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Vibrations of a parametrically and self-excited system with a non-ideal
source of energy have been analysed in this paper. The model has consi-
sted of the van der Pol-Mathieu oscillator and non-ideal energy source,
which characteristic has been assumed as a straight line. Regular mo-
tion of the complete system, energy source — vibrating model, near the
main parametric resonance, has been solved analytically by the apply-
ing Krilov-Bogolubov-Mitropolski method. Possible types of motion and
transition from regular to chaotic motion have been investigated by using
the Lyapunov’s exponent criterion and attractor topological structure
analysis.
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1. Introduction

Interaction between parametric and self-excited systems leads to many
interesting phenomena. A special effect, which is called a synchronisation phe-
nomenon, near the main and the second order parametric resonances was
presented by Tondl (1978), Yano (1989). Regular vibrations of the van der
Pol-Mathieu oscillator with different types of non-linearities were considered
there. Parametric vibrations pulled in self-excited vibrations near parametric
resonances. Qutside those regions the system vibrated quasi-periodically with
a modulation amplitude. Analysis of regular vibrations of a parametrically and
self-excited system with the Rayleigh self-excitation model was presented by
Szabelski and Warminski (1995). The internal loop inside the main parametric
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resonance, as a result of an external force influence, for one degree of freedom
system was there discovered. Warminski (2001) examined regular and chaotic
vibrations of the van der Pol-Mathieu oscillator as well. It was presented there
that an additional external force can cause important quantitative changes in
synchronisation and chaotic regions.

The considered models were mainly assumed as ideal systems. In a certain
class of models, called non-ideal, the excitation of a system can not be expres-
sed as a pure function of time, but as an equation that relates the source of
energy to the system. Hence, non-ideal systems always have one additional
degree of freedom in comparison with similar ideal systems. The fundamental
analysis of non-ideal system vibrations was presented by Kononenko (1969),
where the dynamics of a non-ideal energy source and vibrating linear or non-
linear models was presented.

The influence of limited power supply on the stick-slip phenomena for a
non-ideal self-excited vibrating model was investigated by Pontes et al. (2000).
Regular vibrations of linear and nonlinear systems with self, parametric and
external excitation and a non-ideal energy source were deeply investigated by
Alifov and Frolov (1985). A dry friction model of self-excitation and a linear
parametric excitation were considered in that paper. Two stable solutions with
similar amplitudes in the resonance area were obtained for the ideal, as well
for non-ideal source of energy. Regular vibrations near the main parametric
resonance for the Rayleigh-Mathieu model with a non-ideal source of energy
were analysed by Warminski et al. (2001). Analytical solutions for that model
were obtained by the using analytical Krilov-Bogolubov-Mitropolski method.

The aim of this paper is to analyse regular vibrations near the main para-
metric resonance of the van der Pol-Mathieu oscillator forced by a non-ideal
energy source and to present possible transition of the system from regular
to chaotic motion. The obtained results will be compared with the equivalent
ideal system.

2. Model of vibrating system

Let us consider the parametric and self-excited model, which includes a
direct current (DC) motor with limited power, operating on a structure. The
excitation of the system is limited by the characteristic of the energy source.
Vibration of the system depends on motion of the motor and the energy source
motion depends on vibration of the system. Then, coupling of the vibrating
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oscillator and the energy source motions takes place. Hence, it is important to
analyse what happens to the motor, as the response of the system changes.

Let us take into account one degree of freedom model with a non-ideal
source of energy presented in Fig. 1.
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Fig. 1. Model of a non-ideal parametrically and self-excited system

The model consists of a nonlinear cubic spring with periodically chan-
ging stiffness, which represents parametric excitation of the system, and self-
excitation described by the function fy(z, ). The presence of the unbalanced
mass myg in the non-ideal model alters the potential V and kinetic 1" energies
of the ideal and linear problem, then

1
V= 51@3:2 + mog(z + rsin¢)

(2.1)
T = 5(10 + mor*)o” + 5Mot + Zprmg cos ¢ + gmd
where
I — moment of inertia of the rotor
r,mg — radius and mass of the rotating element.

