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Discussion of the effect of relative displacements gradient on the Fourier
halo of specklegram has ben conducted. It was predicted theoretically
that the energy distribution of the Fourier halo obtained from the point-
by-point analysis of a specklegram depends both on the type of basic
speckle structure, and the Fourier transform of a diaphragm shape func-
tion for the optical Fourier processor applied. Scale factors of this trans-
form are linear combinations of gradient tensor components. A type of
the speckle structure is determined by the characteristic function, defi-
ned as a sum of double convolution of the speckle shape function. The
theoretical results were verified experimentally for various configurations
of translation, strain and rotation, respectively.

1. Introduction

Speckle photography is the optical method for displacement measurement.
At the first step of measurement process a double exposure photography (be-
fore and after a movement) of the stochastic speckle pattern is registered. The
resulting transparency, called a specklegram after photo-chemical developing
is analyzed in the whole field or point by point, using the Fourier optical pro-
cessors. Depending on the kind of relation between the speckle pattern an the
tested object motions, respectively, and taking the way of speckle generating
into account, many techniques of speckle photography can be specified. Ini-
tially, the speckle photography was used only in determination of those rigid
body surface translation components, which were perpendicular to the line of
sight (cf Archbold et al. (1970)). Chiang and Juang (1976a,b) applied this
method to determination of static or dynamic angular displacements. The
basic speckle pattern was obtained due to the laser beam scattered on a rough
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surface interference. Forno (1975) made a speckle pattern of very fine granu-
larity in spatial coherent white light. The object surface, before illuminating,
was coated with a special spatial reflective paint. Forno (1975) proposed the
measurement technique which he called "white light speckle photography”, ho-
wever, according to the current nomenclature it should be called "white light
interferometry” or "shearing interferometry”. White light specklegrams were
for the first time obtained by Chiang and Bailangadi (1980) and Bachmacz
and Pisarek (1980), (1983), using the method in which the speckle pattern was
projected onto the object surface treated as a screen. The speckle projection
method enabled determination of the ob ject surface displacement components,
which were perpendicular to the surface. In his Ph. D. dissertation, Pisarek
(1986) used a very simple method for generating the speckle pattern. On the
black object surface an aluminium powder was sputtered. White light spec-
kle patterns of high contrast were observed illuminated by a typical reflector.
White light methods extended the range and ratio of speckle photography
and made it possible to be applied under polygon conditions. In the same
dissertation a light knife technique application to 3D gas flow measurement
was proposed. Iwata et al. (1978) applied the speckle photography to 2D fluid
flow investigation. A very thorough and detailed description of this method
supplied with a computer speckle analysis was presented by Dudderar (1988).
In 1984 J.Lira applied white light speckle photography to determination of the
density distribution in a flowing transparent medium.

The speckle photography techniques given above prove widespread practi-
cal application of the method, specially to strain measurement. The measu-
rement is non-contact, cheap and more accurate then the conventional strain
gauge method. The speckle photography can be useful in testing important
elements, which should be supervised, since the specklegram obtained is the
source document which practically cannot be falsified.

Unfortunately, rapid development of the specklegram recording techniques
does not involve the specklegram analysis methods advance. The description
of specklegram halo used nowadays still follows the procedure formulated by
Tokarski and Burch (1968), who discussed only the simplest displacement
state, i.e. pure translation. Parks (1980) presented the experimental results
proving the influence of rotation and strain on the fringe pattern contrast. He
did not propose, however, a mathematical model for quantitative description
of the observed effect. In 1984 Pisarek gave the lecture at the XIII Conference
on Mathematic Application, in which he presented the theorem of relative
displacement coefficient. The proof and applications of this theorem have not
been published yet. At the GAMM’94 conference the author presented the
concept of characteristic function application to a quantitative description of
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almost all kinds of the speckle pattern. In author’s opinion, application of
these theoretical results to a numerical analysis of specklegram Fourier halos
must result in small measurement errors.

