energy extraction is given by
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a b
dFE _
E = //<2Phw,ttw,t + Dllw,zxtw,zx + D12w,x:vtw,yy + D12w,zxw,yyt +
00

+D22w yy Wyt + 4ADe6W 2y W zyt — S0oW Wzt — SoyW yW,ye + (3.2)
2
—_ — T
+E11hY 2Pt + E2h10 40 + Z33 E‘P@,t) dx

Integrating by parts we have

a b

2
_ _ T
I = //(:11h180,x80,zt + Eh10 Pyt + 233h—18090,t) dxdy =
00 (3.3)
a b 9
— _ _om
= //(—Suhw,mt — E9h1¢yyt + :33h—<P,t><P dxdy
00 !
Substituting the electrostatic equation (2.14)2 we have
AR a b
1
I = —7//(631w,mt + 632w,yyt)90 dxdy
00
¢ 4h h
//[Dllw,a:acazaz + D12w,zzyy - 71(;0,1‘1‘ + 2(b + 71>631§0a,m$)w,t dﬂﬁdy =
00
i 4h h
= //(Dllw,a:x + D12w,yy - —1()0 + 2(b + _1)631()061} W xat dxdy
T 2
00
(3.4)

degz1hy

h
[Dl?w,myy + Do yyyy — ———Pyy + 2<b + ?1)63180&?;3;}1”71‘/ drdy =

St~
s} O\c-

b
desoh h
= //[DIZW,mw + D22w,yy - %‘P + 2(b + 71)63190(1} W yyt dxdy
00

Eliminating the acceleration in the first part of integrand of Eq. (3.2) by
means of dynamic equation (2.14); and using Egs. (3.4) gives
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a b a b

dE

- = —//4ﬁhﬁw?t dxdy + //[Sx(t)w,m + Sy(t)w yylw, dedy +
0 0 0 0 (3_5)

a

b
h
—2(6 + ?1) //tpa(eglwymt + e32W yyt) dxdy
00

The first negative component in Eq. (3.5) represents the rate at which the
energy is extracted from the plate by the passive viscous damping. The se-
cond component with an undefined sign is the power flow due to the para-
metric excitation. The third term in Eq. (3.5) represents the active damping.
Rewriting the active damping feedback term in the form (2.13) and assuming
the same polarization functions of the sensor and actuator y, = xs, it can be
shown that the third term is also negative

a b a b

dFE

o —//4ﬁhﬁw?t dxdy + //[Sx(t)w,:m: + Sy(t)w yylw, dedy +
00 0 0 (3.6)

a

b
2
_G|:/ / Xa(.’IJ, y) (631w,mmt + 632w’yyt) dl‘dy:|
00

Therefore, for a sufficiently large gain factor G it is possible to stabilize
the parametric vibration excited by the time-dependent in-plane forces.

4. Stability analysis

The derived Eq. (3.6) does not provide an effective quantitative estima-
tion of the minimal active damping coefficient or the gain factor stabilizing
the parametric vibration. In order to derive an analytical relation involving
characteristics of the parametric excitation, and parameters of the passive
damping and the active damping, it is necessary to define precisely the class
of the parametric excitation. The derived equations are applicable to stability
analysis of the parametric plate vibration due to the action of time-dependent
in-plane forces. As the equations (2.14) are linear, it is sufficient to examine
the asymptotic stability of the trivial solution. We look for conditions imposed
on the plate geometry, the viscous damping, the gain factor and the in-plane
force characteristics which imply tending to zero of the distance of the distur-
bed solutions from the trivial one. If the in-plane forces are stochastic ergodic
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processes with physically realizable trajectories, we examine the almost sure
stochastic stability (cf. Kozin, 1972)

P{ lim [[w(®), ¢(t)] =0} =1 (4.1)
— 00
where ||-, || denotes the distance between solutions. The energy-like Liapunov

functional containing among others the kinetic energy, the elastic energy and
the energy of electric field, is introduced to examine the asymptotic stability

a b
1
V= 3 / /(Qﬁhwi + dphpww ¢ + 4ﬁh62w2 + Dllw?m + 2D12W 47W 4y +
00

+D22w?yy + 4D66w?zy - SOxw?z - Swa?y + 511h1¢?x + (4.2)
2 m° 2
+E22h1p%, + Sa3,¢ ) dx

For sufficiently small in-plane forces Sp, and Sy, functional (3.1) is positive
definite, and its square root can be chosen as the distance between the distur-
bed solution and the trivial one |- || = v/V. If time-dependent components
of the in-plane forces are continuous and physically realizable, the functional
can be differentiated in a classical way

a b

dVv

P //[Qﬁhw,tt(w,t + Bw) + 4phBPww + Qﬁhﬁw?t + D11W gt W goe +
00

+D12W 221 W,yy + D12W 22W yyt + D2oW yyW yyt + 4D66W 2y W oyt + (4.3)
2
_SOxw,zw,xt - Swa,yw,yt + :fllhlso,x@,zt + :22h1S0,yS0,yt + :33h_§090,t} dx
1

