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In this paper various models of the process of colmotage are presented.
Three kinds of kinetics are discussed, describing the course of this pheno-
menon, and the relevant systems of partial differential equations. Examples
of the solutions of these equations (2.2), (2.3); (2.2), (2.4); (2.2), (2.5) are
given and the function of porosity of a medium during the colmatage pro-
cess (2.7), (2.11), (2.15) is determined from these equations. Besides, by
introducing the adequate equation of motion (2.17), the way of determi-
ning the pressure distribution in a medium when the flow proceeds at the
assumed discharge (2.19) and at the constant difference of pressure, Eq
(3.3), is presented. In the latter case the discharge of flow as a decreasing
function of time Eq (3.2) is additionally determined.

Calculations are made for each kinetics. The diagram enclosed illustrates
the distribution of pressure versus time ¢ when the flow proceeds at a
constant pressure difference. It should be noticed that the distribution ob-
tained from the theory of colmatage at the moment ¢ = 0 agrees with that
obtained when Darcy’s law is applied.
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1. Introduction

In the 1850s Darcy initiated a series of investigations into filtration meant
as a way to purify water in sand filters for municipal and industrial purpo-
ses. However, he did not complete that task and abandon it. He focused on
examining the flow of a pure liquid through porous media. This work resulted
in what we know now as Darcy’s law or the equation of filtration. The term
filtration has nothing in common with the term purification. It means the How
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of pure liquids through porous media which does not cause any physical chan-
ges in those media. Contrasted with the fow of pure liquids, the transport of
suspension through porous media may result in sedimentation of the particles
in the media space. In consequence, this leads to a decrease in the medium
porosity, variation of pressure distribution and permability reduction. Such
a phenomenon is known as the colmatage, and is the subject matter of this
paper. It was described theoretically and experimentally in a series of papers
both by the authors of this work and by other investigators (see Reference).

2. Three models of the colmatage process

The phenomenon of colmatage is described by a system of partial differen-
tial equations, i.e. the equations of balance-transport and suitable kinetics of
the process.

Examining the effect of colmatage on the pressure distribution in the me-
dium the equation of motion is additionally used.

The equation of balance-transport for a one-dimensional flow obtained by
using the mass conservation law has the form

[N (z, t)e(z, 1)] ON(z,t) Oe(z,t)

t — =0 2.1
L (U (21)
where

e(z,t) - medium porosity

N(z,t) - concentration of solid particles suspended in a liquid

medium

q(t) — unit flow discharge

or

o) 3N6(a:,t) _ Og(z,t) _
T ot
Eq (2.2) is deprived of a local derivative of function N(z,t), which is equivalent
to neglecting the time in which the wave front of a colmatant is transmitted
along the porous medium.

The process of colmatage starts at a given point x at the moment when
the wave front reaches this point. When the local derivative mentioned is
neglected, and shifting of the wave front is left out, the time of the process
run is thought to be the same for each point z. Thus, it is possible to leave
out the above only when the time needed for the wave front to travel from the

0 (2.2)
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point z = 0 to the point z = L in a given porous medium is negligibly small
when compared to colmatage process duration.

The use of a proper equation of kinetics depends on the way of arresting
solid particles, on the mechanism of this action, or on the kind of the process
run.

Three kinetics of the process can be distinguished. They are represented
by the following equations

Oe(z,t)

2 — —a(@a()N (s, (23)
Oe(z, t
@D - —a@albe(e, DN, 0 (2.4
Oe(z,t .
0 — a(@attleta, Dleta, 1) ~ FIN(,1) (25)
where
e(x) - colmatage coefficient determining the relationships between
suspension particles and a solid medium
G* - certain constant, B* > &g.

The first kinetics (Eq (2.3)) is supposed to present the processes proceeding
at a constant rate of mass exchange.

In the case of second kinetics {Eq (2.4)) the highest rate of mass exchange
appears at ¢ = 0, and with the progressing saturation of the medium it drops
to zero.