2. The principle of speckle photography

The basic idea of speckle photography consists in double or multi-exposure
registration of the speckle pattern on the same photo plate and analyzing the
diffraction halo (Young fringes) or the Fourier halo of final transparency. An
example of typical realization of this idea is presented in Fig.l.

specklogram/

Fig. 1. The idea of registration and the point-by-point analysis of the specklegram

The speckle pattern is generated by means of the He-Ne laser beam scat-
tered on a rough object surface interference. The speckle image is in this case
strongly affected by the analyzed surface. Of course, it is only one of the possi-
bilities of speckle pattern generation and one of the ways of the correspondence
between the speckle motion and the analyzed ol)ject motion establishing, re-
spectively. Another examples of the speckle method are presented in Section 1.
The specklegram is recorded on a 10E75 film using a typical camera. It is ana-
lyzed point-by-point (Fig.2) in a 2D Fourier optical processor. The Fourier
transformation is realized by the system of lens 1. The Fourier halo of the
analyzed specklegram region 2 is observed on the focusing screen 3. The re-
sulting fringe pattern can be measured manually, directly on the screen. Using
a CCD camera and the computer image processing seems to be more effective.
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Fig. 2. Optical Fourier processor used in experiments

The condenser placed between the CCD camera objective and the focusing
screen focuses the light scattered on the screen in the objective diaphragm.
The signal from the CCD matrix is, passing the frame grabber system, trans-
mitted to an IBM personal computer.

The analog part of the processor realizes the transformation

A(u,v) = // Aolx'(x,y)t(z,y)exp[i—?(ux + vy)] dzdy (2.1)

—o0
where

A(u,v) - distribution of a complex amplitude of the wave on the
Fourier plane (on the focusing screen surface)

Ao - complex amplitude of the laser beam in the specklegram
plane

K(z,y) - shape function of the analyzed region of the specklegram

t(z,y) — distribution of optical density ol the specklegram

T,y - coordinates in the specklegram plane (original plane)

U, v — coordinates in the Fourier plane (on the focusing screen

surface).
If two identical images are recorded on the specklegram, shifted by the
vector w = [wg, w,] then its transmittance can be described as follows

t(z,y) = to(z,y) @ [6(z,y) + 8(z + wy, y + wy)] (2.2)

where
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to(z,y) - distribution of transmittance in conventional one-expo-
sure photography of the basic speckle pattern

6(+) — Dirac function

® — convolution symbol.

Because the transformation described by Eq(2.1) is the Fourier transfor-
mation

A(u,v) = .7:(1\'(10, y)i(l‘,y))

then it must be

A(u,v) = Ao(u, v)[l + exp<2—7ri(wru + wyv))] (2.3)

Af

where

Ao(u,v) = f(]\'(x, y)to(z,y)) (2.4)

Distribution of the light intensity in the Fourier plane in the case of homoge-
neous displacement field is described as follows

J(u,v) = A(u,v)A*(u,v) = Jo(u, v)[l + cos( (wru + wyv))] (2.5)

Af
where
J(u,v) — light intensity of one-exposure photography of the speckle
pattern, J (u,v) = A(u, v)A9(u,v)
A*(u,v) - complex amplitude, conjugate to A(u,v).

Eq (2.3) is known (cf Francon and Ostrowski [13]) as the Tokarski and
Burch theorem. In this paper the theorem will be adapted to the displacement
field of large gradient.

