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The problem of the determination of response characteristics and quasi-
optimal control for nonlinear stochastic dynamic systems by using a
multi-criteria linearization technique is presented in this paper. This idea
was first introduced in previous author’s paper (Socha, 1999a) for a sim-
ple dynamic system. In this paper, it is extended, and detailed analysis
is given for a nonlinear oscillator with Gaussian external excitations and
for a few criteria of statistical linearization. The obtained results are
illustrated by a numerical example for Duffing’s oscillator.
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1. Introduction

Linearization methods are the most versatile methods for analysis of non-
linear systems and structures under stochastic excitations. Different criteria of
linearization connected with well known linearization methods such as statisti-
cal linearization, equivalent linearization or exact linearization in three basic
spaces were separately considered in the literature. They were discussed in:

e space of moments of stochastic processes — Elishakoff (2000)

e space of probability density functions of stochastic processes — Socha
(1999b)

e space of spectral density functions of stochastic processes — Bernard and
Taazount (1994).
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The number of different linearization criteria is large (more than 100).
For details see, for instance, a survey papers Elishakoff (2000) or Socha and
Soong (1991). It is clear that the choice of a group of criteria of lineariza-
tion depends on a considered problem but in one group, for instance, in the
space of moments of stochastic processes the problem is open and the choice
requires analysis. To study multicriteria problems, special approaches called
multicriteria optimization methods were developed in the literature. In the
field of mechanics, it was reviewed in Stadler (1984). The objective of this
paper is to show a relationship between these criteria using two approaches of
poly-criterial optimization techniques, namely the scalarization method and
Pareto-optimal solution (Sawaragi et al., 1985; Skulimowski, 1996) in appli-
cation to the determination of the response characteristics and quasi-optimal
control for nonlinear stochastic dynamic systems. This idea was first introdu-
ced in previous author’s paper (Socha, 1999a) for a simple dynamic system. In
this paper, it is extended and detailed analysis is given for a nonlinear oscil-
lator with Gaussian external excitations and for a few criteria of statistical
linearization. The obtained results are illustrated by a numerical example for
Duffing’s oscillator.

Consider a nonlinear stochastic model of a dynamic system described by
the Ito vector differential equation

M
do(t) = ®(x) dt + Y Gy déi(t) (1.1)

k=1
where © = [z1,...,2,]" is the state vector, & = [®1,...,P,]" is a nonlinear
vector function such that &(0) = 0, Gy = [Gk1,...,Gry] " are deterministic

vectors, & are independent standard Wiener processes. We assume that a
unique solution to equation (1.1) exists.

2. Linearization techniques for stochastic systems

2.1. Statistical and equivalent linearization

There are two basic groups of linearization methods for stochastic dy-
namic systems, namely the statistical (or local) linearization and equivalent
linearization. In the case of statistical linearization, the objective is to find
for a nonlinear vector & = [®1,...,P,]" an equivalent one ”in the sense of a
linearization criterion”, i.e., replacing

Y = &(a,t) (2.1)
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in equation (1.1) by a linearized form

Y = &y(my, O, t) + K(my, O, t)x’ (2.2)
where
m, = Elz] ©, = [0;] = Elx{}] (2.3)

with J:? = x; —m,, being the centralized stochastic process
By = [Do1, ..., Doy

is a nonlinear vector function of the moments of  and K = [k;;] is a n xn
matrix of statistical linearization coefficients.

In the case of equivalent linearization, the objective is to find for nonlinear
dynamic system (1.1) an equivalent one in the sense of a linearization criterion
based on response properties for nonlinear system (1.1) and for the following
linearized system

M
de(t) = [A(t)x + C(t)]dt + > [Drx + Gildés(t) (2.4)

k=1
where A = |a;;], Dy = [dij], i, = 1,...,n, k = 1,..., M are matrices
and C = [C4,...,C,]", G = [Gyi,...,Grn]" are vectors of linearization

coefficients.

