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The contribution deals with the new class of contact problems related with
an elastic wedge. It is supposed that the wedge rests on the Winkler foun-
dation. The wedge is in the plane frictionless contact with a rigid flat plate
(punch). The problem is solved using the Mellin integral transforms method
and is reduced to an integral equation for unknown contact pressure, which
was solved numerically. The results concerning the contact pressure distri-
bution and the punch displacement and slope are presented for different
values of mechanical and geometrical parameters.
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1. Introduction

Solutions to contact problems involving a deformable subgrade and a rigid
plate (punch) have many applications, particularly in soil mechanics, geotech-
nical engineering and foundation design. Deformable subgrades are generally
considered as an elastic half-space or a layer, see for example Gladwell (1980).
But many geotechnical applications prove that the subgrade soil has the sha-
pe of a wedge. Previous investigations of contact problems related with the
elastic wedge, see e.g. Aleksandrov (1967), Aleksandrov and Pozharski (1988)
were done on the assumption that the wedge rests without friction on a rigid
base. In this paper we propose new formulation of the contact problem for the
elastic wedge assuming that the wedge is underlain by a deformable base of
the Winkler type.
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We investigate the contact problem for an elastic, homogeneous, and isotro-
pic wedge supported by the Winkler foundation (Fig. 1). The wedge is planar
and cuts out an infinite sector of 6y. The upper surface of the wedge is in
tensionless smooth contact with the rigid flat punch. The problem is assumed
to be planar and stationary.

o a
rigid base b
g 90 /

Winkler medium clastic wedge

Fig. 1. Geometry of contact

Mathematically, the above formulated contact problem is reduced to so-
lving the elasticity equations in the wedge (Timoshenko and Goodier, 1951)

do, 1019 o0,— 09

or i r 00 r 0 (1.1)
0o
a0
with the following boundary conditions on the wedge surfaces
Tr0(r,0) =0 r>0
og(r,0) =0 0<r<a r>b
ug(r,0) = go + ro1 a<r<b (1.2)
oo(r,00) = r~ Y kgug(r,6p) r>0
70(r,00) = vk, (7, 60) r>0

where u,, ug and o, gy, 7,9 are displacements and stresses in the polar coor-
dinates system Orf, respectively; k,, kg are the Winkler medium stiffnesses in
the radial and angular directions; (a,b) is the contact area, which is given for
the flat punch. The unknown parameters gg, g1 define the rigid displacement
and slope of the punch, respectively.



CONTACT OF A RIGID FLAT PUNCH... 565

2. General solutions

Differential equations (1.1) in the polar coordinate system can be solved
by the method of Mellin’s integral transforms (Sneddon, 1951). The fields of
stresses and displacements in the wedge have the forms of contour integrals

1 c+ioco
or(r,0) = 5 / r‘s_ls{(s — 1)[Asin(s — 1) + Bcos(s — 1)8] +
mi
C—100 (2'1)

+ (s+3)[Csin(s+1)8 + D cos(s + 1)9]} ds

c+ioco
og(r,0) = % / 5 s(s — 1){[A sin(s — 1) + Bcos(s — 1)0] +
Cc—100 (2‘2)

+ [Csin(s+1)0 + D cos(s + 1)0]} ds

c+ico
Tro(r,0) = % / 7‘_8_18{(3 — 1)[Acos(s —1)8 — Bsin(s — 1)0] +
CcC—100 (2‘3)

+ (s+1)[Ccos(s+1)0 — Dsin(s + 1)9]} ds

c+ioco
1+v s .
ug(r,0) = — omiE r {(8 — 1)[Acos(s —1)8 — Bsin(s — 1)0] +
C—100 (2‘4)

+ (s—k)[Ccos(s+1)0 — Dsin(s + 1)0]} ds

c+ioco
1
up(r,6) = 2;; r_s{(s — 1)[Asin(s — 1) + Bcos(s — 1)0] +

c—ioco (25)
+ (s+k)[Csin(s+1)0 + D cos(s + 1)0]} ds

where A, B, C, D are the unknown functions of s and c¢ is the real number
which makes the integrands in (2.1)-(2.5) regular. Moreover, v and FE are
Poisson’s ratio and Young’s modulus, respectively, and k = 3—4v is Kolosov’s
constant.
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3. Point load solution

rigid base

Winkler medium

elastic wedge

Fig. 2. Scheme of point load solution

First, we consider the point load problem for a wedge as shown in Fig. 2.
Satisfying the following point load boundary conditions by equations (2.1)-
(2.5)

