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A summation method of the fatigue damage in a low cycle fatigue zone is
proposed in the paper. The method is based on a fatigue curve revolution,
with the fatigue curve in the g,, — 2Ny co-ordinate system as a base
line. The low-cycle properties and parameters of a loading program are
necessary for fatigue life calculations.

Experimental verification of the proposed hypothesis (one material, two
types of loading: random and programmed) showed a satisfactory agre-
ement between the test and calculation results. A comparative analysis
between the calculation results obtained using the linear damage rule
(LDR) and those resulting from the method proposed, showed several
advantages of the latter one. These are; e.g., the fact that the results ob-
tained are located in the safe fatigue life area, simplicity of the method
and sensitivity to the parameters of a loading program.
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Notation

- elastic exponent

- plastic exponent

— modulus of elasticity, [MPa]

- number of strain programme loop

— a strain level in a programme

— total number of levels in the programme

- total number of cycles in the strain programme (block contents)

~ number of cycles for the jth strain level and the ith loop of
the programme

- number of cycles performed until fatigue failure in the case of
random or programmed loading
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2Ny - reversals to failure

Ny(raqny — fatigue life for the random loading

Nyprogy — fatigue life for the programmed loading

Ny; — fatigue life for the constant amplitude strain eq;
Eac — amplitude of the total strain

Eqcy - amplitude of total strain for the jth strain level
Acge - total strain range

Atge — elastic strain range

At gp — plastic strain range

£y - fatigue ductility coefficient

A — number of strain programme loops

o - fatigue strength coefficient, [MPa)

¢ - coefficient of spectrum density.

1. Introduction

Fatigue life calculations of the structural parts subject to service loading
are strongly connected with the problem of fatigue damage accumulation.
In the literature there can be found descriptions of various fatigue damage
accumulation methods (Palmgren, 1924; Miner, 1945; Corten and Dolan, 1956;
Mansson and Halford, 1986). However, many hypotheses have no physical
backgrounds. The simplest and most often applied is the Palmgren (1924)
and Miner (1945) hypothesis of fatigue damage accumulation, which is known
as the Linear Damage Rule (LDR), as well as its modifications (Wallgren,
1949; Serensen and Kogaev, 1966; Haibach, 1970). Basing on the analysis
of test results and the phenomena accompanying the fatigue process in the
1970 several hypotheses of damage accumulation based on the fatigue curve
convergence and revolution were formulated (Schott, 1981; Hashin and Rotem,
1978; Subramanyan, 1976; Szala, 1981). They held mainly when the stress
approach to the fatigue process was applied.

With the fatigue process being recognised better and better and the rese-
arch progress in the field of low-cycle fatigue, the development of new calcula-
tion methods in both the strain and energy approach has proceeded (Colins,
1993). These methods can be applied to prediction of fatigue life of the struc-
tural parts for which the distribution (history, spectrum) of service loading
comprises low and high-cycle fatigue life domains. In the first work dealing
with the cumulative fatigue damage in the low-cycle fatigue zone (Tucker,
1972) there was accepted the LDR concept. The discrepancy between cal-



A FATIGUE DAMAGE ACCUMULATION METHOD... 769

culation and test results reached 300%. Ellyin and Kujawski (1984), Golo$
and Ellyin (1987), Kujawski and Ellyin (1984) proposed the hypotheses ba-
sed upon the fatigue curve convergence and revolution in terms of the energy
approach. In these papers an acceptable agreement between the experimental
and calculation results was achieved.

For the energy hypotheses to be applied to the description of damage cu-
mulation the knowledge of low cycle properties of the material and loading
program parameters is necessary. A main obstacle to the application of energy
hypotheses is the necessity for calculating the plastic strain energy AWy,
(corresponding to the area of hysteresis loop). Eventually, it involves differen-
tiation of the test and calculation results depending e.g. on the method of
hysteresis loop area calculation. A more suitable approach seems to be sum-
ming up the fatigue damages resulting from a standard tests, e.g. from the
fatigue life curve in the e4c — 2Ny co-ordinate system. When using such a
method there is no need for making any additional calculations. Another ad-
vantage of this method consists in the fact that the total strain resulting from
the fatigue curve is measured directly during the test.