2.2. Basic linearization criteria for stochastic dynamic systems

Criterion 1a — Criterion of Equality of the First and Second Moments of
Nonlinear and Linearized Variables (Kazakov, 1956)

E[Y] = &9
(2.5)
E[(Y; — EY:))(Y; — EY;])] = > > kik;j0y
i=1j=1
Criterion 1b — Criterion of Moment Error of Approximation
n 2p~ 2
E[(@?’(m,t) - (@m +3 ijg) ) } p=0,1,2,... (2.6)
j=1

where for p = 0 and p = 1 it is known in the literature as Criterion
of Mean-square Error of Approximation (Kazakov, 1956) and Energy
Criterion (Elishakoff and Zhang, 1984)
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Equivalency of response probability densities (Socha, 1999b):

Criterion 2a — Pseudomoment metric

+00 +00
Tow = / oo [ 2PNy (@) = gi(@)| doy . .. don (2.7)
—00 —00
where © = [z1,...,2,), 1 = 23232 a2 ¢ .., € N,

Yo 2r; = 2r.

Criterion 2a — Square probability metric

+o0 +
= [ ..
0 _

where gy (x) and g7 (x) are probability density functions of solutions to
nonlinear (1.1) and linearized systems (2.4), respectively.

lgn(x) — go(2))? dwy . .. day, (2.8)

o0

2.3. Poly-criteria optimization methods

In this section, we quote some basic definitions and facts from multicriteria
optimization theory (Socha, 1999a.,b).
A subset O of a linear space B is called a convex cone if and only if

Va; >0 Vap >0 Ve'z? €0 (aqz' +ax?®) €6 (2.9)

To every convex cone O, there corresponds an ordering relation R in B defi-
ned by
<l =z -zlco (2.10)

The relations of partial order induced by convex cones are generalization of
the natural order in R"™ defined as follows

r<y<=Vi=1,...,n z; <y (2.11)

where = [21,...,2,]" and y = [y1,...,y,]". This is equivalent to the
relation y — x € R'!. The positive orthant R’} satisfies all properties of the
convex cones.

The general problem of multicriteria optimization is

(F: U;— B) — min(O) (2.12)

where the set of admissible controls Uy is a subset of a linear space U, the
goal space B is partially ordered Banach space with a closed convex cone 6.
Moreover, it is assumed that the admissible set F'(Uy) is non-empty and closed.
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2.4. Pareto-optimal approach

A control uey is said to be nondominated or Pareto-optimal, or ©-optimal
if and only if
(F(uopt) = ) N F(Ua) = {F (uopt)} (2.13)

Condition (2.13) means that no element of the admissible set is better than
Ugpt in the sense of the partial order relation.

Relation (2.10) plays the fundamental role in classical problems of multi-
criteria optimization which can be reduced to the simultaneous minimization
of scalar functions

(Fl,Fg,...,Fm)—urnin (214)

2.5. Scalarization methods

The most frequently used scalarization method for the problem
(F: Ug— R") — min(R%) (2.15)

is a positive convex combination of the criteria
N
Fu(u) = 3" wiFi(u) (2.16)
i=1

where u € Uy, w; > 0 for 1 < ¢ < N and Zﬁil w; = 1. The parameters
w; >0, 1 <7< N are weight coefficients.
The scalarization by distance

Fy(u) = d(q, F(u)) (2.17)

where d is a metric in the goal space, ¢ is a fixed unattainable element of the
goal space which dominates at least one point from F(Uy), for instance

Fp(u) = llg = F(u)ll} (2.18)

where [ - [P is a p-th power of the norm in the L, space. For instance, as the
scalarizing family for the finite-dimensional multicriteria optimization problem
with respect to the natural partial order in R", one can consider the following
family of functionals

N
Np(u,w) = sz(Fz(U) —q;)? w € R\ {0} 1<p<oo (219)
i=1
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In a particular case, when n =2, Uy = R' = {k: —0o < k < +oo} and
F, = I,, n = 1,2 an illustration of a dominated point ¢ and relation (2.17)
is given in Fig. 1. In this case, I; and I are two criteria (for instance line-
arization criteria) and the convex curve is parametrized by k (for instance, a
linearization coefficient). The points of the curve are defined by (I;(k), I2(k)).