7r0(r,0) =0 r>0
og(r,0) = Po(r —a r>=0
(r,0) (r—a) 3.1)
oo(r,00) =~ kgug(r, 0p) r=0
70(7,00) = v~V kpu, (1, 0p) r>0

we obtain a system of four algebraic equations for A, B, C, D, which has the
solutions

s+1

As) = -2220(s)
B(s) = —D(s) — PS(S“_ 3
(3.2)
() Uo(s) + arUi(s) + apUs(s) + aragUs(s) a®
Ao(s) + a, A1(s) + apAa(s) + arapAs(s) s
D(s) = Vo(s) + o Vi(s) + agVa(s) + aragVs(s) a®
Ap(s) + ar A1(s) + apAa(s) + arapAs(s) s

where
Ap(s) = 25%(s? — 1 4 cos 250y — 5% cos 26;)

Ai(s) = s(k + 1)(ssin 260y — sin 2s6))
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Ay(s) = —s(k + 1)(ssin 26y + sin 2s6)

Asz(s) = 25% — 1 — k* — 25 cos 20 — 2k cos 256y

Uo(s) = s%(ssin 26y + sin 2s6;)

Ui(s) = 0.5s(k + 1)(cos 260y + cos 2s6)

Usa(s) = —0.5s(k + 1)(cos 26y — cos 2s6y)

Us(s) = ssin 26y — k sin 256

Vo(s) = s%(s cos 20y + cos 250y — s — 1)

Vi(s) = 0.5s(k + 1)(sin 26 + sin 2s6g)

Va(s) = —s(k + 1)(sin 260y + sin 2s6))

Va(s) = scos20y — kcos2sy —s — 1
and 1+v 1+v

ap = T k- ay = = ko

are dimensionless stiffnesses of the Winkler medium.
To satisfy contact boundary condition (1.2)3 we need a normal deflection
of the wedge upper surface. Substituting solutions (3.2) into formula (2.4) we

obtain
c+1oo

ug(r,0) = 1_V P /

c—ico

ds (3.3)

where the kernel of this equation has the form
L(s) = Uo(s) + a, U1 (s) + apUsa(s) + aragUs(s)
Ag(s) + ar Aq1(s) + apAa(s) + arapAs(s)
Let us observe the following properties of the kernel L(s)

(i) L(=s) = —L(s)

(3.4)

.. a033 + ara18 + agags + apagass
(i) L(s) ~ 2% d .
b()S —i—arbls +a9b28 +a7~agbg
where a;, b;, i = 0,1,2,3 are some known constants.
Taking ¢ = 0 in integral (3.3) and using methods of contour integration
the normal deflection of the wedge upper surface can be obtained in the form

for s—0

up(r,0) = / %(t) cos(tR) dt (3.5)

0
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where

2(1 —v?)
E
Assuming now that the loading p(r) is distributed over the region (a,b)

we obtain from (3.5) the normal deflection

R=In2
1t T

5=

b

4 P
ug(r,0) = = /p(p)K(ln ;) dp r>0 (3.6)
where the kernel K (-) has the form of the integral
T LA
K(R) = / t( ) cos(tR) dt (3.7)
0
Using the value of the integral (Gradshteyn and Ryzhik, 1965)
T1—et
/ ; cos(tR) dt = —In |R| (3.8)
0
we can present the kernel K(-) in the following form
K(R) = —In|R| + &(R) (3.9)
where
L*(t)—1+e?
ﬂ&:/ ()t+eammmt (3.10)

is a regular function.

Let us note here that the well known result for the elastic wedge resting
on a rigid base (see Aleksandrov, 1967), can be obtained directly from (3.6),
(3.4) for a,,ap — 0.

4. Integral equation of the contact problem

Satisfying boundary condition (1.2)s by formula (3.6) we arrive at the
integral equation of the considered contact problem

o
™

T

b
[roKWE)dp=gotrg  refan) (11)
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This equation must be solved together with the two equilibrium conditions

b b

/p(r) dr =P /rp(r) dr = eP (4.2)

a a

The distribution of the contact pressure p(r), rigid displacement g¢o and
slope g1 of the punch are unknown in the system of integral equations (4.1)
and (4.2).

