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A control algorithm of a three-degree-of-freedom gyroscope axis motion
emerging from a solution to the inverse problem of dynamic is presen- .
ted in the paper. A complete system of non-linear differential equatisgns

and resisting forces acting in joint bearings. The effect o
factors: initial conditions choice, disturbances, as well/;5 non- linearity,
on precision of the gyro-axis required motion realisfltion is presented.
Optimal parameters of the control algorithm cortficting the gyro-axis
motion are determined, as well. f
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1. Introductionf
I

More and more autonomy has been required ??lxowa.days in target acquisition
and tracking or laser target sensing performed iy modern target detection and
tracking devices being usually driven by a frec gyroscope.

Therefore, there arises a strong need for €XIhloring the possibilities of exten-
ding the range of gyroscope applicatir™ §pecially at high angles of gyroscope
axis deflection in the space scanning phase. Ways of determination of the re-
quired control moments acting upon gyroscope gimbals in the phases of both
target detecting and tracking should be explored, as well, and dynamic effects
occurring at the target lnterceptlon mstant should be analysed. The problem
of interaction between tne required platform (eg, launcher, rocket board or
unmanned aerial vehicle) motion and realisation of the required motions of
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the gyroscope axis (hereinafter, for the sake of simplicity, we will use the term
"gyro-axis”) is also very important. Parameters of this interaction should be
optimised in the way ensuring that undesired dynamical effects will be mini-
mised and no resonance couplings will occur.

In the present contribution the control algorithm for gyro-axis motion in
both phases of space scanning and target tracking has been constructed basing
on the solution to the inverse problem of dynamic (Latata and Osiecki, 1997;
Koruba, 1997). The modified Golubencev method has been applied by Dubiel
(1986) to optimisation of parameters of the control algorithm correcting the
realised motion according to the required gyro-axis motion.

Notations

o ol - principal moments of inertia the gyroscope rotor
(gyrowheel)
— principal moments of inertia of the inner gimbal
principal moments of inertia of the outer gimbal
% gyrowheel mass
istance between the gyrowheel mass centre and the
pioint 0, at which the gimbal axes intersect
Mo _ yector of the resultant moment due to platform ac-
tir% upon the outer gimbal,
Mo = [MC:L'21 MC-yQ; MCz?]
Mp _ vec%ﬁ?r of the resultant moment due to outer gimbal
actiny3 upon the inner gimbal,
Mg F [MB:L'2) MByQ; MBz?]
My ~  vector, of the resultant moment due to the outer gim-
bal acting upon the gyrowheel,
My = %MK:cl’ MKyl, MKzl}

JBz1,IBy1, J.
JC:c2a ']Cy2a ']Cz2
mg

To -

Mg, My g —  friction{moments in gimbal bearings

M,c — air drag¥poment due to gyrowheel rotation

w - vector of platform angular velocity (kinematic exci-
tation), w = [wx,wy,wz]

9,1 - angles of nutation and precession of gimbals (deter-
mining the gyro-axis position)

¢ ~ angle of rotation about the longitudinal axis

9,1 — angular velocities of nutation and precession of the

gyro-axis
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angular velocity of the gyrowheel rotating about the
longitudinal axis (gyrowheel spin)

specified angles determining the gyro-axis position in
the scanning phase

specified angles determining the gyro-axis position in
the target tracking phase

angles determining the target position

friction coefficients in gimbal bearings

control moments in the program-following control of
the inner gimbal

control moments in the program-following control of
the outer gimbal

correcting moments the in program-following control
of gimbals

control mornents in the program-following control of
the gyro-axis in the scanning phase

control moments in the program-following control of
the gyro-axis in the target tracking phase

rectangular pulse acting within the time interval

te [t07tw]a H(tO)tw) = H(t - tO) - H(t - tw)
rectangular pulse acting within the time interval

te [t.i;tk]? H(tmtk) = H(t - ts) - H(t - tk)
Heaviside distribution

scanning start instant

target detection instant

target tracking time

target tracking (illuminating) end

specified parameter of the Archimedean spiral
angular velocities of the gyrowheel in following the
specified surfaces

amplitude of angular deflection of the gyrowheel in the
required motion

angle determining the viewfield of the scanning-trac-
king device

trace of the state matrix A

amplification coefficients of the correcting moments.