Using of the second kind of Lagrange’s equations, we derive differential
equations of motion of the linear model

(m 4 mo)i + kx = mor$? sin ¢ — moreg cos ¢ 22)
2.2
(Io 4+ mor?)é + H(p) = L(¢) — mori cos ¢ + mogr cos ¢

where
H(¢) — resistance torque

L(¢) — engine torque.
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Taking into account that mggr cos ¢ is a small term and introducing non-
liner terms into equations (2.2), according to the paper by Warminski (2001),
we express differential equations of motion of the complete non-ideal model in
the dimensionless form

X + Fy(X, X) + (1 — pecos20)(1 +yX%) X = q1(pcos ¢ — ¢? sin ¢)

(2.3)
b = qoiicos ¢ + I'(9) b=uw
where
7 — dimensionless time, 7 = pt
p — natural frequency of the system, p = \/k/m;
and dX d’X
my=m+my X = e X = a2
. do . L(9) ~G(9)
=z () = 22 T\
¢ dr (4) mor2 + I
mor mor
q1

N M + myg 2= Iy + mor?

The nonlinear damping function, which represents the self-excitation is as-
sumed as a van der Pol function: Fy(X,X) = (—a + 8X?)X, the nonlinear
stiffness is expressed by the parameter -, and the parametric excitation am-
plitude by u. The parameters «, 3, 7, i, q1, g2 are small and positive. The
system is forced by a non-ideal engine (DC motor), which characteristic is
assumed as a linear function of the angular velocity (Balthazar et al., 1997)

I(¢) = uy — ugd (2.4)
where
u1 — control parameter depending on the voltage
us — parameter depends on a type of the energy source.

3. Asymptotic analysis

Let us consider vibrations of the system near the main parametric reso-
nance. Then the system vibrates with the frequency w close to the natural
frequency p (p = 1), while the parametric excitation frequency is 2w.

Introducing a small parameter e, we can write

p—w=cA (3.1)
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Let us also assume that motion of the system takes place around a ste-
ady state. It means that the second derivative ¢ is not large. Expressing the
parameters by a small parameter

a = e B:EE v =7y
p=Een @ =Eq1 g2 = EQ
I'(¢) = el'(9)

the differential equations of motion take the form
X+ p?X = s[(a — BX?)X + iX cos 26 — 7X3 +
+IA X2 cos 2¢ — G cos ¢ + G sin ¢
(3.2)
b= e[f'(qb) — 32X cos qb}

Next, following Kononenko (1969), equations (3.2); are transformed into new
coordinates A, ¢, v, where

X = Acos(¢ + 1) X = —Apsin(¢ + 1)) p=w (3.3)

and the second derivative of X has the form

. dA d
X = ——"psin(¢ +v) — (w + d—zf)Ap cos(¢ + ) (3.4)

Taking into account (3.2) and (3.3) we obtain

% cos(¢p + ) — %A sin(¢ + v¢) = (w — p)Asin(¢ + ¢) (3.5)

Substitution of equations (3.3)-(3.5) into differential equations of motion (3.2)
yields

dw

i E{f(w)+Apfjgwcos¢cos(q§+1/1)}
= oo+ A A%B)sino+ )+ 57T cos(+ u) -

— 1;1—;; (1 + ZA}&) cos(¢p — ) — iA?’Bsin 3(p+) +
A35 Apl
+ 27’}/ cos3(¢ + 1) — 2—;; (1 + ZA2’7) cos(3¢ + )— (3.6)
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LATE oo+ 30) — A?ﬁ cos(56 + 30) } sin(6 + ) + 2.

~ 2 " ~
‘Cl;f efa- qz; sing + (@ - iAQB) sin(¢ + ) — iAzﬁsin?)((b +1) +

2% 25 i
+ z% cos(¢ + 1) + Z% cos 3(¢ + 1) — %%COS(QS—?M -
_ %% cos(3¢p + ) — éA?ﬁ cos(5¢ + 31/1)} cos(p +1b) +€2...