L(k) |
0.125F

0.120f

Hminf-—--
0.115}

klmin

0.110F d(q,11(k), I (k)

k2min
0.105F
o q:(IlminaIZmin)

L2min

-
|
|
|
I

0.100

1 1 1 L 1 L 1
0.36 0.38 0.40 0.42 ]176)

Fig. 1. A geometric illustration of condition (2.17)

3. Applications for single degree of freedom systems

Consider a single degree-of-freedom system described by
da:l = X9 dt
(3.1)
dxo = [—f(z1) — 2hao] dt + o d§

where h and o are constant parameters, f is a nonlinear function such that
f(0) = 0. Then, the mean value of the stationary solution is equal to zero, i.e
An equivalent linearized system has the form
da:l = T2 dt
(3.2)
dCL‘Q = [—kl‘l — QhCL‘Q] dt +o df

where k is a linearization coeflicient.
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The most frequently used scalarization method is a positive convex com-
bination of considered criteria, i.e.

N
Lopt(k) = aili(k) (3.3)

i=1
where I,,; and I;, ¢ = 1,..., N are multiobjective criteria of the linearization,
and partial criteria of the linearization, respectively, a; > 0,¢=1,..., N are

weight coefficients such that Zf\il a; = 1.

The idea of finding the Pareto-optimal solution is to determine a nondomi-
nated point g whose coordinates are defined by minimal values of considered
criteria, i.e.

q(k) = q(L;,,;, (k) (3.4)

where
I;

k) = min J;(k) (3.5)

The scalarization distance d,, is defined, for instance,by

N
dy = \| Y cilli(k) = L, (K))? (3.6)
i=1
where o; > 0,i=1,..., N are weight coefficients such that Zi]\il o; = 1.

To illustrate an application of the Pareto-optimal approach and scalari-
zation method in the determination of response characteristics, we use two
criteria of the statistical linearization (N = 2). In further consideration, we
analyse two cases of the moment criteria and criteria in the probability density
space.

The corresponding criteria and linearization coefficients have the following
forms.

3.1. Statistical linearization criteria in state space

e Mean-square Criterion

B(f*(z1)|E[2?] — (E[f (z1)a1])?

fars = E]] o
k _E[f(xl)xl]
M= T R
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e Energy Criterion

z1 2 2 T1 2
E[(bf f@)dz) |1ERY (B3 [ f(@) dz| )
Ig = —
1Elz] 1Ez]]
2 T1
E[g—l ({ f(x) dx}
kg =
B[]
Probability density linearization criteria
Pseudomoment metric
+oo +oo
Ipyv = / / x%pxgq]gN(xl,xg) — g1 (x1,22)| dx1dzs
—o0 —00
where p+q=r,p,q=0,1,....
Square probability metric
+oo +00
Ipsy = / /[gN(901,902) — gr(21,22)]* da1day
—00 —00

(3.8)

(3.9)

(3.10)

where gy (x) and gr(x) are probability density functions of solutions to
nonlinear (3.1) and linearized systems (3.2), respectively. gy (z1,x2) is
defined by the Gramm-Charlier expansion (Pugacev and Sinicyn, 1985)

N
Cyiv HV v (.%'1,-752)
ax(@nz) = golan,a)[1+ Y0 3 Comsue L]
k=3 o(v)=k e

where

1

(3.11)

knad — 2kip@ias + kzﬂ%}

exp{ 2(k11koy — ki)

ga(r1,22) = -
27‘(‘\/ k11k22 - k12

(3.12)
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and ¢y, = E[Gpu,(21,22)], are quasimoments vq,v5 = 0,1,..., N,
vi +vy=3,4,...,N, Hy,,(x1,22) and Gp,,,(x1,x2) are Hermite’s po-
lynomials defined by

Hpy(w1,29) = (—1)PH1 exp(lA> ﬂ exp(—lA)

2"/ 0xoxd 2
(3.13)
Gpg(x1,22) = (—1)p+q exp(—A)
opta 1 9 9
[&l/fayg eXP(—i(kn?h + 2k123192 + sz?/z))}y:Vw
where
A = w1122 + 2u19m1 79 + V2Tl
ki1 k1o 1 V11 V12
K= K=V = 3.14
[km k221 Vo1 V22 (3.14)

kij = E[mzxj] i,j = 1,2

For the stationary probability density function the corresponding mo-
ments are as follows

1
k1o = ko1 =0 k22=v—

22 (3.15)
V12 = v21 =0 ki1 = —

v11

The moment k717 has to be found from moment equations.

