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EVALUATION OF STRESSES AND REACTIONS IN RODS WITH
PERIODIC - VARIABLE CROSS SECTIONS

KRYSTYNA MAZUR-SNIADY

Politechnike Wroclawske

The paper is a continuation of the earlier contributions [2,3]. The microlocal
modelling [5,6,7,8] of the problem of constrained torsion of rods with the
periodic variable cross—sections and the notion of internal constraints [1,4]
were applied. The aim of the paper is to evaluate the stresses and the reaction
forces due to the internal modelling contraints for some special solutions.

1. Stresses and reaction forces

In the paper [3] the microlocal modelling [5,6,7,8] of the problem of constrained
torsion of straight linear—elastic axial symmetric rod has been used. The radius of
the cross—section is ¢ — periodic and given by the formula:

R(X3) = Ro(1 +6cos2“f3), (1.1)

where Rg = const, § = const, ¢ € I (! - lenght of the rod).
Using the microiocal approximation we are looking for the approximate solution
given by (1.7) in [3], assuming the shape functions A%(:) in the form:

h*(Xs3) = f;-sin 5356-‘{(—3 (1.2)

wherea =1,2,...,n.

For the rod loaded like in fig.1, assuming m = const, ¢ = const, we have
obtained in [3] the generalized coordinates O(Xj;), &(X3), n(X3), (l,b(X;;) =0,
w(X3) = 0;\, which describe the displacement vector (cf. (1.1) in [3], (1.2) in [3])
by mears of

vy = -60(X3)Xa,
u = BO(X3)X;, (1.3)
vy = O(X,, X2){(X3) + 9(X3),
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where ¢(X1,X2) Xl +X2
Introducing the following constant characteristics of the mean cross—section of
the rod

F = =R,
. R}
o= 5
Jiv = 4k, (1.4)
- = RS
J = ———

3 3

in accordance with (1.12) in [3] and (2.10) in [3] for n = 1 and 6 = 0.1 we have
((2.12) in [3])

6 ~ 66 = 'J"eﬁfi - M}ég)xw c,
6,3~ Bo,3+601hl ;3 = [-l""—jé% M, (0)] (1 — 0.38562 cos 2"5(3)_,
(3~ (o +C1hl 3= o _‘;q;:‘)‘,fﬁ [ch‘ylith;— 2) : (1.5)

-(0.04855 — 0.02618 cos 2"X3) — 0.15786 cos 2"€X3],

qF 1 shy (X5 - 2)
~p = o [—0.14285 ————* + X. D,
TTRERT 2#)5?“[ M chy + 3] 5

- gF Ch‘h(Xa 5
~ + hl = 9 2/,
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-(~0.14285 + 0.05227 cos 2n Xs ) +1 4 0.30786 cos 2’5)(3],

where C, D are some arbitrary ~onstans (possibly equal to zero) and

St = 0.95228Jp,

JET = 0.90939J, (1.6)
Ff = 0.93742F, '
o _ 521384
nE TR Vit
Analogously, for n = 2 and § = 0.1 we have (cf. (2.19) in {3]).
Hence '
m X2 M,(0)Xs
6 ~ 6=~ ——i - C,
) ”de Jeﬂ +
mX. M,(0
6.3 ~ 63+61hl 3+60:h% 5= [— 2 - '( )]
02
(1 - 0.39496 cos 2"X3 + 0.04828 cos 4";(3)
gJi 1 shy(X3 -3
~ (o= ———t __0.05748— -—-—-—1-
¢ o= (A +2u)75 Y2 chr—
J,
~ Al Bla= — 3k 1.7
(a o3 +C1h' 3 +G2h* 3 ('\+2 75 (1.7)
[37’—(&"5‘1-—*‘—)(0 05748 — 0.03326 cos 2"X3 + 0.00541 -
2
cos 3"6_,X2) — 0.17992 cos X3 + 0.04767 cos "ex?'],
-qQ. 1682 Sh72(X3
~ X
n o~ m= (A+2p)F°“[ ch% ) 4 3|+ D,
F
~ +mhlz+mhda= . A
7.3 N0,3 +T A" y3+M2h" 3 (,\_*_2”)1;,;,;
chya(Xs — &
[—7—".1-—3—,-—2)(-0.16820 + 0.06634 cos X2 _ 0007552
ch 2 £
cos 4,"€X3) + 1+ 0.36190 cos 2":(3 ~ 0.07712 cos 4”5)(3],

where

J& 0.95118J,
J# = 090120/,
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F = 0.92787F, (1.8)
_ 5.23747
T TR, Vivom