To solve equations (3.6) the classical Krilov-Bogolubov-Mitropolski method is
applied. According to this method, in the first approximation we can write

w={ —|—€U1(¢,.Q,(I,£)
A= CL—i—EUQ((b,Q,CL,f) (37)
TIZ) = g + €U3(¢7 'Qv a, E)

where U;(¢, $2,a,&), i = 1,2,3 are slowly changing periodic functions of time.
To find solutions for (2, a, £ in the first approximation the right sides of
equations (3.6) are averaged

2 2 21
ds? € da € dé €
= [tade G [fde  T=o [fdp ()
0 0 0
and after integration we obtain
df? ~ 1
e E[F(Q) - iapqgﬂ cos f}
d 1 14~ 11 1 90 102
@ _ 6[—54(1 —Za®p — —aﬁ sin 2€ — —a3w sin 2§ — —q1— cos 5}
dt 2 8 4 p 8 p 27 p
(3.9)
€ _ 14,3 ,7 1 177 12
dt_E[A+8a ) 4p0052§ 1 cos2§—|—2q1ap smf}
d¢
0
dt

For the steady state, equations (3.9) have the form

1
rw) - §ap§29 cosé =0
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1. 1 .~ 1 1 1 1. 622
— ol 37’“‘sm25——q1—cosg—0 (3.10)
p p

35,9 1np 19n 1._0?% .
A4 202t - 2B ps2e — =12 — G siné=0
—1-8(1 > 1p & 1 cos 2& 2qap sin &

and then the angular velocity, amplitude and phase of the vibrating system
for the steady state can be obtained from the above equations.

4. Stability analysis

The stability analysis of the periodic solutions is performed by using ap-
proximate differential equations of the first order (3.9), which can be written
in a shortened form

QZFI((%Q)&) d_a:F2(a>'Qv£) Zf

o 7 Fy(a,02,¢) (4.1)

In the steady state, equations (4.1) are equal to zero
Fl(aygvg)zo FQ(a707£):0 F3(a707£):0

Taking into account a difference between perturbed and not perturbed equ-
ations, the differential equations in variations are written as follows

D - (2 g+ (22) 5+ (22

i~ \on 9a D€
‘% _ (%) 5o + (%) 50 + (8;;2)55 (4.2)
&, 0 9 o

¥ (a%) 59+(8Fa3) % +(a§3)5f

Characteristic determinant of equation (4.2) has the form

OF OF OF
Ga)o—r (Gl (G
R e A O N
(Ga)oe (o (G)a—s
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Index ”0” denotes partial derivatives of F' functions in the equilibrium
point. Stability of approximate solutions (3.9) depends on the roots of cha-
racteristic equation (4.3). The solutions are stable if the eigenvalues of the
characteristic equation have negative real parts.

5. Regular vibrations

Fig. 2. Vibrations near the main parametric resonance versus control parameter w1,
(a) amplitude, (b) angular velocity

Numerical results were carried out by using Matlab-Simulink® package.
The calculations were done for the system parameters taken from the most
interesting intervals of physical systems, see Warminski (2001) and Balthazar
et al. (1997). Values of parameters are following

a=01 B=005 v=0.1

(5.1)
n = 0.2 q1 = 0.2 qo = 0.3

and the characteristic of the energy source was assumed as a straight line
(3.4). In our calculations the control parameter is assumed as wu; € (0.5,8.0)
and wug = 1.5. Taking into account approximate equations (3.10) and finding
numerically the roots of characteristic equation (4.3) we plotted the amplitude
and angular velocity versus the control parameter (Fig. 2). Stable and unstable
analytical solutions (AR) are marked by solid and dashed lines respectively,
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small squares denotes numerical results obtained by Runge-Kutta-Gill method
(RKG) with a variable integration step length. Increasing the control parame-
ter up in interval uy € (0.5,1.3), we observe quasi-periodic motion, which is
obtained by mutual interaction between the self-excitation, parametric exci-
tation and energy source (DC motor). This type of motion is shown in Fig. 2
by two dots, corresponding to the extreme deflections of the system. In the
region u; € (1.3,6.75), kind of a synchronisation effect is observed. It is pre-
dominated by the parametric and external excitation. An interesting effect in
the synchronisation region is visible. There are two maxima, resulting from
strong interaction between the vibrating system and energy source (limited
power supply). At the beginning, the amplitude increases, then decreases and
jumps to the second part of the stable resonance curve and increases once
again. Going out from the synchronisation area, the system jumps from pe-
riodic to quasi-periodic motion and finally vibrates quasi-periodically. When
the parameter u; is decreasing, the jump phenomenon from the quasi-periodic
to periodic motion takes place around u; =~ 3.75. It means that in the in-
terval u; € (3.75,6.75), the periodic and quasi-periodic motion can appear,
depending on initial conditions.
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02

