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An asymptotic method for the modelling of macro-heterogeneous linear-
elastic composites has been established by WozZniak (1992). In this note
we propose an alternative approach to the aforementioned modelling
problem which has rather a simple analytical form and a clear physical
interpretation. The obtained equations constitute a convenient basis
for both theoretical and computational analysis of macro-heterogeneous
composite structures.

1. Preliminaries

As it is known every composite constitutes a certain micro-heterogeneous
medium with macro-properties different from these of the individual constitu-
ents. If these macro-properties are constant throughout the whole body then
the composite is said to be macro-homogeneous; if they depend on a position
in the body then we deal with a certain macro-heterogeneous composite struc-
ture; an example of macro-heterogeneous composite is shown in Fig.1. For
a general description and a motivation of researches for such composites the
reader is referred to Wozniak (1992). In this note we propose a new approach
to the formulation of engineering models of macro-heterogeneous composites
which seems to be rather simple compared to that of WoZniak (1992), has a
clear physical interpretation and can be easily applied to engineering problems.
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Fig. 1. A fragment of a macro-heterogeneous composite structure

Throughout the note subscripts 4,7, k,! run over 1,2,3 being related to
Cartesian orthogonal coordinates z,zq,z3 in the referential space. Points of
this space are denoted by z = (z,,22,23), 2 = (21, 22, 23) etc. and 7 stands
for a time coordinate. Indices a,b run over 1,2,3,...,n and summation
convention holds for both ¢,3,k,l and a,b.

Let {2 be a regular region in the referential space occupied by a linear-
elastic composite medium in its natural state. Material properties of this
medium are determined by the elasticity tensor field a;;x(-) and the mass
density scalar field p(-), which are supposed to be highly oscillating functions
having jump discontinuities across the interfaces between material constituents
of the composite. We shall restrict ourselves to composites for which there exist
a decomposition of 2 into a very large number R of mutually disjoined small
volume elements VA, A =1,..., R, such that (cf Fig.1):

¢ Every VA4 is a small piece of a body in which all typical material
micro-heterogeneities can be detected but large enough to represent local
macro-properties (apparent properties) of a composite structure

¢ Every two adjacent volume elements have very similar distribution of
material constituents but the remote volume elements can be distinctly
different.
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Volume elements VA, A = 1,..,R, will be referred to as macro-
representative elements (m.v.e.). By z# we shall denote a geometric center
and by §, the maximum characteristic length dimension of V4. Setting
0 = maxé,, A = 1,...,, R, we refer to é as a microstructure parameter, whis
is assumed to be sufficiently small compared to the minimum characteristic
length dimension of the region (2.

In order to formulate an engineering model of a composite under considera-
tion we introduce two fundamental concepts: the concept of a macro-function
and that of a shape function. To this end let é be a microstructure parameter
and A, A > 0, be a maximum value of an admissible approximation error re-
lated to the computations of a continuous function F(-) within the framework
of the modelling procedure.

A continuous (real valued) function F(-) defined on £2 will be called a
macro function (of an order (§,)))if for every z,2 € 2 and |z — 2| < § it
satisfies condition |F(z) — F(z)| < A. It means that from a computational
viewpoint a value of F(z) can be replaced by F(2) and inversely, provided
that |z — 2| < é. Similarly, function F(-) which is continuous and has
continuous derivatives up to kth order will be called a macro function (of an
order (6,A))if F(-) together with all its derivatives are macro functions (of
an order (6,))). In the sequel we shall tacitly assume that (6, 2A) is known
and we shall deal with a class of macro-functions related to the composite
structure under consideration and to a certain approximation error.

Let f(-) be an arbitrary integrable function defined almost everywhere on
2. For every m.v.e. V# we shall introduce the averaging operator < f >,
setting

1
<f>A= m / f(x) dv dv = dxidxydas A=1,..,R
VA

Now assume that there exist a macro function F(-) defined on 2 such that
condition |F(2)- < f>, | < A hold for every z € VAand A =1,..,R
Then, for every continuous macro function G(-) defined on 2, we obtain

R
/ f(2)G(2) dv= 3 <[>, G(z*)vol(V4) + O()) = / F(2)G(z) dv + O())
n n

A=1
(1.1)
where O(A) — 0 together with A — 0. Eq (1.1), after neglecting terms O(A),
will be used in the sequel as a certain asymptotic approximation formula.
The second fundamental concept is that of a micro-shape function which
is defined on {2 and restricted to an arbitrary m.v.e. V4 has an inter-
pretetion similar to the known shape function of the finite element method.