911
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2. Equations of gyro-axis motion

Fig.1 shows a scheme of gimballed gyroscope (mounted in the Cardan
joint). The gyrowheel K is mounted by means of bearings in the inner gim-
bal B, which, in turn, is mounted in the outer gimbal in the same way. Usually,
the mass centre of gyrowheel lies at the point, at which the axes of joint be-
arings intersect (case I), there are, however, the designs, in which it is not true
(case II). The outer gimbal is mounted by means of bearings on the platform,
which may be fixed or moving relative to the inertial frame of reference. In
case I the gyroscope answers only to platform rotations, while in case II also
to its translations.

Fig. 1. Scheme of a free gyroscope
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The following assumptions were made while deriving the equations of gyro-
axis motion:

a) Origin of the Cartesian co-ordinate systems lies at the point of intersection
of the Cardan joint axes

b) Axes &£,7,(; 1,¥1,21 and Z3,¥s, 22 are the principal axes of inertia of the
rotor and inner and outer gimbals, respectively

c¢) Gyro-axis rotates about the movable axes fixed to a corresponding solid
(i.e., gyrowheel, inner and outer gimbals, respectively)

d) Gyroscope is axisymmetrical
e) Angular displacements of the platform are also considered
f) Friction moments in inner and outer gimbals are of the viscotic type.

The equations of gyro-axis motion derived using the Lagrange equations
of the second kind (Latata and Osiecki, 1997) read

d(w + &
JKyl% = MKyl - Mk
d(wp . dwp
JBz1 (dt 2+ (Jpa — JBy1 )wBy1WBz1 + szszl + JkwBy1WB,1 +
—Jo(wpy1 +P) = Mpy1 — Myp — romig cos?
(2.1)
d(wBZl J J dUJle dS
[Jle T (JBy1 — IBz1)wBr1wByl + JK e Jo(wBy1 + P)wpz1 +
dwezo
—JKWBleByl] cosV + Jezo dtz + (Joy2 — Jerm)wezaweyr — Mcza +

+M.c + [JByl du:gyl + (JBz1 — JB21)WB21WBz1 + Miy) — MrK] sing =0
where
Wege = Wx €08 + wy siny WBzl =19+w0z2
Wey2 = —Wx SinY + wy cos WByl = WCy2 COS Y + We42 Siny
WCz2 = ’(ﬁ + wz WBzl = —WCy2 sin 1 4+ we o cos P

while 79,1 are the generalized coordinates.
For the sake of simplicity we assume that the moment Mg driving the
gyrowheel is equal to the resisting moment M, g in the bearings, in which the

11 ~ Mechanika Teoretyczna
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gyrowheel is mounted, i.e., we have

d(9 + 9 sin )

p :0:>si5+z/;sin19:n:const

while at @ > 9 it is often assumed that & = n.

By neglecting the moments of inertia of gimbals and assuming that the
platform does not rotate, i.e. wy = wy = wz =0, we arrive at the following
form of equations of the gyro- axis motion

2 d9 1 2
i b v (d—d)) sin219+((i;/) cosV + ey My + AM,

= —bp— — =

dr? dr 2\dr T (2.2)
%cosh? = —bc% + Z—f% sin 29 — %cosm? +c M.+ AM,
where
b, = My b, — e Cbzccz;
L}an‘? Ji 82 Jpr §22
{2 = JO—K T =1

3. Gyro-axis motion control

For the control purposes we preset the required signals, denoted as
9,(t),%,(t) in the phase of space scanning and 9,(t), 1,(¢) in the phase of tar-
get tracking. The control problem cousists in determination of the time-courses
of control moments M,(t), M.(t) which will ensure that the gyro-axis will fol-
low the trajectory determined by the angles 9,(t),%,(¢t) and 94(t),1¥s(t). Let
us put these moments in the form

My = I (to, tw) U] + H (ts, t) Uy
(3.1)
M, = H(tO: tw)Ug) + H(t57 tk)ch
By rewriting the formulae for the specified angles so as they assume the same
form for both the phases, i.e., scanning and tracking

I = H(t07 tw)'ﬁz + H(tuh tk)'ﬁs
(3.2)

1//* = H(t0>tw)"//z + H(twv tk)ws
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and after solving the inverse problem of dynamics (Latala and Osiecki, 1997),
we can determine the control moments My(t), M(t) in the form

1rd2ge | do9t 1 dy
[T+ + 5

2, dy*
- |22 v 929* — Z¥_ 29*
M, o d7'2+bd7'+2 dT)smﬂ chosﬂ]
(3.3)
1 rd%y* dy*  d9* dy* dy*
= — | — * 2* 2*
M, cc[d7'2 cos” 9" + b, i + e sin 29* + i cos 19]

1.0

T 0.15f (a)
> 0.101 —
i 0.5F
0.05}- K\ i
0
I 1/
-0.05F i &J
0.100 -05F
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1 1 1 n 1 L " 1 i 1 n 1 0
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— 0.4} =
3 >
0.2[ 0.2+
0 \: 0
0.2
) 0.2
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Fig. 2.