The paper aims mainly at formulating some assumptions and at experi-
mental verification of a fatigue damage accumulation method taking the strain
approach based on the £, —2Ny fatigue curve revolution. Additionally, a comn-
parative analysis between calculation efficiency of the suggested method and
known hypotheses of fatigue damage accumulation is necessary.

2. Description of the fatigue damage accumulation method

A basic characteristic diagram representing the properties of a material
in the low-cycle fatigue zone is a fatigue curve in the e,c — 2Ny co-ordinate
systems. Changes of total strain g4, and its components; namely, the elastic
€qe and plastic €4, strain to number of reversals to failure 2Ny are taken
into account in the diagram. Sample fatigue life curve with its specific points
is presented in Fig.1.

The fatigue life curve is determined basing on the results of constant am-
plitude fatigue test performed under stress-controlled or strain-controlled con-
ditions. Low-cycle fatigue test results are approximated most frequently in
terms of the Morrow equation (see Fig.1). Both the experimental and calcu-
lation procedures are standardised [1].

Analysis of the assumptions accepted by Schott (1983) when formulating
the damage cumulation hypothesis based on the ¢ — N curve revolution shows
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Fig. 1. Fatigue life curve in the €,, ~ 2/Vy co-ordinate systems

that a main difficulty in calculation methodology is a proper determination
of the "remaining” life curves intersection point. As it was proved by Schott
(1983), the position of this point on the diagram strongly affects the agreement
between test and calculation results. On the fatigue life curve shown in Fig.1
we can define some specific points; e.g., a’f/E, e’f, P, each of them may act
as the centre of revolution of a secondary fatigue life curve. Basing on that
and making the assumptions of fatigue damage accumulation hypotheses in
the stress approach presented by Schott (1981), Hashin and Rotem (1978),
Subramanyan (1976), Szala (1981) in the present study the assumptions were
formulated for damage accumulation hypotheses in the strain approach. These
assumptions are presented in Fig.2.

The main assumptions of the damage accumulation description in the
strain approach are as follows:
— base line is fatigue life curve described by equation

!

o
€ac = €qe + Eap = Ef(ﬂvf)b + e (2Ny)° (2.1)

— intersection of fatigue life curve with the ordinate axis is the starting point
of a family of curves (”remaining” life curves) represented by the equations

/

o i i
Eacj = Eaej T Eapj = Ef(ﬂvfj)bf +e7(2Np;)" (2-2)
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Fig. 2. Damage cumulative method based on the €,, — 2Ny fatigue curve revolution
for a programmed loading

where 2ij = 2N]’:_1’j - 2n§-
— points a’f/E and f:'f are the centres of revolution of the family of lines which
represent the changes in plastic and elastic strains defined by the equations

. o’ ; . ;
f bt 4

€aej = g7 (2Ng5)" Eapj = £(2N15)% (2:3)
— succeeding positions of the lines describing changes in plastic and elastic
strain are determined by the slopes of regression lines b} and ¢} assuming
that for succeeding lines positions the following condition is imposed

c_a_a_ g (2.4)
b b Bl b '

— fatigue life under a programmed loading equals the sum of cycle numbers
at particular levels performed until the fatigue failure

Ne = ZZn; (2.5)

From Fig.2 it can be seen that the first level of the loading program with
the strain amplitude e,.(;) corresponds to the number of reversals to failure
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2Ny = 2N{ (point 1) at the base fatigue curve. After performing the ni

loading cycles at this level the remaining life corresponds to the point 1’. This
point lies on the "remaining” life curve L} represented by Eq (2.2). The point 2
corresponding to the remaining life NJ on the strain level Eac(2) 18 located
on this line. Realisation of the following levels of strain program enables one
to determine the next "remaining” life curves L3, L}, ...,L;-\. The line L3~\ is
the boundary line of "remaining” life curves and corresponds to the fatigue
failure.

3. Experimental investigation

3.1. Specimens for the fatigue test

The specimens used during fatigue tests were made of normalised 45-steel.
Its chemical constitution was as follows: C — 0.45%, Mn - 0.593%, P - 0.015%,
S -0.027%, Cr ~ 0.016%, Fe — 98.1%. The following mean values of the ultimate
tensile strength S, = 700 MPa and yield point S, = 430 MPa were chosen.
The size and shape of the specimen prepared according to [1] are presented in
Fig.3.