3. Theorem of the fringe contrast in specklegram hallo

Displacement gradient G can be separated as a sum of the rotation R and
strain E tensors, respectively

_ _ai—vl _a/.TIJL _ Gxx gyr _
G=| dw, duwy | =| g 7| =R+E (3.1)



428 J.T.PISAREK

Distribution of the displacement w(z,y) over a small region K(z,y) can be
approximated by the linear function

dw, dw,
we(2,y) = wor + (z — zc)a—z + (y— yC)W
(3.2)
_ NN M
wy(z» y) - wa + (.’E zc) az + (y yC) ay

where wg = [woz, woy] — mean displacement in the region K'(z,y).
Complex amplitude distribution in the Fourier plane is then described by
the following integral

// K(2,9)o(2,9)® [0z, 1) +6 (3 +wa(2, ), wy(2,9))] exp[i—?(uzﬂy)]dmdy

(3.3)
The resulting light intensity distribution can bhe presented in the form

J(u,v) = Jo(u,v)F[b(z,y)+ é(z + wy,y + wy)] = 3.4)
= Jo(u,v){l + N(u,v)[l + cos(i—?(wmu + woyv))]}
where
) T
N(u,v) = //I\'(xs,ys)exp%l ([ .gzr .zy: } [ ";: ]) [ Z } dz ,dys
v (3.5)
Ty =2 — X; Ys =Y — Y

where z.,y. — coordinates of the K(z,y) region center.

Let us call N(u,v) the coefficient of relative displacement. The integral
in Eq (3.5) is the Fourier transform of the shape function of the analyzed
region. The sum of adequate components of rotation and displacement tensors,
respectively, stand for scale factors of the transformation. If all components
of these tensors tend to zero then the coefficient of relative displacement will
tend to 1 in the analyzed region of specklegram halo. The following contrast
C of fringe pattern can be obtained, which is equal to N(u,v)

o Jmax — Jmin _ J(u,v)[(l + N(u,v)) - (1 - N(u,v))]

" Jmax + Jmin J(u,v)[(l + N(u,v)) + (1 - N(u,v))] = Mwo)

(3.6)
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Theorem. The contrast of speckle pattern in the Fourier halo of the spec-
klegram recorded on a photo material of linear characteristic equals the
Fourier transform of the diaphragm shape function, scale factors s,
and s, of which, i.e., have the form of the following components of
displacement gradient

z = 9zz t Gy Sy = Gyy T+ Gy= (3'7)

4. Light energy distribution in the Fourier halo of the basic
speckle pattern

The amplitude transmittance of one-exposure speckle pattern can be pre-
sented as follows

(z,y) = Zh — Tej Y~ Yei) © 6(Tejs Yej) (4.1)

where 1.;,y.; — coordinates of the jth speckle center.
The energy distribution of the Fourier hallo has the form

(u,v) = Zh@)? + Z]—" hkhl)exp[i—7}i ((a:k —z)u+ (yp — yI)U)] (4.2)
[y

For a great number of speckles the mean value of the second component is
practically equal to zero. The mean value of Fourier halo energy distribution
is equal to the Fourier transform of a sum of double convolutions of images
of certain speckles. For a high contrast of speckle pattern to be achieved the
distribution should be equal to a sum of double convolutions of the speckle
shape functions.

The function

(z y) Z]\ ®2 (T = Zejr ¥ — Yej) (4.3)
J

is called ”characteristic function of the speckle pattern”. This function is
strongly dependent on the roughness grade of the object surface. Having H(:)
obtained is very important for discussion of the class of Jo(u,v) approximates.

15 — Mechanika Teoretyczna
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5. Experimental results

5.1. Speckle pattern
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Fig. 3. Images of a typical speckle pattern; (a) — laser speckle on the aluminum
surface (Ra = 15um), (b) — laser speckle on the steel surface (Ra = 0.3um),
(c) - speckle in white light (Al powder)

A typical speckle pattern generated due to the rough surface is presented
in Fig.1. For rough surfaces (Ra > 10um) and great values of numeric aper-
ture of camera objective the pattern (Fig.1a) is homogeneous and practically
independent of micro-geometry of the surface. The characteristic function and
its Fourier transform are the central symmetrical functions. Light distribu-
tion in the Fourier plane of the point-by-point processor can be approximated
well by the Gauss function, parameters of which correspond to the aperture
of camera objective.