4. Example

Consider the Duffing oscillator described by
d.%'l = T2 dt
(4.1)
dro = [~wiz) — ex’ — 2hay] dt + o dE
where w?, £, h and o are constant parameters. The parameters selected for

calculations are: w3 = 0.5, ¢ = 0.1, h = 0.05 and o2 = 0.2.
The corresponding linearized system has form (3.2).
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4.1. Moment criteria in statistical linearization
e Mean-square Criterion
Ins = (W — k)?El2}] + 156*(E[27))? + 62(wg — k) (Ela?])?

e Energy Criterion

N2

3 15
Ip = {(w§ =)’ (Blad])* +105( ) (Blef)) '+ e(wf k) (Ela1))”
where )
o
E[2? = —
[21] Ahk
Then, the set of dominating points is presented in Fig. 2
Iz
0.125F
0.120f Ertsimin
Intsmin - —MEmin
0.1151
0.110f d(q Ins (k). 1p (k)
B kEmin:
0.105} »
q=IMSmin, IEmin) i TEmin
0.100 [ 1 . L/

1 -
0.36 0.38 0.40 0.42 Tys

Fig. 2. A graphical illustration of the set of dominating points determined by

(4.2)-(4.4)

e Convex combination

IoptZOéIMs(k)—l—(l—Ck)IE 0<ax<1

(4.5)

The characteristics Kpmin = kmin(o) and Iop = Iopt(o) determined by

relation (4.5) are shown in Fig. 3a,b, respectively.

The characteristics dg = dg(k) and d,, = dy(a) obtained by Scalariza-

tion by distance have the form

dp (k) = \/ (L, — Duas (k)2 + g, — Ip(k)]?

du(e) = \Jallus,., — Ius(®R)? + (1 - a)lIs,,,, — Ip(k)?

(4.6)

for 0 < a < 1. A graphical illustration of these characteristics is given

in Fig. 4a,b, respectively.
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kmin (a) Iopt “ (b)
1.72 0.4}
1.68
0.3
1.64
0.2
1.60
0.1
1.56
1,52.|.|.|.|.|=~ 0.1.1.1.1.1:
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Fig. 3. (a) Characteristics Kmin = kmin(a) determined by relation (4.5);
(b) characteristics Iopt = Iopi(a) determined by relation (4.5)

e (@
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3-1073
2-1073

11073
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1.5 1.6 1.7 1.8 1.9

0 1 1 1 1 1 1 1 1
02 04 06 08

=Y

Fig. 4. (a) Characteristics dg = dg(k) determined by relation (4.6)1;
(b) chracteristics dy, = dy () determined by relation (4.6)

4.2. Probability density linearization criteria in equivalent linearization

e Pseudomoment metric

+o0 400
Ipym = / / x%pxgq]gN(xl,xg) —gr(x1,22)| dridxs (4.7)
“o0 -0
where p+q=r,p,q=0,1,....
e Square probability metric

+o0 400
Ipsn = / / g (21, 22) = gr (w1, 22)] daydas (4.8)

“o0 -0
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where gy (x) and gr(x) are probability density functions defined by

1 2h €
gn(z1,m9) = — exp [——Q(wg:c% + —xil + x%)}
CN q7 2
(4.9)
1 4hVk oh . 5
gr(x1, 20, k) = — exp|——(kx{ + =
( )= o exp |~ g (ke b

where ¢y and ¢y, are normalized constants.

Then, the set of dominating points for parameters w3 = 0.5, h = 0.05,
£=01,0%2=0.2,p=1, g =0 is presented in Fig. 5.

Tenmr |
0.020

0.015f

Ipspmin| -

0.010r

IppMmin

0005l 1 o . 4 g
0 110° 210° 310 4107 Ipgy

Fig. 5. A graphical illustration of the set of dominating points determined by (4.7)
and (4.8)

5. Applications in control problems

The multicriteria analysis was also used in the determination of optimal
control for linear stochastic systems by Piunovski (1996) and by Radievski
(1993). In this Section, we extend these results for a class of nonlinear systems
combining the multicriteria approach, statistical or equivalent linearization
with the LQG technique.

Consider the following optimal control problem. The nonlinear stochastic
model of a dynamic system is described by

M
d(t) = [Az(t) + B(@) + Bu(t)] dt + 3 Gy, déx(t) (5.1)
k=1
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where * € R"” and u € R™ are the state and control vectors, respec-
tively. A and B are time invariant matrices of appropriate dimensions,

& = [Pq,...,P,]" is a nonlinear vector function such that @(0) = 0 are time
invariant deterministic vectors, £ are independent standard Wiener proces-
ses for k=1,2,..., M. We assume that the unique solution to equation (5.1)

exists and the system is controllable.
The control strategy is designed to minimize the criterion

I = E[z"Qx + u' Ru] (5.2)

where Q and R are time-invariant positive definite symmetric matrices.

