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This paper presents an analytical method of solving torsional vibration
problems concerning a sandwich circular shaft with a viscoelastic soft
and light interlayer. The elasticity and damping coeflicients of the inter-
layer are assumed to be dependent on its geometrical characteristic and
viscoelastic properties of the interlayer material. Complex functions of
a real variable are applied in the solution to free and forced vibration
problems. Then, the property of orthogonality of complex modes of the
free vibration, which is the basis for solving the free vibration problem
for arbitrary initial conditions, has been demonstrated. The solution to
the problem of real stationary forced vibration has been obtained on the
grounds of the complex stationary modes of vibration.
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Notations

Y1,7%2 — angles of torsion of shafts I and II, v¢; = ¢;(x,t), i = 1,2

ma — distributed load torque of the shaft II, mg = ma(x,t)

I — moment transfered through the interlayer from one shaft to
the other, pu = p(z,t)

T — tangential stress on the cylindrical surface of radius p,
T=71(z,p,t) and 7 < p <712

71,72 — internal and external radius of the interlayer

r — external radius of the sandwich shaft

~y — shear strain on a surface of the interlayer, v = ~(x,p,t)

G1,Go  — Kirchhoff’s moduli of shafts I and II
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G — Kirchhoff’s moduli of the interlayer

b —  viscosity coefficient of the interlayer

F1,Es  — Young’s moduli of shafts for I and 11

E —  Young’s modulus of the interlayer

c — damping coefficient of the interlayer

k — elasticity coefficient of the interlayer

p1,p2  — mass density of the material of shafts I and II per unit length
Io1,1po  — polar cross-section moments of inertia of shafts I and II
l — length of shafts I and II

T — longitudinal axis of shafts I and II

t —  time.

1. Introduction

Complex torsional systems coupled together by viscoelastic constraints
play an important role in various engineering and building structures. Vi-
bration analysis of laminated layer elements such as plates, shells, beams and
shafts have been presented by Kurnik and Tylikowski (1997). Application of
piezoelectric vibration dampers in various elements have been discussed by
Tylikowski (1999), Przybylowicz (1995).

Vibration analysis of complex structural systems with damping is a difficult
problem. In the above complex cases, especially where viscous and discrete
elements occur, it is recommended to adopt a method of solving the dynamic
problem of the given system in the real domain of a variable complex function.

The property of orthogonality of free vibration complex modes in discrete
systems with damping was first presented by Tse et al. (1978), in discrete-
continuous systems with damping by Niziol and Snamina (1990) and in con-
tinuous systems with damping by Cabanska-Placzkiewicz (1998, 1999a.b),
Cabanska-Placzkiewicz and Pankratova (1999).

Dynamic analysis of discrete-continuous complex torsional systems with
damping were also presented in the papers by Bogacz and Szolc (1993), Na-
dolski (1994), Pielorz (1995), Kasprzyk (1996).

In the papers by Cabanska-Placzkiewicz (1998, 1999a,b), an analytical
method of solving the free vibration problem of continuous one- and two-
dimensional sandwich systems with damping, with manifold boundary condi-
tions and different initial conditions was presented.

The aim of this paper is to conduct a dynamic analysis of free and for-
ced vibration problems of a continuous torsional sandwich circular shaft with
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damping in the interlayer, in which the outer layers are made of an elastic
material, while the internal one possesses some viscoelastic properties and is
a soft and light structure.

2. Formulation of the problem

2.1. Physical model of the system

o

my=ma(x,[)

Fig. 1. Model of torsional vibration of the sandwich shaft with damping in the
interlayer

The sandwich system consists of an internal solid shaft I, and outer ring
roller II, coupled together by a viscoelastic ring-shaped interlayer (Fig.1). In-
ternal and outer layers I and II are made of a homogeneous, elastic material.
The viscoelastic interlayer is made of a light soft material with circumferen-
tial characteristic. A shearing, which is described by the Voigt-Kelvin model
(cf Nowacki, 1972; Osinski, 1979) is observed on the cylindrical surface of the
viscoelastic interlayer. It has been assumed that the interlayer does not trans-
fer torsional stresses in the transverse sections. Outer shaft II is subjected to
a torque acting at the point x¢ = 0.5, varying in time ¢, described by the
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function mg = Mad(x —x¢) sin(wpt). The load from shaft IT on shaft I is trans-
ferred through tangential stresses on the cylindrical surface of the interlayer.
Deformation of separated segment of the interlayer is shown in Fig. 2.
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Fig. 2. Deformation of a separated segment of the interlayer

The transfered moment p = 27p?7 occurring in the interlayer takes for
p=r1, T =7 the form p = 27?7, which implies the following relation
2

1
T=—=7 (2.1)
2

Making use of the constitutive equations of the Voigt-Kelvin model (cf
Nowacki, 1972; Osinski, 1979) into Eq. (2.1) we obtain a relationship for the
shear strain on the interlayer surface

2

™
7= 5m (2.2)

02

In order to define the next geometrical relationships a segment of the in-
terlayer has been separated, as presented in Fig. 2, and then a deformation of
this interlayer shown.