We are considering the rod represented in fig.1 assuming the following data:

M,(0) =0, m = const, g = const,

Ho = 5cm,
6§ =0.1,
! =100 cm, (1.9)

l
E—g—‘icm,

# = 78.846 GPa,
A = 118.269 GPa,

where y4 and A are the Lame’ modulae.

In figs. 2,5,6 the diagrams of functions 8,3, (,3, 7,3, for 7 = 1 are presented -
the influence of the microlocal parameters @,, {1, 7h on the forementioned functions
is evident. Comparing fig.2 and fig.3 which show @, for » = 1 and for n = 2,
respectively, we can find that the microlocal parameter € has a certain influence
on the values of function 8,3, for n = 2 but the oscillation created by 6, can be
neglected.

In fig.2 the diagram of function

613[,, neol —9’3(" n=2 100%,
9’3{or nml

is shown; the corresponding values are oscillating between + 4.72 % and —6.47 %.

o - aist oSl 0.3sL t

Fig. 2.



. i00%

P&
o 23
e for mad
[ 1

2
| = .
g8 = .

e (]

= .m.
R P e ol . Q-L
B = _3_
fl = 38

M 3 "

D
I —

- v
o x e @ 5 o g w0
8 6 8 & ~ ¥ ¥ w
_______

4444444
] ]




488 K.MAZUR-SNIADY

(A + %)
451 172’5 9% '

e
43 T-
iz
44
10
0.9 |
038 |
0.3

0.6 S SN
(4 0.25L 0.5 0.35L L
Fig. 6.

We will calculate below the stresses and the reaction forces due to the internal
constraints for the rod loaded in the way shown in fig.1, assuming m = const, ¢
= comst, § = 0.1 and = = 2. Using (1.6) of {3] and formula (1.7) given above for
homogeneous isotropic materials the following stress components can be obtained

Tll

, A Xz-}-)(2 chyx( X3 —
2 = M@(a+1a) ~ o { [ nXa-)

A+ 2 chl%

X
(0.38269 — 0.22144 cos 27 X3 | 0.03602 cos 4’:"3) ;

chyy(Xs — &
~ 1.19787 cos 2*X3 4 0.31738 cos 4"X3] 4 Sl A 2)
ch %
X
(~0.18128 + 0.07150 cos 27X _ 0.00814 cos 73 ) + 107774 +

+ 0.39003 cos 223

- 0.08312 cos ¥ ¥3 3

X M;(0
T = u-6sXs+ (o)~ [T+ J,‘,,)]

(1 — 0.39496 cos 273 1 0.04828 cos

X3)X2+

l‘qu l Sh‘h(Xa )
. —=0.114 6 ————Z—X
MR TANZ i chlg- v

T® = p(OsXi+(d;) .[ (1.10)

(1 - 0.39496 cos 2"X3 +0.04828 cos 4’:(3 )xl +

E3
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wqJi . 1 shya(X3 — 4)
— T 0.11496——=——=-__2- X. ,
A+ 2u) 057 Y2 ch ?
X+ X2 [Ch’Yz(Xa - LL) _
R ch %’

+ 0.03602 cos 4"53) +
47I'X3] + chy2(Xs — 1) )

€ ‘ ch%l
27X 4r Xa

: )+

+

%

(A+ 21)(BC,3+1,3) ~ ¢

27I'X3
3

(0.38269 ~ 0.22144 cos

IX;;
3

1.19787 cos 2 + 0.31738 cos

(—0.18123 + 0.07150 cos — 0.00814 cos .
27I'X3 47I'X3}
€ e ¥

~ 0.08312cos

+ 1.07774 + 0.39003 cos

The theory of the constrained torsion of rods given above has been obtained
on the basis of the constrained continuum mechanics [1]. Because on the motion
of the rod the physical constraints have not been imposed we confined ourselves to
* the modelling constraints (1.3) only, the obtained reaction forces are exclusively
due to the internal modelling constraints.