The third kinetics (Eq (2.5)) describes the processes in which the rate of
mass exchange increases at the beginning and then, reaching a certain maxi-
mum value, decreases to zero.

The processes described by the first kinetics appear, for example, in electri-
cal filters, while the second kinetics represents, e.g., the adsorption processes.
In sand filters during the flow of clay suspensions, and not only, the processes
were observed which were characterised by non-monotonic rates of saturation.
It is the third kinetics (Eq (2.5)), which describes the flows accompanied by
the colmatage in most general way. The two other kinds of kinetcs can be
treated as its specific cases.

As seen from the above, the flow of suspensions through porous media
accompanied by colmatage leads to the change of the medium porosity, its
permeability followed by the change of the pressure head and, quite obviously,
to the concentration of the particles flowing through. The description of the
phenomenon of colmatage is reduced to the determination and presentation of
these magnitudes, these functions.
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The system of the equations of balance-transport combined with the proper
kinetics of the process of colmatage as well as the equations of motion allow
for determination of these functions. Basing on the system of the two first
equations the functions £(z,t) and N(z,t) will be determined.

In this paper, solutions of the systems of equations (2.2), (2.3); (2.2), (2.4)
and (2.2), (2.5) with the initial-boundary conditions are presented

e(z,0) =¢g N(0,t)=n (2.6)

where n denotes concentration of solid particles in a suspension flowing into
a medium.

Thus, the equation of balance (2.2) is combined with one of the formulated
kinetics.

For the first kinetics, the system (2.2), (2.3) has a solution in the form

- fa(x) da
N(z,t) =ne © e(z,t) = e —nQ(t)A(z) (2.7)
where -
p - j alz) d
= [avd  aw)=a@e (2.
0

For the second kinetics, the function N(z,t) is eliminated from Eq (2.2),
(2.4). The following equation is obtained

?lne(z,t) o (z) Olne(z,t) B
gor o) ot @5 =0

The above equation is linearized

Thus, we have

Oe(z,t) [ 1 &(z)

5 - al@)]e(z,)le(z, 1) — eo] (2.9)

The boundary condition for the above equation is found applying Eq (2.4) at
the point z = 0. We obtain

£(0,t) = gge~OImR() (2.10)
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The following function is a solution of Eqs (2.9) and (2.10)

€0

e(x,t) = (2.11)
1+ [eaOnQ(t) — 1] Ay (x)
where .
—sofa(z) dz
Ag(z) = 2B (2.12)

a(0)

Basing on the third kinetics (2.5) and on the equation of balance (2.2) after
eliminating function N(z,t) we have

9*In ﬁ*s—iitz,t) o (z) O1n gf_ﬁé;t Y ) 85(9: t) 0 513
otoz " a(z) —T o(z (213)

An auxiliary function is introduced

e(z,t)
F(z,t) =1
(@0 =l g
Thus Flos)
_ e

Eq (2.13) is integrated over t using is integrated in relation to t using the
above substitution. We have

ﬁ*eF(z,t)

OF(z,t) od(z)
- 14 ef(z2)

o o) F@t) = Fol + aa)” [

—Eo] =0

Using the linearization

ﬁ*eF(z,t) €0

1 4 eF(z:t) ~ b—*(ﬁ* - 60)[F($7t) - FO] + £¢

where Fy = F(z,0) =1n B,—E_"E-O, the following equation is obtained

OF (z,t) _ [a’(a:)

e ) " afz)eg (6" - 50)] [F(z,t) — Fy

The function F(z,t) = Fp — nf*Q(t)a(z) exp [— — £p) fa(a:) da:] is its
0

solution.
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By virtue of Eq (2.14) the function of porosity is expressed by the formula

B gof*
E(x,t) — €0 + (IH* _ Eo)enﬂ*Q(t)As(I) (2.15)
where
—€0(8*~<0) f a(z) dx
Asz(z) = a(x)e 0 (2.16)

Now, we will determine the pressure distribution in a porous medium during
the process of colmatage. To this end the following of motion will be used

Oh(z,t) ag(t)
oz le(z, )P

(2.17)

The function h(z,t) determines the sought pressure distribution in a porous
medium, and a is a certain constant.