326 S.KONIECZNY ET AL.

By micro-shape functions we shall understand a system of independent real-
valued functions he(:), @ = 1,...,n, defined and continuous on 2, having
piecewise continuous derivatives h,;(-) in {2 and such that: (i) <h,;>,=0
for A=1,..,R, (ii) he(z) € O(f) for every z € 2 but values h,;(z) are
independent of the microstructure parameter 6, (iii) for every two adjacent
m.v.e. VA VB functions h,(z2 +y), hy (24 +9), y € VA — 24 have a form
similar to the corresponding functions h,(zB +y), hq (2B +y), y€ VB —2B,
respectively. Micro-shape functions can be related to a discretization of every
m.v.e. and hence they have to be postulated independently in every problem
under consideration. From condition (iii) it follows that the form of these
functions can be found by means of a certain interpolation formula on a basis
of a few typical m.v.e. (cf Section 3).

2. Analysis

The procedure leading from the equations of linear elasticity theory for
a micro-heterogeneous composite body under consideration to an engineering
"averaged” model of this body will be based on two preliminary concepts in-
troduced in Sect.1, on certain smoothness conditions and on two fundamental
assumptions.

The first assumption has a heuristic character and will be called the Micro-
Macro Kinematic Hypothesis and states that a displacement field u;(-,7) at
every time instant 7 can be assumed in the form

ui(2,7) = Ui(z,7) + ha(2)Q% (2, T) z €N (2.1)

where Uji(-,7), Q%(-,T), together with their first and second time derivatives
are arbitrary independent differentiable macro functions (which are indepen-
dent of a microstructure parameter 8) and h,(-),a =1,...,n, are micro-shape
functions postulated a priori for every composite structure under considera-
tion.

Fields U;(-,7), Q¢(-,7) will be called macro-displacements and correctors,
respectively. The term h,(2)Q?%(z,7) describes small disturbances of the di-
splacement field wu;(-, 7);it will be shown below that these disturbances are due
to the micro-heterogeneous structure of a body. By means of h, Q¢ € O($),
we also obtain

ui(z,7) = Ui(z,7) + 0(6)
(2.2)

uij(2,7) = Ui j(2,7) + hqe j(2)Q3(z,7) + O(6)
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Let us denote by o;;, b;, p; stresses, body forces (supposed to be constant
in 2) and boundary tractions, respectively. Let us also assume, on a basis
of considerations in Sect.1, that there exist sufficiently regular macro fields
Sii(+y7), Hai(+,7), M(+) defined on 2, such that conditions

S',-j(:vA, T) =<0 >,
Ha,-(a:A,‘r) =< U,‘jha’j >4 (23)

M(z4) =<p>,

hold for A = 1,...,,R and at every time instant 7. Then, introducing the
principle of virtnal work

/or,-jﬁu,-,j dv = fp,-b’u; da + /p(b,- — )by, dv (2.4)
2 2 Q

which will be assumed to hold for every éu; = 8U;, du;; = 6U;; + hq ;6Q2,
(cf Eqs (2.2); 6U;, 6QQ¢ are arbitrary independent macro functions), by means
of Eq (1.1) we obtain the following averaged form of both sides of (2.4)

[oissui o= [(5:60.;+ HaisQ3) du+ O
2

? (2.5)

fp,-w; da + /p(b,- — ii;)6u; dv = }{p,-w,- da +
on n an
+ / M(bi — U,)8U; dv + O()) + O(6)
n

Terms O(X) in Eq (2.5) are implied by the formula (1.1) and terms O(§) are
responsible for u; = U; + O(9).

The second fundamental assumption, which be called Asymptotic Approzi-
mation Hypothesis, states that terms O(A) and O(6) in all resulting equations
(obtained by an averaging procedure) can be neglected. Hence from Eqs (2.4),
(2.5) we obtain the following condition

/(5,'_7'6(/';,_7' + Hgi6Q%) dv = fp,’&U; da + / M(b; — (7,')5U; dv (2.6)
n a0 7

which holds for every independent (macro) fields 6U; and 6Q¢. It can be
shown that restriction of §U;, §Q¢ to macro fields in Eq (2.6) is irrelevant and
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the condition (2.6) implies the following field equations

S,'j,j(.’l:, T) + M(.’E)bi = M(I)i}i(z, T)

(2.7)
Hai(z,T):O z €l
and natural boundary conditions
Sij(z,7)nj(e) = pi(e,7) z €N (2.8)

where n;(z) is an outward normal to 9 at z. Eqs (2.7) and (2.8) will
be called macro-equations of motion and macro-natural boundary conditions,
respectively; §;; are said to be averaged stresses and H,; will be referred to
as structural forces.