Consider the following problem: let the gyro-axis generate the lateral sur-
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face of a circular cone (Fig.2a). We require that its motion be

9,(t) = @ sin(vt) P, (t) = O cos(vt)

dd, ap, .

Frale Ov cos(vt) prale ©v sin(vt) (3.4)
29, . d*y

Froe —Ov? sin(vt) dt2z = —Ov?cos(vt)

In the case when the gyro-axis follows the Achimedean spiral (Fig.2b) we have

9,(t) = avtsin(vt) P, (t) = but cos(vt)

d;’;z = avsin(vt) + av’t cos(vt) d;iz = bv cos(vt) — bv’t sin(vt)

d*d 2 3, . d?ep 9 . 3

dTQz = 2av* cos(vt) — av”tsin(vt) dtzz = —2bv” sin(vt) — bv°t cos(vt)

(3.5)
When we require that the giro-axis move along an n-loop rose (Fig.2c) the
following set of equations is true

9,(t) = © sin(v;t) cos(vt)

¥, (t) = @ sin(v,t) sin(vt)

dv, . .

= @v) cos(v;t) cos(vt) — Ovsin(v;t) sin(vt)
dt

(3.6)

di, : .
el Ov; cos(v1t) sin(vt) + Gvsin(v,t) cos(vt)
d*d, 9 o . )
2= —O(v* + v )sin(v,t) cos(vt) — 20vv; cos(v1t) sin(vt)
d2¢2—9(22' t) sin(vt) + 20 t t
. — oW + v7) sin(v, t) sin(vt) + 20vv; cos(v1t) cos(vt)

The case when the gyro-axis moves along a modified n-loop rose (rys.2d) is
also very interesting. We arrive at

9,(t) = Olsin(v1t) + 0.2sin(3v;t) + 0.04sin(5v;t)] cos(vt)

1), (t) = O[sin(vt) + 0.28in(3v,t) + 0.04 sin(5v, )] sin(vt)
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d(zz = Ov)[cos(vit) + 0.6 cos(3v,t) + 0.2 cos(bv;t)] cos(vt) +
—Ouv[sin(vt) + 0.2sin(3v,t) + 0.04 sin(5v, t)] sin(vt) 57

dZZ = Ouv,[cos(vt) + 0.6 cos(3v;t) + 0.2 cos(5v,t)] sin(vt) +
+6Ov[sin(v1t) + 0.2sin(3v1t) + 0.04 sin(5v,¢)] cos(vt)

d;;’;" = —O(v? + v?)[2sin(vit) + 2sin(3v;t) + 1.04 sin(5v,t)] cos(vt) +

—~26vv;[cos(vit) + 0.6 cos(3v;t) + 0.2 cos(5v;t)] sin(vt)

2
dd:éz = —O(v? + v})[2sin(v ) + 2sin(3v,t) + 1.04sin(5v,t)] sin(vt) +

+26vv; [cos(vt) + 0.6 cos(3vt) + 0.2 cos(5v,t)] cos(vt)

Substituting Eqs (3.4) + (3.7) into Egs (3.3) we determine the time-
dependent control moments U} (t), UP(t), ensuring the required giro-axis mo-
tion to be realised is the scanning phase. For a circular cone the control mo-
ments read

UP = ©v(1 —v) sin(vi) + b,@v cos(vt)
(3.8)

UP = Ovy(1 — v) cos(vt) — b.Ov sin(vt)

In the same way we determine the control moments Uj(t), Ug(t) ensuring
the gyro-axis motion in the target tracking phase, but in this case the values of
angles 9,7, determining the target position, as well as their first and second
time derivatives have to be known a priori. The information about parameters
specifying the target motion can be acquired using devices of different type;
e.g., optoelectronic (passive target coordinator in rocket missiles), radar, laser
(active or semi-active target coordinators) or wave-guides mounted on the
gyro-axis. The device axis pointing at the target may determine the line of
sight (LOS).

When the axis coincides with the LOS the target tracking phase begins.
At this instant the radiation energy emitted (or reflected) by the target is
detected by the image analysis system, i.e., the target has already entered the
viewfield of the tracking system.
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When denoting the angles the gyro-axis makes with the LOS as follows

ey =1V, — 9. €w=¢z—¢c
O e
YT T d LA TR 7
e=,/e,29+efb (3.10)
then the relation
e< dp (3.11)

defines the condition for target interception.