Fig. 3. Size and shape of the specimen for experiments

3.2. Loading program

The fatigue tests were performed under constant amplitude and irregu-
lar loading conditions, respectively. Both the loading histories were strain-
controlled. The amplitude distribution for irregular history was determined
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using the following beta distribution

1

N = a—1 1_ ﬂ—l 1
fleac) Blo, beta)sac ( Eac) (3.1)
where
B - beta function in terms of the gamma function,
B(a,B) = I'(a)I'(B)/I'(a + B)
o, - parameters of the beta distribution.

From changing the values of « and [ parameters different histories of
random loading yielded. They were characterised by the maximum strain am-
plitude €£4cmax I one block of the loading program and by the coefficient of
spectrum density (

k
€5 Ny
-y ™ (32

j=1 €acmax Mo

Random time histories of strain were subjected to a cycle counting process
using the peak counting method and the resulting spectra formed the basis on
which each programmed loading was determined. The operations performed
are schematically presented in Fig.4. The values of all parameters for the
realised loading are shown in Table 1.
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Fig. 4. Determination of the programmed loading

The fatigue tests were performed by means of the strength test machine
Instron 8501. During the constant amplitude tests selected loading cycles were
registered. For the irregular loading histories whole particular blocks of loading
were registered (n, = 100 cycles).
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Table 1. Parameters of the loading programmes

Load histories Parameters
: Eqe=0.35%
Ene Eonstam amplitude lesa £,.=0.50%
[%] r £4c=0.80%
40 Ere=1.0%
[ E2e=2.0%
f=0.2Hz
Eac Ag Random loading
o ¢
[/0] ) Eacmax=0.35%
gncmax=0450%
‘ fi Eucmax=0‘80%
| gncmax:l-O%
X Ho.. ) Egemax=1.50%
£ =0.34
€ac 5 [Programmed loading] §=0.56
(71 =1 % &=0.77
| E no=100
N k=10
I M‘{ f—_—JHZ
L e "o ~—>J

4. Results of constant and variable amplitude tests

The results of tests under constant amplitude and irregular amplitude
loading conditions are presented in the form of fatigue life curve in the
€ac — f(2Ny) and €4cmax — f(2NVy) co-ordinate system (Fig.5).

All the loading histories considered were determined by the maximum total
strain amplitude €4.max and coefficient of spectrum density (. As it was
expected, with the growth of the latter one fatigue life is decreasing and getting
closer to the constant amplitude test results (( = 1). However, a slight scatter
of fatigue life results is observed for two various loading program histories
(random and programmed). In order to describe this fact quantitatively the
results obtained were arranged in a diagram in the 2Nj(;4n) — 2Nj(prog) €O-
ordinate system (Fig.6).

The points of the diagram lying above the diagonal line indicate the in-
crease (for the same loading parameters ¢ and €gcmax) in the fatigue life
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Fig. 5. Fatigue life of 45-steel under constant amplitude and irregular amplitude
loading conditions
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Fig. 6. Fatigue life of 45 steel under random and programmed loading conditions



776 S.MROZINSKI

during realisation of the programmed loading. The points under the diagonal
line indicate the increase in the fatigue life of specimens during realisation of
the random loading program.

5. Verification of the fatigue damage cumulative method

Using a special computer program calculations of the fatigue life were made
on the assumptions accepted in Section 2. Verification was performed for all
the loading program sequences applied.

Additionally, in order to estimate the presented method there was per-
formed verification of the LDR. The calculation results obtained have been
arranged in the form of respective quotients a = Ngg/Negp in Table 2 (see
also Fig.7).

Table 2. Calculation and test results of the fatigue life

| a = Ni(eal) [Ni(eap).
¢ | Eacmax Random loading Programmed loading |
LDR | Present model | LDR | Present model |
1 2 3 4 5 | 6 |
0.35 | 1.34 0.79 1.34 1.37
0.5 | 135 0.87 1.35 1.52
0.34 | 08 | 1.07 117 1.07 1.24
1.0 | 1.02 0.97 1.02 | 115
15 ] 085 0.91 0.85 |  0.96
0.35 | 1.10 0.88 110 | 1.28 %
05 | 089 0.87 0.89 | 1.02
056 08 | 0.76 |  0.88 0.76 0.88
1.0 | 0.70 | 0.76 070 |  0.80
15 | 053 0.69 0.53 | 0.61 ]
035 | 0.72 0.81 0.72 0.86 |
05 | 0.80 0.81 0.80 0.92
0.77 | 0.8 [ 0.66 0.75 0.66 0.76
1.0 | 0.50 0.76 0.50 0.60
15 [ 0.52 0.76 0.52 0.61
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Fig. 7. Results of fatigue life calculation and test results under random and
programmed loading conditions

