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The problem of elastoplastic disks of hyperbolic shape under centrifugal forces
has been considered in the present paper. The angular velocities delimiting
the initial yielding and complete plasticity material state, respectively are
determined due to the Mises and Tresca criteria. The procedure including
wark hardening is also presented.

~ 1. Imtroducing
" Assuming plane stress (o, = 0) in a disk of hyperbolic shape with thickness

1:=t0(§)"l . a<r<h n>0 __ (1.1)

~ the equilibrium equation under centrifugal load is

do, . ,
og = 1=+ (1 - n)o, + pw’r’ J (1.2)

For the elastic part using Hookean law a second order differential equation is
obtained [1] 3

d’c, 3-ndo, n(l+v) 2 '
a2 +_-"r——dT— i A A (3+V)Pw =0 (1.3)

the solution to which is
s 2,2 (1.4)

g =ArP + Br? — ———————
remge-p”

- where
n

n 2
Pa=z-1% (2) +ont1 (1.5)
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while the circumferential (hoop) stress component is due to equation (1.2)

(3-n)3+v) 1]
(2~q)(2-0p)

Applying the boundary conditions of a hollow ring, free of any surface constraints

0s = A(l +p—n)r® + B(1 + ¢ — n)r? — pu? 2[ (1.6)
or(r=a)=0 o(r=06)=0 (1.7)
the integration constants become

(3+v)pw? @b — b?al

T 2-9C-p) P -tat | (1.8)
_ _(3+pv)pu? a*b? —bia” 1 9
" (2-¢)(2 - p) a%b® - bioP _ (1.9)

so that the stress distributions in radial and hoop directions are given by

(34 v)pt [(a?W — b2a)rP — (2B — b2aP)rd
= - oe-l oot~ et g R
k.o (1.11)

RCEN CEOE
.[(azb" — b%a?)(1 + p— n)r? — (a®P® — b2a®)(1 + ¢~ n)r' S 14 3”1-2]

aPb? — brq? » 34+v
a g
a&-(“", T') :
| or(w,r)
a [ b

Fig. 1. Centrifugal stresses
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"“The hoop stress has its greatest value occuring at r =a (Fig.1). Yield will
start at o4 = 2k. Hence the angular velocity at the initial yielding is given by

P _ __ (2-g)2-p) (1.12)
hae a2b?—b?a —n)aP—{a2bP—-b2a —n)a v :
2k (3+ y)[( b —2a?)(14p ;&Il’b::{bpa!;” b’_ P)(1+g—n)a? _ 131+3, a2] .

If n = 0, known value is obtained [2]

P _ 1 | |
T B+ )+ (1-v)a? (1.13)

2. Tresca yield with ideal plasticity

The yield criferion due to Tresca (if o,,g#,. <0)is (k=0,/2)
| log — 02| = 2k - (1)
while in the case considered (since o040, > 0)
logl = 2k (2.2)

In conjunctwn with the equilibrium equation (1.2) a first order differential equation
is obtamed

r =2k — putr? - (2.3)
_the solution of which reads as follows
2k puwir?
o - O
o2 o, = Br el (2.4)
Due to boundary conditions o,(r = a) = 0 in the inner pla.stxc zone (a <r<e<b)
. r\n—1 puzr 3—n

o=y () '1]+3_,,[(:) -1] (2:5)

while in the outer elastic zone (e < ¢ < r < b) stresses are given by equations
(1.4) and (1.6). In view of the boundary condition o,(r = b) = 0 these expressions
" 'may be rewntten in a more convenient form

= 9 _ SPHIP (3+V)
oy = B(r!—r® )+(2 q)(;"" p)[() ] (2.6)
o = B1+d-m)rt—(1+p-n)?b7| +

S+v)(l4p- r 3-v3+v .
P“’zbz{( (;;)f,)(;fp)n)-'(’,;) ( ) [52 q;§2+p\? 11,} (2.7)

<4
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Fig. 2. Disk plastification

For a given position (Fig.2) of the elastic/plastic interface, B and w can

be determined from the continuity of stresses accross r = ¢ assumption. From

equations (2.4) and (2.6) & (2.2) and (2.7), respectively, values obtained are

5o mlE)” -IIW{ () - () -5 ()" - (6) 1}

c? — cPba—r

(2.8)

2 ‘3+vul+2—n! - %3—v}%3+u'[ -
2k p‘d{ 2—-q)(2—p, b Akl [292"P _1]} (29)
(1+g—mn)c? — (14 p—n)cPbr-? )
Hence the angular velocity is

and

p;ﬂbz :c — PHP — ;1—1 [(5)"_1 - 1] [(1 +q-— n)cq -(1+p- n)c”bq‘P]

2k M [(1 +g—n)t—(1+p —_-n)ch‘I'P] + N(e? — chq'P)i

(2.10)
1 c n—l. € a | 7 . c\? ¢
s (8 59 ’(;)2](3)2'(‘2'_3.,_;@_—,,5[(3) -] <4%HL

_B+v)(1+ ;-n) ¢ (3 —-v)(3+7) : .
kon (2 —-q)(2fp) (-I;) ( ) [(2 2 - :) 1] (2.12)

and
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For complete plasticity (¢ = b) angular speed becomes

272 _a( g
pL;(;Cb - ?—:8"_3-1 (2.13)

i = 0, know value is obtained (2]

pusgh® _ 1
6 14e4(p)