Let us assume that neither the amplitudes of angular deviations from the
required gyro-axis trajectory nor the kinematic excitation due to platform
exceed 0.1. We assume additionally that angular errors in realisation of the
required motion are small, i.e.

A =9 -9 <1 Ap=1p—9* <1 (3.12)

With a sufficient accuracy Eqs (2.2) can be linearised with respect to the
required trajectory. Therefore, they read

@A) dAY | dby  dop

it T T T TAM 5.13)
d® Ao dAy  dAY
dr? = b dr  dr ~ Wz AM.
where
dAY
AM, = ky AD + hy— T, = =2
dt Jr
(3.14)
A
AM, = k A9 + hc%

Fig.3 shows the way of control of a free gyroscope motion in an autonomous
system of target detection and tracking (or laser target sensing).

4. Selection of optimal correcting moments

In the case when magnitudes of the friction forces in gimbals bearings are
small the kinematic excitations due to the platform may cause substantial
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deviations from the required motion (see Fig.4). To avoid this disadvantage-
ous effect, a feed-back realised by a simple PD regulator represented by Egs
(3.14)3,3 should be introduced to the control system.

Substituting Egs (3.14)2 3 into Eqs (3.13) and putting w,; = 0 we obtain

d?AY dAY  dA
d — kbA’l9 hbd— + —({E AMb
T 4 (4.1)
d? Ay dAyp  dAY
3 = = koA + he ot AM,
where . lc
ok ke
ko = T (22 ke T (22
_ he _ he
AL b = -
hy = Jrf2 b €T Jk 2 be

Let us rewrite the equations of the gyro-axis motion (4.1) in the vector
form

X' =AX (4.2)
where
,  dX dAY dAy
= — = A A
X dr X [19’dr’¢’dr]
(4.3)
0O 1 0 0
| ky Ry 0 1
A= 0 0 0 1
0 —1 k. h.
Let us introduce a new variable
z(r) = y(r)e’") (4.4)
at the same time |
6= trA:Z(Eb+EC) (4.5)
After transformation we have
Y' = BY (4.6)
where
-0 1 0 0
| ky Ry—=4 0 1
B = 0 s 1 (4.7)
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We look for the values of ky, k¢, kp, ke for which the characteristic equation
has only imaginary roots or they equal to zero.

To this end the coefficients of characteristic equation of B should be de-
termined in the following way

by =trB=0
(4.8)
3 b by . -5 1 ~§ 0
) 1 hy—38 0 hy—06 1 -4 1
& m-s|T] 0 ~s|T| -1 R-6|V|E Ru-s|"0
thus 3 7
kp + ke < —g(ﬁb + Rhe)? + EE,,EC +1 (4.9)
And
bii  bij bk -0 1 0
b;}:Z bj; bj; b >0k>7>1) = ky hy—6 0 |+
bei brj Ok 0 0 -6
(4.10)
-5 1 0 -5 0 0 hy—6 0 1
+| ky hp—6 1 |+ 0 =5 1|+| 0O =& 1 [=0
0 -1 he—6 0 ke—06 -1 ke he.—36
therefore =
(411)F, = ot holllhe — h)" = 4] | & (4.11)
4(hc - hb)
And
-0 1 0 0
_ ky hy—4 O 1
by =detB>0 = 0 0 _5 1 >0 =
0 -1 k. h.—6

- 1 - = [~ - - - = — -
e+ 2 (o + ) [Ro(3he = o) + Fe(3hy = ) + oy T > (4.12)

1 — _ — _ _ _
> —Q_'(hb + hc)2(3hb - hc)(3hc - hb)

When considering the problem not only Eq (4.11), representing the relation
between kj, and k. amplification coefficients of the regulator should be taken
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into account, but also the following, very important condition for maximisation
of the absolute value of A trace

|[trAl = ’i—(ﬁb + h¢)| = max (4.13)

If we assume that k, = k. then we will find the following additional
relation between the coefficients Ay, A

he=hy+2 (4.14)

Finally if the conditions (4.8), (4.9), (4.12) and (4.13), are satisfied then the
transient processes occurring in the system (see Eqgs (4.1)) will decay rapidly.