5.1. Quasi-optimal control

We assume that the nonlinear vector @(x) can be substituted by a linearized
form

&(x) = A.x (5.3)

where A, is a nxn matrix of linearization coefficients such that (A+A., B) is
stabilizable and detectable. Then, the optimal control for the linearized system

M
dor(t) = [(A+ Az (t) + Bu(t)] dt + 3 Gy, déi(t) (5.4)
k=1

can be found by a standard method (Kwakernak and Sivan, 1972) in the linear
feedback form
u=—Kzp K=R!B'P (5.5)

where K is the gain matrix and P is a positive solution to the algebraic Riccati
equation

PA+A,)+(A+A.)'P-—PBR'B'P+Q=0 (5.6)
Substituting (5.5) into equation (5.4) yields
M
der(t) = [(A+Ac —BK)zp(t)] dt + > Gy d&i(t) (5.7)
k=1

The corresponding covariance equation and criterion have the form

M
(A+A.—BK)V,+V.,(A+A.—BK) +) GG, =0  (538)
k=1

and
I, =Elz] (Q+K'RK)z] = tr[(Q+ K'RK)V ] (5.9)
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where the subindex L corresponds to the linearized problem, tr denotes the
trace of the matrix
V; = E[xx]] (5.10)

In the case of statistical linearization, the elements of the nonlinear vector
& (x) have to be replaced by corresponding equivalent elements ”in the sense
of a given criterion” in a linear form.

The following two moment criteria for scalar functions are considered:

Criterion 1. Mean-square error of displacements (Kazakov, 1956)

E[(c1z — ¢(x))?] — min (5.11)
Criterion 2. Mean-square error of potential energies (Elishakoff and Zhang,
1984)
E(( [lezy - o)) dy)?] - min (5.12)
0

In the case of application of the linear feedback gain obtained for the
linearized system to the nonlinear system, the state equation and the corre-
sponding criterion have the form

doy(t) = (A — BK)zn(t) + B(@n ()] dt + 3 Gy déi(t) (5.13)
k=1

and
In = tr[(Q + KTRK)V y] Vy = Elxyzy] (5.14)

where the subindex N denotes the original nonlinear problem with
VN = E[.’ZZNLBL] (5.15)

In general, the covariance matrix Vy can be found approximately. To
obtain the linearization matrix A, and quasi-optimal control, one of the four
proposed criteria should be selected and used with an iterative procedure.

5.2. Iterative procedure for multicriteria nonlinear control problem

The following procedure is an extended version of a standard one given in
(Yoshida, 1984):

Step 1. Choose a parameter of the nonlinear system (an element of Eq. (5.1))
and criteria of linearization, then select A, = 0 in (5.3). Next, for every
criterion repeat Steps 2-11.
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Step 2. Solve (5.6). The solution to (5.7) is P.

Step 3. Substitute P obtained in Step 2 into (5.6) and find the matrix K.
Next, substitute K and A. = 0 into equation (5.8) and solve the equ-
ation. The solution of equation (5.8) is V.

Step 4. Substitute P obtained in Step 2 into (5.9) and find I,.

Step 5. For each nonlinear element find the linearization coeflicient which
minimizes the selected criterion, for instance, (5.11) or (5.12).

Step 6. Substitute the matrix of linearization coefficients A.(Vy) obtained
in Step 5 into equation (5.8) and then solve the equation.

Step 7. If the error is greater than a given parameter €1, then repeat Steps
3-6 until Vy, converges.

Step 8. Substitute the matrix of linearization coefficients A.(V) into Riccati
equation (5.6) and then solve the equation.

Step 9. Substitute the matrix P obtained in Step 8 into covariance equation
(5.8) and then solve the equation.

Step 10. If the error is greater than a given es, then repeat Steps 3-9 until
Vi and P converge.

Step 11. Calculate criteria I, and Iy given by (5.9) and (5.14), respectively.

Step 12. Calculate a measure of the multicriteria optimization problem based
on criteria calculated in Step 11 for different linearization criteria chosen
in Step 1.