Fig. 3. Amplitude versus angular velocity near the main parametric resonance

Similar effects connected with the angular velocity are shown in Fig. 2b.
It is necessary to underline that, inside the synchronisation region, we also
observe a local minimum of the angular velocity (2. The amplitude charac-
teristic versus angular velocity near the main parametric resonance obtained
from asymptotic analysis is presented in Fig. 3. This resonance curve has not a
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typical shape. Inside the synchronisation region a internal loop appears. It can
be explained while observing the synchronisation region in Fig. 2a and Fig. 2b.
Comparing the amplitude and angular velocity characteristics, the local ma-
ximum for both curves is visible. It affects directly the shape of the amplitude
versus angular velocity curve (Fig. 3). The appearing internal loop was also ob-
served for the ideal model (Warminski, 2001). Nevertheless, ideal and non-ideal
loops have different features. For the ideal model the internal loop appears on
the right branch of the resonance curve and only its upper part is stable. For
the non-ideal van der Pol oscillator the loop appears on the left branch and
there are stable solutions, however a piece of the lower part is unstable. This
effect is caused by the interaction between the self and parametric excitations
and due to the influence of the non-ideal source of energy. This is a different
result than that obtained for the non-ideal Rayleigh oscillator where the loop
was completely stable, see Warminski et al. (2001).
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Fig. 4. Transition through resonance with a slowly increasing value of the control
parameter u

Additionally, approximate equations of motion (3.9) were modelled in the
Matlab-Simulink package and were solved by the RKG method. The control
parameter was slowly increased in time (Fig. 4). The time axis has two scales:
the time scale and corresponding wuq scale. The simulation of the averaged
equations shows evidently quasi-periodic motion out of the resonance region
and periodic (synchronised) motion inside the main parametric resonance. Lo-
cal decreasing of the amplitude and angular velocity is also visible. Behaviour
of the system for decreasing parameter u; presents Fig.5. Coming into the
synchronisation area takes place near t = 1250 (u; = 3.75). The dynamic
hysteresis effect is then visible.
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Fig. 5. Transition through resonance with a slowly increasing value of the control
parameter u;
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Fig. 6. Transition through resonance with a slowly increasing value of the control
parameter wuq, numerical simulation

To confirm the analytical investigation, equations (3.2) were directly solved
numerically. Fig. 6 and Fig. 7 present numerical results obtained for the passage
through resonance with slowly increasing and decreasing value of the control
parameter ui. In these figures one can notice that inside the resonance region,
t € (200,820) — for increasing and ¢ € (280,850) — for decreasing values of
the control parameter u;, two maxima of the amplitude are visible. These
results are in agreement with the previous analytical results shown in Fig. 2
and Fig. 4. The difference is in the synchronisation width. The synchronisation
area obtained from the direct simulation is smaller than that obtained from
the analytical approach. Nevertheless, the main behaviour is the same.
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Fig. 7. Transition through resonance with a slowly decreasing value of the control
parameter wuq, numerical simulation

6. Chaotic vibrations

The system of differential equations (2.3) was solved numerically by using
the Runge-Kutta forth order method and numerical results were carried out
by the Dynamics package (Nusse and York, 1994). All simulations were do-
ne on the DecAlpha 200 workstation. To classify different types of motion,
the maximal Lyapunov exponent criterion was applied. At the beginning the
Lyapunov exponent diagram versus control parameter u; was calculated for
assumed parameters (5.1). Results are presented in Fig. 8.

Ir
a [

Uy

Fig. 8. Lyapunov exponents diagram versus control parameter uy
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In the whole considered region u; € (0,6), the maximal Lyapunov expo-
nent is not greater than zero (has not positive sign). It means that the system
vibrates regularly. Phase diagrams (Fig.9) demonstrates possible different ty-
pes of regular motion.