6. Analysis of the results and conclusions

Basing on the analysis of fatigue test results obtained for two types of
loading program it can be concluded that there arise insignificant differences
between them. The fact that a majority of points in Fig.5 are located on the
diagonal line or in its close vicinity evidently supports the above statement.
Apparent differences in the fatigue life are purely accidental and basing on
them one can hardly draw any conclusions about the effect of loading program
on the fatigue life. It confirms also a possibility of replacing the service loading
(random loading) with equivalent programmed loading.

An analysis of the ratio Ny(cq)/Ny(erp) Obtained under the proposed hy-
pothesis shows that its variations depend on the form of loading program and
its parameters.

3 - Mechanika Teoretyczna
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A majority of the calculation results obtained using this method were lo-
cated in a safe area of fatigue life (Nycary < Ny(egp))- A better agreement
between the test and calculation results appears rather under the random lo-
ading (0.69 < a < 1.17) than under the programmed one (0.61 < a < 1.52).
The worst agreement between the calculation and test results using the propo-
sed method for both types of loading programs can be observed for a sequence
of programs with the coefficient of spectrum density ¢ = 0.34.

Variations of the values of Ny(ca1)/Ny(ezp) ratio in columns 4 and 6 prove
that the hypothesis is sensitive to the type of loading program. That fact is of
great practical importance. It enables one to use the presented hypothesis for
predicting the fatigue life of structural parts under service loading.

Comparative analysis between the values of parameter a (Table 2) for
the proposed damage accumulation methods and the LDR shows that only in
the case of loading programs with coefficient ¢ = 0.34 calculation error for
proposed method is significantly higher than for the LDR method. In other
cases of loading programs the obtained experimental and calculation results
for verified hypotheses are in a comparable agreement.

The most important advantages of the method, which can be concluded
from the performed analysis of calculation results, are as follows:

e Possibility for which using it for fatigue life calculations of structural
parts made of the materials low-cycle properties as well as the loading
program are known

e Sensitivity of the hypothesis to the type of loading program and its para-
meters (during computer simulations there was observed the sensitivity
of hypothesis to the number of cycles in the block and the changes of
sequence of levels in the program)

o Location of the calculation results in safe area of fatigue life
(Ny(caty < Ni(eap))-

The advantages of the method were confirmed for one material used in the
tests, e.g. 45-steel, which is characterised by stability of cyclic properties. In
order to generalise the range of application of the presented calculation method
the verification is necessary for materials in which evident cyclic hardening and
softening phenomena are observed.
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Hipoteza kumulacji uszkodzen zmeczeniowych w obszarze
niskocyklowego zmeczenia

Streszczenie

W pracy przedstawiono propozycje metody sumowania uszkodzend zmeczeniowych
w obszarze niskocyklowego zmeczenia. Opisywana metoda jest oparta na koncepcji
obrotu wykresu zmeczeniowego. Wykresem bazowym jest wykres trwaloci zmecze-
niowej w ukladzie wspélrzednych e,. — 2Ns. Niezbedne dane do obliczent trwalosci
to wlasnosci niskocyklowe oraz parametry programu obcigzenia.

Weryfikacja do$wiadczalna proponowanej hipotezy (jeden material, dwa rodzaje
obcigzenia — losowe 1 programowane) wykazala zadowalajaca zgodnosé wynikéw ob-
liczeri i badafi. Przeprowadzona analiza poréwnawcza wynikéw obliczenn uzyskanych
przy wykorzystaniu hipotezy liniowej (LDR) oraz hipotezy przedstawionej w poniz-
sze] pracy wykazala szereg zalet tej ostatniej. Do zalet metody obliczen zaliczono
m.in. polozenie uzyskanych wynikéw obliczen w bezpiecznym obszarze trwalosci, jej
prostote, oraz wrazliwo$¢ na parametry programu obcigzenia.
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