Considering data (r = 1/2, b/a = 3, v = 0.3) the fully plastic speed of the disk
is found to be 1.284 times as large as that at the initial yielding. With n = 1/4
it is 1.304, while for n = 0 this factor is 1.324 as given by [2]. Disk endurance
increases with n due to more adequate shape with respect to centrifugal forces
(centroid of the meridional cross—section closer to the rotation axis):

(2.14)

3. Mises yield with ideal plasticity.

. The yield criterion due to Mises (k = o, /+/3) is given by _
0% - 0,04+ 05 = 3k? ' (3.1)
which can be solved for hoop stress- |
- ..la,. + —1/4k? - 02 . (3.2)

When this expression is substituted into equilibrium equation (1.2), a first order
differential equation is obtained

dr ~
which may be solved numerically in the inner plastic zone' (as<r<Legh), while
in the outher elastic zone (a < ¢ < r < b) stresses are given by equations (2.6) and
(2.7). For a position on the elastic/plastic interface, ‘B and w can be determined
from the continuity of stresses accross r = ¢ assumption, i.e.

_ o9~ zﬁﬁz—-;s[( )= (5] (3.4)

— cPba—P

do, \/—
= (n-3)

L R o + —=1/Ak? — g2 — puir? (3.3)
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and

_ ou(e) - pte{ RS ()7  (5)° [l 1]} (3.5)
L (1+g—n)?— (14 p—n)cPba—r ) )
~ Hence the angular velocity is given by

a.(c) [(1 +qg-n)?—(1+p- n)c’bq"] — og(c)(c? — cPbIP)

22 (3.6)
c P 2
M(5)"+ N (5)
where (34 v) | !
vNe-p),
o SRR 3.7
@=0@-» e
and : :
o ~ LR PO Loy (3.8)

2rg 2-q _

The solution to equation (3.6) is possible by numerical means only. For the com-
plete plasticity (c = b) with data (b/a = 3, v = 0.33) the ratio of fully plastic
speed versus that at the imitial yielding was found to be 1.337 (n = 1/2), 1.357
(n = 1/4) and 1.377 (n = 0), respectively.

4. Tresca yield with work hardening

Assuming plane stress (o; = 0) and e? + €& = 0, the following two equations
may be written

du b do, d€$ _ da,.
B i " dr * E(ay Va') tF (ds" ar | dr ) (4.1
du 1
- ‘E’(Ur —voy,)ey - (4.2)
and with the flow rule [3] (Fig.3)
do

bearing in mind equation (2.3), the following differential equation for hoop plastic
strain in the rotating disk of hyperbalic shape is obtained ;

2eg+r(1+§)£::i+

E [a,,_ - (1 +nv)o, + upwer] =0 (4.4) |
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a.tg E / ’ £

Fig. 3. Linear hardening

.. which subject to equation (2.5) has the solution

1 1 ‘ n—
[1&( +V) n+1+‘*‘(:l’ 1)H( ) l]+

&% = —fﬂ, E{nl

pwa 1+3r ,r\2 1+nv ryn—1
* 3- "[(2+-E)(;) —n+1+(n I)E(—) ]}

(4.5)

Integratmn constant C' may be determ.med subject to the bounda.ry condition
eh(r = ¢) =0, while g (ef = 0) = 2k, rendenng

g ' a(1+ v) 1+ cyn-1
o E({",l 2 _n+1+(? I)E(a) ]
2a?1 1430 2 14+ nv eyn—-1 —?m:
¢ S5E6 D o) Ho" i
- Y .’i(l'*"-’) 1+nv -1 _
Y -“0‘1[ 2 n+l+(n- 1)3() ] . (4:6)

pwta?r 1430 T\? 1+nv r
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From the equilibrium (1.2) and Tresca criterion (o0, > 0)

do,

r =g, + (n - o, - pw’r? 4.7
dr :
equation (4.4} gives the differential equation (eliminating r as a variable in favour
of %)
o, [ay +(n-1)o, — _pwz-rz](E + H)
pa =+ 2.2 Ee? = (4.8)
A oy — (14 nv)o, + vpw?r? + 2Eel
which may be solved formally [or(r =¢) = —p.] as
“ [ayﬂ- (- 1o, — pw2r2] (E + H)
o +pet [ e de? = 0 (4.9)
J Oy = (14 nv)o, + vpwir? + 2E¢;

Due to o,(r = a) = 0 and €4(r = a) = & the following equation is obtained

&
; [ay +(n—-1)o, — pwzrz}(E +H) % F
o [ oy — (1+ nv)o, + vpwirl 4+ 2Ec) g , W s
o
to be solved numerically by iteration.
With n» = 0 and w = 0 the procedure reduces to [3]
The Mises yield case with work hardening can not be given in explicit manner

since it requires a double numerical procedure.
" Additional results on the subject are published elsewhere (cf [4,5]).
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Plastycznosé wirujacej tarczy o zmiennej grubosci

Streszczenie

W przedstawionej pracy rozpatruje si¢ zagadnienie sprezysto—plastycznych cienkich
tarcz o zmiennej grubosci poddanych silom odsrodkawym. Na podstawie kryteridw Treski
i Misesa okreslono predkosci obrotowe wyznaczajace poczatek i koniec plyniecia materialu.
Oprécz warunkow idealnej sztywnoéci podano procedurg uwzgledniajaca wzmocnienie ma-
terialu.
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