Introducing dimensionless variables and functions

t+1
T:Aln£—1 t:)\lnf—l r:aexp(L)
. “ A (4.3)
_ P — b
q(7) = 3 pp(p) A= 2(111 a)

the system of integral equations (4.1) and (4.2) can be rewritten into the new

form

1
1 T—1 t+1
;/q(T)K( ) dr=Go+ (L-1Grep(5—) e (-11)
“1
(4.4)
i | t+1
/Q(t) dt =1 /exp(T)q(t) dt =¢
“1 1
where
_ 90 _ qic _°
Go=73p C1=5p T
l b+a b—a

5. Numerical solutions to the system of integral equations

Introducing collocation points
Ti=—1+(—1)dt i=1,.,n+1

ti:—l—i—(z’—%)dt i=1,...n dt:%
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and using rectangular quadratic formulae we obtain the discretized form of
the system of integral equations (4.4)

n

1 tm + 1
;Zq(n)Aim—Go—(L—l)Gl exp( ;_ ) =0 m=1,..,n
= (5.2)
- - - tiy1 +1 ti+ 1\ _
dtlz::lq(ti) =1 A;q(tl) [exp(?) - exp( 3 )} =
where the matrices {A;;,} have the forms
Ti+1 t
T —1lm
A = / K( : ) dr (5.3)
and using the formulae (3.9), (3.10) can be calculated as
Ti+1 t Ti+1 t
T—1lm T—1lm o
A = —/m‘ : ‘d7+/q5( ) dr =
' ' (5.4)
= /\[Zg In |ZQ| — Z11n |Zl| + @(ZQ) — @(Zl)]
where
7, =1 _Atm Zy = @ iim=1,...n  (5.5)
and -
L*(t)—14e?
$1(Z) = / % sin(Zt) dt (5.6)
0

is the regular integral which was calculated numerically.

The set of n + 2 linear algebraic equations (5.2) is sufficient to find n + 2
unknowns: the dimensionless rigid displacement Gg and slope G of the punch
and the distribution of the dimensionless contact pressure ¢(t;), i = 1,...,n.

6. Numerical results

The system of algebraic equations (5.2) was solved numerically. The input
parameters for the calculations were: v — Poisson’s ratio, 6y — wedge angle,
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(b)
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Fig. 3. Distribution of dimensionless contact pressure for L =2 (a) and L =5 (b)
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(b)

&y

Fig. 4. Dimensionless rigid vertical displacement (a) and slope (b) of the punch
versus the stiffness g
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Fig. 5. Dimensionless rigid vertical displacement (a) and slope (b) of the punch
versus the stiffness «,
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€ > 1 — dimensionless eccentricity, L > 1 — dimensionless location of the plate
center, «,,ag — dimensionless stiffnesses of the Winkler medium. The para-

1
meter A can be calculated as \ = 2(ln %) . For numerical calculations

we put v = 0.3 and e = L, which means that the load P is applied to the
center of the rigid plate.

The calculations were performed to display complex effects of the Winkler
medium, wedge angle 6y and distance L to the punch on the distribution of
the contact pressure ¢(t), rigid vertical displacement G and slope G of the
punch.

The distributions of the dimensionless contact pressure ¢(t) are presented
in Fig. 3 for some values of the wedge angle 60y. The curves in Fig. 3a were
found for the punch situated near to the wedge corner (L = 2) but the results
presented in Fig.3b were obtained for a larger distance (L = 5). The effect
of the angle @y is greater for small values of L. The distributions of the
contact pressure shown in Fig. 3b are almost symmetrical. These results were
obtained for «, = ay = 1.0, and our investigation displayed that the Winkler
medium had small effect on the contact pressure. This does not mean that the
boundary conditions on the lower surface of the wedge have no effect on the
solution to the contact problem. The stiffnesses «;., ay have great effect on the
values of the rigid displacement Gy and slope G of the punch. These effects
are shown in Fig. 4 and Fig. 5 for some values of the wedge angle and for the
fixed distance L = 2. The diagrams presented in Fig. 4 are found for «, = 1.0
and those in Fig. 5 for ay = 1.0. The parameters Gy and (G decrease with
the growth of stiffnesses and tend to constant values for «gy or «, equal to 5.
The comparison of the results presented in Fig.4 and Fig. 5 displays that the
angular stiffness «y plays a greater role than the radial one «,.. The main
effects are observed for small values of the stiffnesses and the large values
correspond to the problem of the wedge resting on the rigid base.
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Wspélpraca sztywnego plaskiego stempla z klinem opartym na podlozu
Winklera

Streszczenie

Praca dotyczy nowej klasy zagadnien kontaktowych dla sprezystego klina spoczy-
wajacego na podtozu Winklera. Klin ten znajduje si¢ w ptaskim kontakcie ze sztywna
plyta (stemplem). Uzywajac transformacji calkowych Mellina, zagadnienie sprowa-
dzono do réwnania catkowego wzgledem funkcji naciskéw kontaktowych, ktére roz-
wiazywano numerycznie. Przedstawiono wyniki dla ci$nienia kontaktowego, osiadania
i przechylenia stempla w zaleznosci od réznych mechanicznych i geometrycznych pa-
rametrow zagadnienia.
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