5. Numerical results

The following values for the parameters used in the process of gyro-axis
motion control in the scanning-tracking system have been taken

e Gyroscope parameters: Jy = 2.5-10"%kgm?, Jx = 5.0-10"%kgm?,

n = 600rad/s

e Angle determining the viewfield of scanning-tracking system:
g = 0.02rad

e Optimal values correcting moments amplifications: &k, = k. = —10,

Ry = —5.32, he = —7.32

e Angles, which determine the target position have been assumed as fol-
lows

Ve = 90 + wet sin{wet) e = Yoo + wet cos(wct)
where J.9 = 10 = 0.2rad, w, = 0.5rad/s

e Scanning phase was limited to the gyro-axis required motion along the
Archimedean spiral (Fig.2b) of the following parameters

11:271'—9— € = 1rad
do
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¢ Kinematic excitations due to the platform have had the form
Wz = wgo cos(pt) wy = wyo cos(pt) W, = wyg cos(pt)

where wgo = wyo = wyo = lrad/s, p = 5rad/s and were of At =0.05s
duration, arising at the instant ¢ = 0.5s.

In Fig.4 + Fig.8 the simulation results are presented. Fig.5a shows the
trajectories of required (dotted line) and realised motions, respectively, of the
gyro-axis for the initial conditions different from those required, while the
angular velocities in this situation are shown in Fig.5b. The effect of non-
linearity (see Fig.6) and transient kinematic excitation due to platform (Fig.4)
on the precision of the program-following control realisation in the scanning
phase can be clearly seen. Fig.7 show the trajectories of gyro-axis and target,
respectively, in the process of target detection and tracking with no correcting
control employed (Fig.7a) and when applying the correcting signals of optimal
parameters (Fig.7b). Fig.8 illustrate the transient processes occurring at the
target interception instant, which cannot be clearly seen in Fig.4b and Fig.7a.

6. Conclusions

Basing on the above considerations and the results presented it can be
concluded that the following factors affect the precision of realisation of the
free gyroscope required motion in a scanning-tracking system.

e Initial conditions. When improper values are assumed for the angles
determining the initial gyro-axis position the required trajectory will be
realised in a wrong region (Fig.5a). While improper initial values as-
sumed for the gyro-axis angular velocities involve transient processes
(Fig.5b). These processes decay, however, quickly due to friction in gim-
bal bearings.

e Disturbances in terms of kinematic excitations due to the plat-
form. At a low friction level in gimbal bearings even weak excitations
of short duration may cause a substantial deviation from the required
trajectory (Fig.4).

e Amplitudes of the required angular deflections of gyro-axis.
The influence of non-linearity on the precision of the required trajectory
realisation is exerted at high values of the amplitudes.
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e Transient process occurring at the target detection instant. A
rapid change in the control moments may cause the target to leave the
viewfield of the tracking system.

Bad influence of the above factors is exerted particularly at a low friction le-
vel in gimbal bearings (what, unfortunately is the aim of gyroscope designers).
To avoid this influence a stabilising regulator should be introduced into the
control gystem. Optimisation of the regulator parameters performed in the
way presented in Section 4 ensures additionally that the transient processes
occurring due to disturbances involved by the platform or when changing the
phase, will be attenuated rapidly.

The following problems should be also taken into consideration in further
research:

o Selection of the optimal scanning program realised by the gyro-axis for
minimal time and maximal probability of the target detection, in the
cases when it is immovable, movable and non-manoeuvring or movable
and manoeuvring, respectively.

e Determination of the optimal values of the platform/gyroscope system
parameters ensuring quickest possible attenuation of dynamic effects and
avoidance of critical states (resonance).

e Construction of the control algorithm of platform motion, which wo-
uld ensure most suitable conditions of target tracking and laser target
pointing (in the case of unmanned aerial vehicle) or quickest target in-
terception (in the case of homing rocket).

e Offering the possibility of the space scanning phase restarting in case
the target leaves the tracking device viewfield.
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Streszczenie

W pracy przedstawiono wyniki sterowania ruchem osi giroskopu o trzech stop-
niach swobody, ktérego program sterowania jest wyznaczany za pomocs tzw. metod
odwrotnych dynamiki. Ruch osi giroskopu, zawieszonego na przegubie Cardana, zo-
stal opisany peinym uktadem nieliniowych réwrasa rézniczkowych z uwzglednieniem
bezwladnosci wszystkich elementéw giroskopu oraz sil oporu w lozyskach przegubu.
Pokazano wplyw warunkéw poczatkowych, zaklScen oraz nieliniowoéci na dokladnosé
realizacji ruchu programowego osi giroskopu. Wyznaczono parametry optymalne ste-
rowan stabilizujacych ruch osi giroskopu.
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