Having transformed the absolute shear strain ds = ydp on the cylindrical

surface of the internal shaft we obtain
3
r
ds; = p—é%dp (2.3)

The arc length B*B; (Fig.2) has been denoted by As;. Then, the geo-
metrical dependence has been determined

Asy = (Y2 — ¥1)m1 (2.4)
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Integrating Eq. (2.3) within the limits from r; to 7y, the following form has

been obtained ) )
Asy = Ml —r3) (2.5)

N 27"%
After comparing Eq. (2.4) and Eq. (2.5), the shear strain of the interlayer
has been calculated )
_ 2(¢p2 — P1)r3

2J'2 2.6
il 7‘% — 7‘% ( )

After substituting Eq. (2.6) in the constitutive equations of the Voigt-
Kelvin, the transfered moment can be rewritten in the following form

0

p= (k? + C@) (1 —19) (2.7)
where - -
k= AnG— 2 ¢ = dmb— 12 (2.8)
Ty — T Ty =T

2.2. Mathematical description of the model

The phenomenon of torsional vibration of the sandwich shaft with dam-
ping in the interlayer is described by the following heterogeneous system of
conjugate partial differential equations

) &y 5,
Ri—s =g = (k +ca)(¢1 —4y) =0
(2.9)
8271Z)2 82¢2 8
RZ 8%2 _FQ 8t2 + (k"‘Ca)(wl—wZ) :m2(x7t)
where
Ri = GiJoi Iy = pido; i=1,2

3. Solution to the boundary-value problem

By substituting (3.1) (cf Nowacki, 1972; Tse et al., 1978; Osinski, 1979;
Niziot and Snamina, 1990) to the system of differential equations (2.9), on the
assumption that mg =0

1 = Wy (x) exp(ivt) g = Wo(x) exp(ivt) (3.1)
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the homogenous system of conjugate ordinary differential equations describing
the complex modes of vibration of the shafts is obtained

2w, ) . .
= + Ry [(Fly —k—icv)¥ + (k + 1cy)Wg} =0
(3.2)
d*w . .
. 22 + Ry [(FQVz —k—icv)¥s + (k + 1cy)%} =0

where ¥ (z), Ws(x) are the complex modes of the free vibration of shafts I
and II, and v is the complex eigenfrequency of the sandwich shaft.

The general solution to the system of differential equations (3.2) has been
presented in the following form (cf Cabanska-Placzkiewicz, 1998)

2
Uy (z) = Z Afsin Az + AL cos Ay

ot (3.3)

2
Z (A} sin Az + A7 cos Ayx)

where )\, are parameters describing the roots of the characteristic equation,
a,, are coefficients of amplitudes (cf Cabanska-Placzkiewicz, 1998), and A},
A7Y are integration constants.

In order to solve the boundary value problem, the following boundary
conditions are applied

P, (0) = W1 (1) = ¥2(0) = ¥a(1) = 0 (34)

The following frequency equation of the free vibration has been obtained

P [(ROZ 4 B+ i) T+ (RN + ke T o +
(3.5)
+A2[ Ry RoA2 + (k +iev)(Ry + Ro) | (111%) ™ = 0
from which a sequence of complex eigenfrequencies was determined
Vp = in, + wy (3.6)
where
ST c
As = T n=2s— 5n,(25—1) n = ﬁ S = 1,2,
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and 0, (2,—1) i1s the Kronecker number.
The coefficients of amplitudes have been found as

Rl)\g —Fll/,%—l—k:—l—icyn B k +icv,

k+icuy, © RoA2 — o2 + k +icyy, (3.7)

Ap =

By incorporating the sequences of A; and a, to Egs (3.3), the two following
sequences of modes of the free vibration for the two shafts have been obtained

Ui, (x) = sin Az Uon () = ap sin Agx (3.8)

4. Solution to the initial value problem

The complex equation of motion, when v = v, has the following form
T, = @, exp(ivpt) (4.1)

where @,, denote Fourier’s coefficients.
The free vibration of the shafts is presented in the form of Fourier’s series,
based on the complex eigenfunctions, i.e.