If the flow proceeds at the assumed discharge ¢(t), and the pressure hj
under which the suspension flows out of the medium at the point =z = L is
given, then the pressure distribution can be found by integrating Eq (2.17)
over to z and taking the boundary condition (2.18) into account

H(L,T) = hs (2.18)
We have
i dz
hz,t) = aq(®) [ agp (2.19)

The function e(z,t) appearing in the above equation is expressed by: Eq (2.7)
for the first kinetics; Eq (2.11) for the second kinetics, and Eq (2.15) for third
kinetics, respectively.

Now, the case when the flow proceeds at a constant pressure difference will
be examined. Let hg denote the pressure at which the suspension flows into
the medium at the point z = (0. We have

h(0,) = ho (2.20)

The pressure distribution in the medium A(z,t) and the discharge of flow ¢(t)
will be determined below.
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3. Sample solutions

Integrating the equation of motion (2.17) with the conditions (2.18), (2.20)
the following relation is obtained

L
_ ag(t)
ho—hL—O/Wch (3.1)
Hence
oty = Mo he (3.2)
“f EEnE

Combining Eq (3.2) with (2.19) we have

L
J ez
h((l?,t):hL—i-(ho—hL)—zL— (3.3)

d
g‘ efz,zt:: 3

Let us notice that if the function Q(t) were known, it would be possible to
determine the function of porosity e(z,t) for different kinds of kinetics using
Egs (2.7), (2.11) or (2.15), and introducing them into Eqs (3.2) and (3.3).
These formulae could make it possible to determine the discharge of flow ¢(?)
and the pressure distribution in the deposit h(z,?).

Now the function Q(t) for different kinds of kinetics should be found.

Let us analyse the first kinetics. Eq (2.7) will be introduced into Eq (3.1).
We obtain the relation

L
ho — hy = / [ aq(t) dz
0

o — nQ(t) A (z)]?
Integrating the above equation over ¢ we obtain

L
o dzx o dz
ho — h)t = / _— = [ 3.4
o =Mt = | o @leo - n@OAEPE | mAwg Y
where A,(z) is expressed by Eq (2.8),.
Eq (3.4) can be treated as an implicit equation of function Q(t).
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When the second kinetics is considered, Eq (2.11) should be introduced
into Eq (3.1). The following is obtained

Oh(z,t) _ aq(t)

. 3
Oz €3

+3[ Ay ()] (e2OnO®) — 1)2 + [Ag (2))? (OO — 1)3]

[1+ 345 () (2O — 1)

where Ay(z) is given by Eq (2.12).
After integrating the above over 2z with the conditions (2.18) and (2.20)
we obtain

t \
ho — hp — aig ) {L 4 3Bl<ea(0)nQ(t) _ 1) n
0

+3B, (200 1)2 + By (e#Om00 1)3]
where

I
By = /[Ag(l‘)}k de for k=1,2,3
Q

The above relation is integrated in over time. An implicit equation of func-
tion Q(t) for the second kinetics is obtained

(ho — h)t = S[QUNEL ~ 3B, + 3B, — By) +
0
2 (e"a“)Q(” - 1)(31 — 2By + By) + (3.5)
nae(0)
3 2na(0)Q(¢) 1 3
7 ~_1\(B, — B ne(0)Q(t) _ .
" 2na(0) <e )( 2= By) 3na(0) (e I)BJ]

Now the third kinetics is under consideration. Eq (2.15) is introduced iuto
Eq (3.1), thus, we obtain