Fig. 9. Phase diagrams for chosen parameters uy, (a) u; = 1.25, (b) u; = 1.5,
(¢) up =3.2,(d) ug =35

The phase diagram in Fig. 9a presents vibration of the non-ideal system
before the main parametric resonance. The obtained attractor represented
by a black area ("torus”) on the phase plane corresponds to quasi-periodic
motion of the system, out of the synchronisation region. For larger value of
u1 parameter, the parametric excitation frequency synchronises with the self-
excitation and with rotation of the motor. Then a synchronisation phenomenon
takes place. In the phase diagram (Fig.9b) periodic motion is observed. This
kind of vibration corresponds to the region u; € (~ 1.3,~ 1.95) in Fig.8.
Having gone out from this region the system vibrates quasi-periodically once
again. The second synchronisation effect occurs in a smaller interval around
uy € (~ 3.15,~ 3.45). Nevertheless, in that case of synchronisation, periodic
motion has two times larger period than that in the previous case. For u; = 3.5
the system is out of the second synchronisation region and vibrates quasi-
periodically (Fig.9d). Values of the Lyapunov exponents for the considered
phase diagrams are presented in Table 1.



428 J. WARMINSKI

Table 1. Lyapunov exponents for chosen w; parameters

‘ Uy ‘ attractor type ‘ A1 ‘ A2 ‘ A3 ‘ A4 ‘
1.25 | quasi-periodic | 0 0 —0.062 | —1.465
1.5 periodic 0 | —0.118 | —0.824 | —0.824
3.2 periodic 0 | —0.027 | —0.027 | —1.640
3.5 | quasi-periodic | 0 0 —0.084 | —1.588

Periodic motion of the system takes place if the maximal value of the
Lyapunov exponent is equal to zero. For quasi-periodic motion two Lyapunov
exponents are equal to zero. This analysis shows that the system motion is
evidently regular.

Basing on the results obtained for the ideal system (Warminski, 2001), we
can mention that the increase of the parametric excitation amplitude pu leads
to chaos. The transition from regular to chaotic motion of the ideal system
was possible for p > 1.

Let us assume that in the considered non-ideal model, the parametric exci-
tation slightly increases to value p = 0.4 and the rest of parameters save their
values. A diagram with Lyapunov exponents for this case is plotted in Fig. 10.

1
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I 1 /2 3
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1L Jx/’././:‘—.‘l. 1 M T 1

0 2 4 Uy 6

Fig. 10. Lyapunov exponents versus control parameter ui, u = 0.4

In Fig. 10 we can recognise three regions where the maximal Lyapunov
exponent has small but positive value (marked by no. 1, 2, 3). It means,
that in these three intervals of w; parameter, the system vibrates chaotically.
The next diagram (Fig.11), plotted for p = 1.0, shows that those chaotic
regions increase significantly. The maximal Lyapunov exponent achieves much
greater positive values and chaotic areas are wider. The first chaotic region
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=)}

Fig. 11. Lyapunov exponents diagram control parameter uy, g = 1.0

appears before the synchronisation, for small values of the control parameter
uy € (0.6,0.95). Two additional chaotic regions occur for u; € (2.4,2.7) and
u1 € (3.6,4.0). The Lyapunov exponent in the second and third regions achieve
considerable bigger values than in the first one.

Each of the chaotic regions possesses small windows of regular motion.
Transition from regular to chaotic motion is presented in Poincare’s maps
(Fig. 12). The regular attractor visible in Fig. 12a obtained for wu; = 0.8,
transforms itself into a strange chaotic attractor with a characteristic frac-
tal structure for u; = 0.82. In the first chaotic region regular motion can
also appear (Fig.12c). In Fig.12d a synchronisation effect takes place, only
periodic motion occurs there, mapped by a simple single attractor. From this
region, the system tends to the second chaotic region (Fig. 12e). For u; = 2.8
the fractal structure gradually disappears (Fig. 12f) and vibrations go to regu-
lar form (Fig. 12g). The strange chaotic attractor in the third region presents
Fig. 12h. After exceeding the limit value u; = 4.0 the system makes an exit
from chaos to regular motion. Values of the Lyapunov exponents for the ana-
lysed Poincare’s maps are presented in Table 2.