The speckle pattern shape observed on a polished steel surface depends
on both the surface roughness and parameters of the ililuminating laser beam.
The limiting conditions can be formulated in the [ollowing form

Ra < 2.5 pum
Sm > 1.22AnM
where
Ra - mean roughness height
Sm - roughness wave length
n — numerical aperture of the objective

M - camera magnification.
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The above conditions have been obtained experimentally in the course of
testing a series of steel specimens of different parameters of the surface ro-
ughness. For Ra < 0.63um the contrast of the speckle pattern is strongly
dependent on Ra. The characteristic function is in this case an axial sym-
metric one. Light distribution of the Fourier halo of the pattern must be
approximated by a multi parameter 2D function.

The speckle pattern obtained in white light (Fig.3c) using the aluminum
powder sputtering technology is anisotropic. The characteristic function is a
central symmetric one. Light distribution of the pattern Fourier halo can be
roughly approximated by the Bessel function with the only parameter d

Jou,v) = yo(iifm)

where Jo — cylindrical Bessel function of the first kind.
The parameter d can be interpreted as the mean speckle diameter in the
analyzed pattern. A typical value of d lies in the range d = 10 -+ 100um.

5.2. Fourier halos for displacements and small strains

Displacement fields in axially tensed strip made of aluminum, plexiglas,
titan, CoMoNi alloy (metal glass) and hard rubber, respectively have been
recorded on specklegrams. The speckle patterns for all metal specimens were
made both in laser beams and in white light. The specimens made of me-
tal glass were tested in laser beam only. Rubber specimens and those made
of plexiglas were tested in white light using the powder of about 100um in
diameter. For loading stress values lower then the yield point the resulting
specklegram hallos for all the specimens made of rubber and plexiglas can be
precisely described by Eq (3.4). For the loading stress exceeding the yield
point the contrast of fringes in the specklegram halo has been markedly la-
wer then the value calculated after the theory presented above, which can be
explained by local discontinuities of the displacement and strain fields, respec-
tively. When testing specimens made of thin (0.05 mm) metal glass foil (Fig.4)
the fringe pattern contrast varied with the distance from the specimen edge,
being slightly higher at the specimen edge then the value calculated from Eqs
(3.5) and (3.6). In the specimen axis, however it has become very low.

The specklegram halos presented in Fig.4 have been obtained in the course
of analysis of the regions situated 1.2mm from edge of the strip of 10 mm in
width. The distance between successive measurement points was 2mm. The
histograms of light distribution have been obtained in the region localized



432 J.T.PISAREK

y=50mm w=3.562m

rrs

y=52mm w=3.798um

y=54mm w=4.034,m

y=56mm w=4.270um

y=58mm w=4.506,m

Fig

. 4. Determination of small strain in the CoMoNi amorphic alloy. The histogram
is calculated 1n the direction parallel to the tension direction
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20mm from the processor optical axis. For all the analyzed zones of the
specklegram, the functions Jo(u,v)and N(u,v)differ only in the scale factor,
which is proportional to the diffraction yield of the specklegram zone. It
enables determination of small strajns with the accuracy of 10-6 + 10-7.
Algorithms described by Pisarek (1994) has been applied to the analysis of
strains. Distortion in the light distribution symmetry due to processor errors,
visible in Fig.4, can be eliminated numerically straight forward.

5.3. Fourier halos for translation and rotation

@=0.04 ¢$=1mm w=0.04 H=4mm @w=0.04 H=8mm

Fig. 5. Fringe spoilling due to a large rotation angle and a big diameter of the
analyzed region

If the tensor of relative displacement has only antysymmetrical component
then the coefficient N(u,v) must be a central symmetric function. In Fig.5
and Fig.6 the Fourier halos of the specklegrams which have been registered
in white light are presented. The region of contast {ringe, visible in Fig.5, is
affected by the rotation angle. The fringe contrast is modulated by the central
symmetri function, defined by Eq (3.5). For large rotation angles w and very
big diameter ¢ no fringe is visible.