Ys(x,t) = Z VU @, exp(ivpt) s=1,2 (4.2)
n=1

From the system of Eqs (3.2), after making some algebraic transformations,
adding the equations together, and then integrating both sides within the
limits from 0 to [, the property of orthogonality of the eigenfunctions is
obtained (cf Cabanska-Placzkiewicz, 1998, 1999)

l
/l Un + Vm Fllplnlplm + Fglpgnlpgm) + C(!pln — Lpgm) dx = ansnm (43)
0
where 6,,,, is Kronecker’s delta and
1
N, =2 / 2ivn(NWE, + To03, + o, — U,,)?] da (4.4)
0

The problem of the free vibration of the shafts is solved by application of the
following conditions

P1(x,0) = o1 Pa(x,0) = 12

. o . (4.5)
P1(z,0) = 1Po1  Y2(x,0) = Yoz
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Applying conditions (4.5) in series (4.2) and taking into consideration the
property of orthogonality (4.3), the following formula for Fourier’s coefficients
is obtained

!

1 . .
b, = F/[Fl(lvnq/ln%l + Yntbor) +
"0

(4.6)
+ Do(ivnPantbos + Yantboz) + c(Pin — Pan) (o1 — 1/102)} dx
Substituting Eqgs (3.8), (4.1) and Eq. (4.6) to Eqs (4.2) and performing trigo-

nometrical and algebraical transformations, the final form of free vibration of
the sandwich shaft with damping in the interlayer is obtained

o
g = Z e YD, ||Wsp| cos(wnt + ©n + Xsn) s=1,2 (4.7)
n=1
where
Wsn| = VX2, + Y2, Xsn = arg¥s, s=1,2
|®,| = /C2 + D2 on = arg P,
and

Xy =re ¥, Y, =im U, s=1,2
C, =re®, D, =im &,

5. Solution to the forced vibration problem

In the case when v = wy (Eq. 3.3)

)\1 75 )\2 [25] 75 as (51)

where wy is the frequency of the real stationary forced vibration.

After incorporating of Eqs (3.4), (5.1) to Egs (3.3), the general solution
to the system of ordinary differential equations (3.2) in the following matrix
form is obtained

& (z) Aqsin Mz + Ag sin Aox (5.2)
) = .
a1A; sin Mz + agAgsin Aox
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The particular solutions, using the operator method (cf Osiowski, 1972),
are derived.

The system of equations (2.9) (after elimination of time) in a matrix form
is as follows

2
GOY tCop = (o) (5:3)
where
B 1 () B 0
= l ww] Jo= l Rz_lefs(ﬂ?—xo)]
C, = 10 5.4
=1, 1] (5.4)

c [ RN MwE — k — icw) Ry (K + icwp)
0 =
Ry (K + icwp) Ry N (Iywg — k — icw)

where d(z — xg) is the Dirac delta function.
The system of Eqgs (5.3) is a normal system, because

det Cy # 0 (5.5)

Using Laplace’s transformations to Eqs (5.3), the operational equation is ob-

tained
G(s) x Y(s) = F(s) + L(s) (5.6)

where
G(s) = C282 +GCo (5.7)

is the characteristic matrix, Y(s) and F(s)— matrix transforms, and ¥**(s) =
Y (s) on the assumption that the volume matrix L(s) = 0.
Equations (5.6) can be written in the following form

Y(s) = G7'(s)[F(s) + L(s)] (5.8)
where
52 4+ RN (IMwd — k — icwy) Ry (K + icwo)
G(s) = . . ) . ) . (5.9)
R; " (k + icwp) s°+ Ry (Thwg — k —icwy)
and

K(s) = G !(s) (5.10)
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Using inverse Laplace’s transformation £~! of Eq. (5.6), the particular solu-
tions in the matrix form are obtained

y(z) = k(z) f(x) (5.11)
where

k(z) = L7K(s) (5.12)
The elements of matrix (5.12) are described in the form of

ki1 ko 1

5.13
ko1 koo (5.13)

k(z) = [

After substituting Eq. (5.13) to Eq. (5.11), the particular solution of the
system of Eqs (5.3) in the matrix form is obtained

l
f Mgklg(x — T)5(T — xo) dr
0

l
| Makoo(z — 7)6(T — x0) dT
0

T (z) = (5.14)

where
y(x) =& (x) (5.15)

The modes of the stationary forced vibrations of the two shafts can be written
in the form
Ule) = o (2) + ¥ (2) (5.16)