L

aq(t) / 3 o 2 8" O() As(x)

ho —hp = == [ leg + 3e5(8" — gp)e™ 3\ 4
0 L Eg(ﬁ*)3 {0 0( 0)

0
+360(ﬁ* _ EO)‘ZeQHﬁ*Q(t)Ag(CL‘) + (,B* B EO)SGSHB"Q(t)A‘g(I)} dr

As(z) is expressed by Eq (2.15).
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The above equation is integrated over ¢

L

(ho = Rt = 3 / Q) + 3e3 (8" e anAte -1
- = 34 | € + 3¢ P
" g Eg(ﬁ*):} 0 0 0 0 TL,B*A:;(:L)
eQnﬂnQ(t)Ag(z) _ ]_ esnﬁ*Q(t)As(x) _ 1
g (g 2O 1A gy
Rl e 2nf* As(z) (07 o) 3nB*As(z) ] dx

In this way an implicit equation of function @Q(t) for the third kinetics is
obtained.

The authors want to stress that the equation given by Darcy and known
as the filtration law is a specific case of the problem discussed, which, for the
sake of distinction, is called colmatage.

The information on pressure distribution during the fHow without the
exchange of mass with the neighbourhood is obbtained from the equation of
filtration. The theory of colmatage, to the development of which the authors of
this paper have contributed, makes it possible to determine these distributions
during the flow with the mass exchange. We have directions (functions) at our
disposal how to obtain those distributions on the path z and at time £ of the
colmatage process duration under the conditions of constant discharge of fow
both in homo- and heterogeneous media and in reference to homogeneous and
heterogeneous suspensions.

U W S S O W SR

0 5 10 15 20 , 25

Fig. 1.

Fig.1 shows the pressure distribution in the flow without and with the
exchange of mass with neighbourhood, respectively. Curve 1 presents the pres-
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sure distribution in the flow without the exchange of mass with neighbourhood.
Such a process can be obtained on the strength of Darcy’s law. The other cu-
rves illustrate the distributions when the fow proceeds with the exchange of
mass with neighbourhood, i.e. when the colmatage occurs. The curves present
these processes at the chosen moments ¢. At the beginning of the process at
the moment t = 0, the pressure distribution obtained on the basis of the the-
ories of colmatage agrees with curve 1 resulting from the theory of filtration
presented by Darcy. Therefore the statement that the theory of colmatage is
the generalisation of filtration is quite justified.
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Zjawisko kolmatacji jako uogdlnienie filtracji i jego wplyw na zmiane
porowatosci 1 cidnienia

Streszczenie

W pracy zaprezentowano rézne modele przebiegu zjawiska kolmatacji. Omowiono
mianowicie trzy kinetyki opisujace przebieg zjawiska oraz odpowiadajace im uklady
réwnan rozniczkowych czastkowych. Przedstawiono przyklady rozwiazan tych ukla-
déw (2.2), (2.3); (2.2), (2.4) oraz (2.2), (2.5) i wyznaczono w ich wyniku funkcje po-
rowatoéci oSrodka w trakcie trwania procesu kolmatacji (2.7), (2.11), (2.15). Ponadto
wprowadzajac odpowiednie réwnanie ruchu (2.17) przedstawiono sposdb okreslenia
rozkladu cinienia. w oérodku w przypadku gdy przeplyw nastepuje przy zadanym
wydatku (2.19) oraz przy stalej réznicy ciénied (3.3). W tym drugim przypadku wy-
znaczono dodatkowo wydatek przeplywu jako funkcje malejaca czasu (3.2).

Obliczenia podano dla wszystkich trzech kinetyk.

Zamieszczony wykres ilustruje rozklady ci$nienia dla réinych chwil ¢, przy prze-
plywie realizowanym przy stalej réznicy ciénien. Nalezy zwrdcié uwage, ze w chwili
t = 0 uzyskany z teorii kolmatacji rozklad pokrywa sie z rozkladem uzyskanym z prawa
Darcy’ego.
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