Eliminating the acceleration of transverse motion by means of Eq. (2.14),
using Eqs. (3.3) and (3.4) and integrating by parts using the boundary con-
ditions (2.11) and (2.12), we rewrite the time derivative of functional in the
form

av
=2V 2 (4.4)

where U denotes the auxiliary functional as follows

a b
U= % / / [4ph*ww ; + 4phfu® +
00 (4.5)
H[Se ()W gy + Sy () g (W + Bw) = ga(,y)(w, + fw) } da
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Solving the variational inequality
U<V (4.6)

in the set of functions satisfying boundary conditions (2.11)-(2.13), we obtain
function A as follows

1
1 1
A= max 3 G*+ 22 2
m,n=1,2,... _
(26h8)2(1 + W) + Kmn— Soa (") = Soy ()
(4.7)
where wy,, is the frequency of plate free vibrations without in-plane forces

oo Dy (?)4 +2(D12 + 2D;;)h(%)2<n_bﬂ)2 Dy (%)4 »

Kmn 18 a coefficient dependent on electric properties of the embedded actuator

1612 {631(%)2 +€32(%)2}2
1 2 ) : (4.9)
™ 2uh (%) + Sl (%> T Sasi

and G is the gain factor for the mn mode.
The almost sure stability condition has the form

(\) < 2ph3 (4.10)

where (-) denotes the mathematical expectation.

Analyzing Eq. (4.7) it is evident that as the gain factor G increases, we
observe a decrease of A\, resulting in a saturation effect. The presence of a
positive coefficient K, in the denominator of Eq. (4.7) increases the stability
domain described by Eq. (4.10). Therefore, the results are more conservative
when the Maxwell electrostatic equation is neglected.

5. Conclusions

Coupled dynamics equations with respect to the plate displacement and
the electric field are derived using Hamilton’s principle. The rate velocity fe-
edback is applied to stabilize the parametric plate vibration. A new form of
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Liapunov functional suitable for the stability analysis of a coupled problem is
proposed. The almost sure stability of the trivial solution is analyzed using the
appropriate Liapunov functional. It is shown that stability domains are incre-
ased when the stability problem is solved for coupled equations, i.e. when the
electric potential is taken into account. Therefore, the results are more con-
servative when the Maxwell electrostatic equation is neglected. A saturation
effect is observed during increasing of the feedback gain factor. An unlimited
increase of the gain factor does not lead to increasing of the critical variance of
axial force. A further increase of the critical variance can be obtained applying
multimode control.
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Stabilizacja drgan parametrycznych plyty za pomoca rozlozonego
sterowania

Streszczenie

W dotychczasowym opisie uktadéw aktywnych sktadajacych sie z ciagtego ukla-
du mechanicznego z warstwami piezoelektrycznymi upraszczano rownanie aktuatora
zakladajac, ze generowane w nim pole elektryczne zalezy jedynie od przylozonego ze-
wnetrznego napiecia generowanego przez uklad sterowania. Zakladano réwniez arbi-
tralnie liniowy rozklad napiecia na grubosci warstwy. Nie spelniano w ten sposéb réw-
nania elektrostatyki warstwy wykonanej z materiatu piezoelektrycznego. W niniejszej
pracy wyprowadzono sprzezony uktad rownan opisujacy dynamike plyty prostokat-
nej. W plycie zanurzone sa dwie symetryczne warstwy piezoelektryczne o polaryzacji
prostopadlej do powierzchni plyty. Sensor wykonany jest z cienkiej folii piezoelek-
trycznej PVDF o pomijalnie malej w poréwnaniu z belka i piezoceramicznymi aktu-
atorami sztywnosci. Odksztalcenie w plycie i warstwach piezoelektrycznych opisano
zgodnie z teoria Kirchhoffa. Za pomocg zasady Hamiltona otrzymano zmodyfikowane
réwnanie dynamiki plyty i réwnanie elektrostatyki zawierajace skladniki zalezne od
krzywizn i torsji oraz pochodnych potencjatu elektrycznego. Wyprowadzono réwniez
zmodyfikowane warunki brzegowe odpowiadajace swobodnemu podparciu. Napiecie
dzialajace na piezoceramiczne aktuatory wyznaczono przy zatozeniu predkosciowego
sprzezenia zwrotnego na podstawie zmierzonego napiecia.

Otrzymane réwnania postuzyly do analizy statecznoéci i stabilizacji drgan pa-
rametrycznych plyty poddanej dziataniu sil jawnie zaleznych od czasu dzialajacych
w plaszczyznie srodkowej. Wprowadzono nowy funkcjonal Lapunowa, zawierajacy
obok sktadnikéw mechanicznych sktadniki bedace energia pola elektrycznego. Po zalo-
zeniu rozkltadu gestosci prawdopodobienstwa sit blonowych mozliwe jest wyznaczenie
obszaru statecznosci w funkcji parametrow, to jest wspotczynnika ttumienia, wspél-
czynnika wzmocnienia sprzezenia zwrotnego, srednich wartosci i wariancji sil. Z ana-
lizy wzoréw wynika, ze obszar statecznosci jest wiekszy przy uwzglednieniu dziatania
pola elektrycznego opisanego rownaniem elektrostatyki podczas badania stateczno-
$ci. Pominiecie réwnania elektrostatyki prowadzi do zbyt konserwatywnych wynikéw
stabilizacji. Wystepuje tu zjawisko nasycenia podczas wzrostu wspoétczynnika wzmoc-
nienia.
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