The steady-state forced vibration of the sandwich shaft is
YP(x,t) = ¥(x)exp(iwot) (5.17)

Substituting Eq. (5.16) to Eq. (5.17) and making trigonometric and algebraic
transformations, the forced vibration of the sandwich shaft with damping in
the interlayer is obtained

s = || sin(wot + xs) s=1,2 (5.18)

where
Us| = VXZ+YZ xs = arg¥s

X =re ¥, Y.=imV¥, s=1,2
and |¥], || — amplitudes of shafts I and II.
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6. Calculations

Calculations are carried out for the following data
Ey=FE;=21-10'!Nm™? E=10"Nm? 7 =0.02m
pr=p2="78-103Ns’m™* 7, =005m  r=0.06m
My = 4000 Nm vy = 0.2 [=5m
¢=2.5Ns k=25-10"N z¢=0.5

Constants occurring in Eqs (5.2) are described in the following forms

My sin A\ (I — o) My sin Ao (1 — )
Ay = . A = — .
Rg)\l S1n /\1l Rg)\g S1n /\2l
Tables 1-3 present values of the complex eigenfrequencies v,, = in, + w,

for s =1,2,3. The effects of the damping coefficients for ¢ = 2.5 Ns (Table 1),

¢ = 5 Ns (Table 2) and ¢ = 7Ns (Table 3) on the system frequencies are shown.

The investigation of the complex eigenfrequencies of the sandwich shaft has

shown, that in the case, when s =1 (n =1), s =2 (n =3), s =3

(n = 5), the real parts w, of the complex eigenfrequencies for the damping

coefficients: ¢ = 2.5Ns (Table 1), ¢ = 5Ns (Table 2) and ¢ = 25Ns (Table 3)

do not change. In the case, when s =1 (n=2), s=2(n=4), s=3(n=06),

the real parts w, of the complex eigenfrequencies for the damping coefficient
¢ = 2.5 Ns (Table 1) are correspondingly larger than for the damping coefficient

¢ = 5Ns (Table 2) and ¢ = 25Ns (Table 3). In the case, when s = 1

(n=2), s=2(n=4), s=3(n = 6), the imaginary parts 7, of the

complex eigenfrequencies for the damping coefficient ¢ = 2.5 Ns (Table 1) are

correspondingly smaller than for the damping coefficient ¢ = 5Ns (Table 2)
and ¢ = 25Ns (Table 3).

(6.1)

Table 1. Complex eigenfrequencies v, for ¢ =2.5Ns and s=1,2,3

vp (n=1,...,6)
vy = +2104.44 | vo = £4126.35 + 651.102i
vy = £4208.88 | vy = £5505.71 + 651.102i
vs = +6313.32 | vg = £7242.66 + 651.102i

W —| ®»

Table 2. Complex eigenfrequencies v, for c¢=5Ns and s=1,2,3

s vp (n=1,...,6)

1| v1 =42104.44 | vg = £3969.25 4 1302.21
2 | v3 = £4208.88 | vy = £5388.97 + 1302.2i
3| vs =+£6313.32 | vg = £7154.32 4+ 1302.21
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Table 3. Complex eigenfrequencies v, for ¢ =25Ns and s=1,2,3

vp (n=1,...,6)
= £2104.44 9 = £0 4 11505.31
vg = £4208.88 vy = £0 4+ 9925.21i
3| vs =+£6313.32 | vg = £3238.31 + 6511.02i

N —]| ®»

After analysing the results shown in Tables 1-3 we state that:

e a decrease in the real parts w, of the complex eigenfrequencies corre-
sponds to a larger period of damped vibration of shafts I and II

e an increase in the imaginary parts 1, of the complex eigenfrequen-
cies corresponds to smaller amplitudes (damping decrement) of shafts I

and II, Eq. (4.7).

s=1, n=1
1.0 1.0
Xing's L X2ng's Ll
0.6 : 0.6
0.4 0.4
0.2 0.2
X |m X |m
T35 g 5™ 01T 23 1 s ™
Y,, 0.4 2 [m]
0.2 05108
0 x [m 8
P ERE 2 (ml 15107
o4 -2.5-10
s=1, n=2
1.0 I, I
X1 2 X [1’1’1]
"3'2 4 X goos\N 1 2 3 45
0.4 -0.010
0.2 -0.015
x [m ] I, I
01 3 3 7 & ~m 0.020