For the parameters u; = 0.82, u; = 2.6, u; = 2.8, u; = 3.6 the maximal
Lyapunov exponent is positive. It confirms the results visible on Poincare’s
sections where the strange chaotic attractors with a fractal structure are plot-
ted.
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Fig. 12. Poincare’s maps for different w; parameter (a) u; = 0.8, (b) u; = 0.82
(C) uyp = 084, (d) uyp = 22, (e) Uy = 267 (f) Uy = 28, (g) Uy = 357 (h U7
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parameters, pu = 1.0

‘ Uy ‘ attractor’s type ‘ A1 ‘ Ao ‘ A3 ‘ A ‘
0.8 periodic 0.0 —0.055 —0.442 —1.184
0.82 chaotic 0.04 0.0 —0.265 | —1.425
0.84 periodic 0.0 | —0.0025 | —0.201 | —1.472
2.2 periodic 0.0 | —0.5823 | —0.5823 | —0.9533
2.6 chaotic 0.16 0.0 —0.657 | —1.3632
2.8 chaotic 0.026 0.0 —0.603 —1.37
3.5 periodic 0.0 —0.211 —0.884 | —1.347
3.6 chaotic 0.17 0.0 —0.882 —1.593
4.0 periodic 0.0 —0.012 | —0.923 | —1.419
4.2 periodic 0.0 —0.508 | —0.508 | —1.397
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7. Conclusions and remarks

This paper completes an analysis of parametric and self-excited systems
taking into consideration regular and chaotic motions of a non-ideal system.
Applying the analytical Krilov-Bogolubov-Mitropolski method, it is presented
that near the main parametric resonance kind of a synchronisation effect ta-
kes place. Nevertheless, transition through the resonance region has different
features to the equivalent ideal system. In the synchronisation region, there
appear two maxima and one local minimum as well for the amplitude of the
vibrating system, as for the angular velocity of the motor. This effect causes
that the amplitude curve versus excitation frequency has an additional inter-
nal loop. The loop appears on the left branch of the curve and its lower part
is partially unstable. Outside the synchronisation region the system vibrates
quasi-periodically. This result is quite different in comparison with that ob-
tained for the ideal van der Pol-Mathieu oscillator where the loop appeared
on the right branch and its lower part was completely unstable. For a small
value of the parametric excitation the system can vibrate regularly. Then, it
is possible to get two types of regular motions: periodic and quasi-periodic. If
the parametric excitation increases, the response of the system complicates.
A small increase in the parametric excitation value, from p = 0.2 to pu = 0.4,
causes occurrence of three chaotic regions. Further increase of the parametric
excitation leads to widening of the chaotic region, larger positive values of
the Lyapunov exponents and, consequently, to more complicated behaviour
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of the system. Transitions from the quasi-periodic motion to synchronisation
areas and from regular to chaotic vibrations were presented by observing the
attractors topology in the phase plane and Poincare’s section as well as by the
Lyapunov exponent criterion. For the ideal system transition to chaos was po-
ssible only for big values of the parametric excitation (u > 1). The considered
non-ideal system demonstrates transition from regular to chaotic motion for
smaller values of the parametric excitation p = 0.4.

10.
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Drgania regularne i chaotyczne oscylatora van der Pola-Mathieu
z nieidealnym Zrédlem energii

Streszczenie

W pracy przeprowadzono analize drgan ukladu parametryczno-samowzbudnego
z nieidealnym zrédtem energii. Model sktada sie z oscylatora van der Pola-Mathieu
oraz nieidealnego zrédla energii, ktérego charakterystyke zalozono w postaci linii
prostej. Drgania regularne calego systemu, zrédlo drgan — model drgajacy, zostaly
okreslone w otoczeniu gléwnego rezonansu parametrycznego na drodze badan anali-
tycznych z zastosowaniem metody Krilova-Bogolubova-Mitropolskiego. Mozliwe typy
ruchéw oraz przejscie uktadu do ruchu chaotycznego przesledzono poprzez zastosowa-
nie kryterium wyktadnika Lapunowa oraz analize struktury topologicznej atraktoréw.
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