5.3. Example (Duffing oscillator)

Consider the Duffing oscillator described by

d.’El = T2 dt
(5.16)

d_pr — [—wg:Cl — E.’E? — 2h.’172 + b’U,] dt + o df

where wg, e, h,b and o are constant parameters, u is a scalar control, & is the
standard Wiener process, and the mean-square criterion is

I = Elz" Qx + ru?] (5.17)
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where x = [z1,20]", Q = diag[Q;], i = 1,2; Q;,r are positive constants. The
linearized system has the following form

d:Cl = XI9 dt
(5.18)
day = [—w%xl —ecxy — 2hxe + bu| dt + o d§

where c is a linearization coefficient. The coordinates of solutions to algebraic
Riccati and covariance equations denoted by P = [p;;] and Vi = [vr,],
respectively, for ¢,7 = 1,2 are the following

p11 = 2hp12 + cp22 + Bpi2pa2

P12 = %(—c +14/c2+Q18) (5.19)

poa = 5417+ 5(Qa + 2012

and
2
g V22

v . A— v =0 Vp,, = ———— 5.20
Log 2(2h+ﬁp22) L2 L1 ’H—ﬁpm ( )

where 3 = b?/r. The optimal value of the criterion for linearized system is

I, = (Q1+ 517%2)7%11 + (QQ + 5p%2)UL22 (5.21)

Applying the obtained linear feedback control to nonlinear system we ob-
tain the state equation and the corresponding criterion

d:Cl = XI9 dt
(5.22)
dxy = [~2hay — wi — exf — B(x1p12 + Top22)] dt + o dE
and
INopt = (Ql + ﬁp%Q)'UNn + (QQ + 517%2)'”]%2 (523)

where the second order moments vy,, and wvy,, can be found in an analytical
form from

“+00 400
UN“:/ /w?gw(xl,xg) dr1dzs i=1,2 (5.24)

— 00 —O0
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where

1 2h + Bpao xd
gn(x1,m0) = — exp{—f(wg + Bpr2)z? +e-L + x%} (5.25)
CN g 2
and ¢y is a normalized constant.

One can show (Elishakoff and Zhang, 1984; Kazakov, 1956) that the line-
arization coefficients for two considered criteria have the form

c1 = 3E[2?)] co = 2.5E[2?] (5.26)

To obtain the quasi-optimal controls and corresponding mean-square cri-
teria I; and Is depending on the choice of linearization coefficients ¢; and cs,
one can use the iterative procedure proposed in the previous section. To illu-
strate the obtained results, a comparison of the considered criteria is discussed.
The set of dominating points for parameters wg = 1, h = 0.05, b= 1, ¢ = 1,
c=1,0Q1 =@ =1, r =100 is presented in Fig.6.

LA
5_
4k
3.—
Zz'é'i'é'é,z)

Fig. 6. A graphical illustration of the set of dominating points

Figure 8 shows that the considered mean-square criteria I; and Iy are
linearly dependent and there are no dominated points. It means that the quasi-
optimal controls obtained for both criteria are the same. This confirms an
earlier observation presented in an earlier author’s paper (Socha, 2000).

6. Conclusions

Numerical studies show that in the response analysis there are significant
differences between the obtained linearization coefficients and corresponding



692

L.SocHa

criteria in contrast to control problems where for a given mean-square criterion
of minimization (5.2) there are no significant differences between the applied
linearization methods. It means that the mean-square criteria corresponding
to different linearization criteria are linearly dependent. This linear depen-
dence also appears in application of linearization techniques with criteria in
probability density space.

10.

11.

12.

13.
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Zastosowanie wielokryterialnej linearyzacji w problemie sterowania
stochastycznych nieliniowych ukladéw dynamicznych

Streszczenie

W pracy przedstawiono problem wyznaczania quasi-optymalnego sterowania
w nieliniowych stochastycznych ukladach dynamicznych za pomoca wielokryterial-
nej metody linearyzacji stochastycznej. Pomyst wielokryterialnej linearyzacji zostal
zasygnalizowany we wczedniejszej pracy autora (Socha, 1999a). W niniejszym artyku-
le jest on rozwiniety i zastosowany do problemu sterowania, a szczegblowa analiza jest
przeprowadzona dla nieliniowego oscylatora z addytywnym wymuszeniem Gaussa.
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