Y,, 0.4 NTzZ3 4 5x[m]
0.2 -0.5:10°
0 x [m] 7
o2 L 2 3 4 5 15107
' -2.5-10
-0.4

Fig. 3. Complex modes of free vibrations of shafts I and II for s =1, (n =1,2) —
variants I, II
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-0.5 \\/ -0.5 \\/
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) I
Y,, 0.4 Y2, (1).(;}33 .
0.2 5
0 x [m] 0 T 5 [ml
02 1 2 3 4 5 -0.5-1077
-1.0-1077

x [m]

0.4
s=2, n=4
X1, (1).(; I 1 Xo, 0.02 I, 1
: 0.01
0 x [m] 0 x [m]
1 2\3 4 /5
0.5 \\/ -0.01W 3405
Lo -0.02
y,, 0.4 Y,, 210

I
0.2 " et i [
0 X [m 0 X m]
ool 12 3 4 s Lol T2 15
0.4 2107

Fig. 4. Complex modes of free vibrations of shafts I and II for s =2, (n = 3,4) —
variants I, 1T

The influence of the complex eigenfrequencies for small damping coefficient
¢ = 2.5Ns (Table 1), and for large damping coefficient ¢ = 25 Ns (Table 3) on
the complex modes of free vibrations is illustrated in the Fig. 3 and Fig. 4 (va-
riants I, IT). The complex modes of the free vibrations for the eigenfrequencies
presented in Table 1 are given in variant I, for the eigenfrequencies presented
in Table 3 — given in variant II. The diagrams in Fig.3 and Fig.4 show the
complex modes of the free vibrations for shafts I and II. The results are given
for s=1(n=1,2) - Fig.3, s =2 (n = 3,4) — Fig. 4. The complex modes
for the real eigenfrequencies v, = w, (n = 1,3) — Tables 1-3 have syn-
chronous character (Fig.3-4). In the case of higher complex eigenfrequencies
Vp = iy w, (n = 2,4) — Tables 1-3, the modes have asynchronous character
(Fig. 3-4).

Figure 5 shows the complex modes of the stationary forced vibration of the
torsional sandwich circular shaft with damping in the interlayer for the set of
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Fig. 5. Complex modes of stationary forced vibrations of shafts I and II
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Fig. 6. Amplitude-frequency characteristic of torsional vibration of the sandwich
shaft with damping in the interlayer at the point zy = 0.51

real frequencies wy = {2000, 3200, 5200}. Figure 6 presents the amplitude-
frequency diagrams of the torsional sandwich shaft with damping in the in-
terlayer. The amplitude-frequency diagrams show changes of the amplitudes
|&1] and |Ps| of shafts I and II for real stationary frequencies in the range of
0 < wp < 10000. After analysing the results presented in Fig. 6 we state, that
internal shaft I can be a dynamic vibration damper for outer shaft II, which is
subjected to a torque acting at the point zg = 0.5[, varying in time, described
by the function mg = Mad(x — ) sin(wot).

In this paper the system of two conjugate differential equations (2.9) of
torsional vibration of the system of two shafts coupled by a viscoelastic soft
light interlayer is solved. The viscoelastic interlayer is made of a light soft
material with a circumferential characteristic. The obtained solution can be
applicable to systems with interlayers of a small thickness, as well as small
damping for variant I and large damping for variant II.

7. Conclusions

e Complex modes of vibration and the property of orthogonality of these
modes have been presented in this paper. They a basis for solving the
free and forced vibration problems of the torsional sandwich circular
shaft with damping in the interlayer.

e The method presented in this paper is correct for small and large dam-
ping. In the case of small damping, the free vibrations have periodic
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character. For large (critical) damping, the lower components of the free
vibrations have non-periodic character.
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Drgania skretne sandwiczowego walu z tltumieniem w przektadce

Streszczenie

W pracy przedstawiono analityczna metode rozwiazywania problemu drgan skret-
nych sandwiczowego okraglego walu z lepko-sprezysta, miekka i lekka przektadka.
Wspolczynnik sztywnosci i ttumienia przektadki uzalezniono od jej cech geometrycz-
nych oraz od lepko-sprezystych wtasnosci materiatu przektadki. W rozwiazaniu za-
gadnienia drgan swobodnych i wymuszonych zastosowano funkcje zespolone zmiennej
rzeczywistej. Nastepnie wykazano wlasnos$¢ ortogonalnosci zespolonych postaci drgan
wlasnych, ktéra jest podstawa rozwiazania zagadnienia drgan wlasnych przy dowol-
nych warunkach poczatkowych. Rozwiazanie zagadnienia rzeczywistych ustalonych
wymuszonych drgan otrzymano za posrednictwem zespolonych ustalonych postaci
drgan.
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