Fig.6 presents different configurations of the rotation angles w and the
processor diaphragm diameters d, respectively. If products of these values
are equal, then the corresponding halos have to be (see Eq (3.4) and (3.5))
modulated by the same contrast function N(u,v). The diameters of visible
fringe regions should be, according to Eq (3.5) determined by the product
d ® w. Small differences between calculated and experimentally registered
images appear due to instability of the photo-chemical image development
process.
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@=0.016 ¢G=1mm @=002 ¢=1mm

@=0.008 @$=4mm @=0.008 $=8mm

Fig. 6. Contrast and granularity of the Fourier halo for the superposition of
translation and rotatlion

The processor diaphragm diameter determines not only the contrast func-
tion but also the image speckling. For small diameter values the great granula-
rity of the Fourier halo image is visible. We have to take this effect (described
by the second component in Eq (4.2))into account when formulating the image
analysis algorithm.

5.4. Fourier halos for displacement and great strains

In Fig.7a the Fourier halos of selected regions of the photoelastic model
are presented for a plexiglas plate loaded by three-force-system (Fig.7b). The
specklegram has been registered in white light. The displacement gradient
at the point E has only strain components (e1,€2) and the direction of ¢,
is parallel to the plate edge. Because the processor is supplied with a circle
diaphragm zero points of the contrast function calculated from Eq (3.6) are
located on the ellipse major axis which is perpendicular to the plate edge. At
the points A — C the displacement gradient has both the strain and rotation
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Fig. 7. Typical specklegram halos for the superposition of translation, rotation and
strain

components. The rotation affects a change of direction of the calculated con-
trast function axis of symmetry. The largest rotation angle calculated from
Eq (3.5) appears at the point A.

6. Conclusions

The speckle photography is a very precise method for the displacement
and strain fields measurements. The theory presented enables optimization
of the class of approximation functions, used in a numerical analysis of the
specklegram Fourier halo. 1t is important however to eliminate systematic
errors of the method.

For small displacement gradients the range and accuracy of displacement
determination depends on the basic speckle pattern, which can be quantita-
tively described by the characteristic function. This function can be attected
either by optical parameters of the camera used for the specklegram regi-
stration or by the surface roughness of the analyzed object. The concept of
characteristic function is useful in quantitative description of speckle pattern
made in laser light and in white light too.

For great displacement gradients the accuracy of displacement measure-
ments depends on the diaphragm shape function in the Fourier processor and
on the displacement gradient. Contrast of the observed fringe pattern is repre-
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sented by the coefficient N(u,v) defined as the Fourier transform of diaphragm
shape function. Scale factors of this transform are linear combinations of the
displacement gradient components. The reduction of diaphragm size involves,
however, considerable granularity of the specklegram halo, which may result
in a substantial increase in random errors.
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Pomiar gradientu pola przemieszczeil przy pomocy fotografii plamkowej

Streszczenie

W pracy opisano ilosciowo wplyw tensora przemieszczen wzglednych na widmo fo-
urierowskie specklogramu. Wykazano, ze rozklad energii w widmie jest zalezny od ro-
dzaju struktury plamkowej 1 wspdlcynnika przemieszczen wzglednych, definiowanego
jako transformata Fouriera funkcji ksztaltu analizowanego podobszaru specklogramu.
Czynnikami skalujacymi przeksztaicenia sa dobrane odpowiednio skladowe tensora
przemieszczen wzglednych. Powyzsze wynikizostaly zweryfikowane doswiadczalnie
dla réznych standéw przemieszczen, odksztalcen 1 rolacji przy pomocy punktowego
procesora Fourierowskiego, sprzezonego z komputerem osobistym:.
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