Combining (2.3), with the known stress-strain relations
0ij(2,7) = aijri(z)ur, (2, 7) and using Eq (2.2); we obtain

Sii(z4,7) =< aijir >, U (22, )+ <aijribo, >, Q?’)(EA, )+ 0(96) 2.9)
Ha,'(IA, T) =< aijklha,l > U(j,k)(z”, T)+ < aijklha,jhb,l >A QZ(IA, T) + 0(6)

Let  Ajjki(+), Aaiji(-), Aasik(-) be certain macro fields defined on {2 which
satisfy conditions

Aijri(z?) =< aijr >,
Anije(e?) =< aijuihai>, (2.10)
Aabir(2?) =< aijirha jhy1 >,

for A=1,...,R. Using the Asymptotic Approximation Hypothesis, from Eqs
(2.9) and (2.10) we arrive at the following interrelations between S;;, H,; and

Uk,y, Q%

Sij(2,7) = Aijri(2)Uy(2,7) + Aaijn(2)Q%(2,7)
(2.11)

Ha,'(z, T) = Aaikl(I)U(l,k)(z, T) + Aab,-j(z)Qg(a:, T) z €

Eqgs (2.11) will be referred to as macro-constitutive relations of linear elastic
(macro-heterogeneous) composites. For micro-periodic structures the fields
Aii()y Aaije(+), Aasij(+), M(-) are constant and a composite is said to be
macro-homogeneous.
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Eqs (2.7), (2.11) constitute the system of governing relations for macro-
displacements U; and correctors Q%. These equations involve exclusively
macro functions and hence can be used as a convenient basis for analysis and
computations of macro-heterogeneous composites under consideration. Let us
" abserve that correctors Q¢ can be eliminated from Egs (2.7), (2.11) since they
are governed by a system of linear algebraic equations Aa,n-jQ’J’- = —Auijk U 1y
it can be shown that Agp;; represent a certain invertible linear transformation.
In a special case of micro-homogeneous bodies a;;x = const and we obtain
< aijil hay >, = ajpr <hsy>, = 0 and hence Agi;x = 0; in this case
all correctors Q¢ are equal to zero. Thus we have proved that the correctors
describe (together with micro-shape functions) an effect of micro-heterogeneity
on a macro-behaviour of the composite under consideration.

3. Concluding remarks

The formulation of resulting macro-relations (2.7), (2.8) and (2.11) requires
an introduction of appropriate micro-shape functions h,(-) and computation
of macro fields Aijri(-), Aaije(+), Aabij(-), M(:), that can be done by an
application of interpolation formulas

Aijii(z) = 3 <aijr > 0™ (z)
K

Asije(z) = Y <@ijrihag > ™ (2)
K

(3.1)
Aabij(2) = Y <aikjihapho) > 0™ (2)
K

M(z) =) <p>n(2) z €
K

where 7K(.) are suitable interpolation functions and index K runs over a
certain subsequence of sequence 1,...,R. Hence also shape functions can be
introduced only in m.v.e. V¥ in Egs (3.1). The general discussion of the
resulting relations and the related boundary-value problems is similar to that
concerning the results of WozZniak (1992) and will be not repeated here. Appli-
cations of the obtained models of macro-heterogeneous composites to special
problems including a numerical analysis will be presented in a forthcoming

paper.
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Modelowanie makro-niejednorodnych kompozytéw

Streszczenie

W pracy Wozniak S1992) przedstawiono asymptotyczng metode modelowania
makro-niejednorodnych liniowo-sprezystych kompozytéw. W tym komunikacie pro-
ponujemy alternatywne podejscie do problemu modelowania, ktére ma prosta postaé
analityczna i Jasna, interpretacje ﬁzyczna, Otrzymane réwnania stanowia dogodna
podstawe zaréwno teoretycznej jak i numerycznej analizy makro-niejednorodnych
struktur kompozytowych.
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