The second derivatives of the generalized coordinates are calculated analogou-
sly as in [3] (cf. (1.12) in [3]), assuming the components comprising factor h*(X3)
to be negligible:

B33 ~ O0,33+20,,3h%3+6,h% 33,
C$33 ~ C0$33 +2Ca,3 ha,S +Caha,33, (1,11)
733 ~ 10,33 +27a,3 h%3+nah% 33 -

After some calculations we hayve

_m_
pdsy
T mX3 M,(0) . 2r X3
+ —-{- - ——=11{0.78992 sin —— +
6( pIsE #155’)( €
47|'X3)

2”5X3 + 0.09656 cos 4“X3) +

6,33 ~

(1 — 0.78992 cos

- 0.19312sin

¢ o qJx [‘), shy,(Xs — %)
= O+ oI U2l
41rX3) + 7 chya(Xs - 3
€ chitzii

(0.05748 —0.06652 -

27I'X3

+ 0.01082 cos

(0.06652sin @‘1 ~ 0.02165 sin 4':(3) + ; : (1.12)
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— 0.19069 sin

.(0.35984 sin 2X X3 4'£X3)],

shy2(Xs - 1)/

[ -0.16820 + 0.13268 -

08 2’EX3 — 0.01511 cos

£ h

- X 4
(—0.132685in ")‘3+0.03021sin "EX3)+

Z"X“ +0.308485in 22|,

+ ( 0.72380 sin <22
£

Putting (1.10) and (1.12) into formula (1.3) given in [3], we obtain the reaction
forces due to the internal constrains.

P71

P2

Pr3

’ m 21K’X3
{ -Eﬂ-(l — 0.78992 cos

=TV =T 3= pb,a3 Xa — 2(A + p)(3 Xy ~
+ 0.09656 cos

7, mXs ,(0)\ 27 X3
=( 7 Jrefr,(073992sm =+

47fX3)}X gk (A +p) [Ch‘h(X ~ g
e IO o

0.19312sin

(011496 — 0.06652 cos 2222 +0.01082 cos 4”X:‘) +

o7
0.35984 cos 272 4 0.09534 cos 2723 x,.

£
-T2, -TR 3= —#9,33 Xy =22 +p)Cs Xz~
{ = (1 - 0.78992 cos X3 dnXsy
JO2

+ 0.09656 cos ——— | =+

13

x 2TX3
) (0.78992 sin ——= +

:r(me M,(0)
CART AR

4‘K€.X3) +

0.19312sin

J‘“(z\+2p. ch3"’—

471’;&3) -

(0 11496 — 0.06652 cos 225 1 0.01082 cos

0.35984 cos i -+ 0.09534 cos ]Xz,
=T33 =T, ~T® 5= —4u¢ — (A + 2p)[C3a (XT +

g 1.53076 shyo( X5 - 3) B q,[ 2sh72(X3 -4 .

“X+2u Rim ch % ch %!

47‘”€Xs)}X ¢Jk (r\+u)) [chn(Xs— $)

(1.13)

X3+ 3]~
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(0.38269 2”5){" 07204 cos “XS) +
+ g.‘ﬁ%‘ﬁ(o.mss sin 2"EX3 ~ 0.14414sin 4’_“3) +
+ =(2.39574sin 21Xs _ 126958 sin 4”?’)] Xt 'I’;%Xg +
+ 7,%;;%) (~0.18128 + 0.14299 cos 2';(3 +

chy2(X3 — §)
- 001628cos“5X3)+’—7’( ).

(—0.14299 sin Q"EX“

&
+ Z(~0.78007sin X2 4 0.332465im 72},

for X;,X; € F(X3), X3 € (0,1).

The boundary reaction forces due to the internal constraints can be obtai-
ned after putting (1.10) into formula (1.4) that was given in [3]. On the lateral
boundary surface of the rod (for X1, X2 € 0F(X3), X3 € (0.1)) we have

5 = Tln 4+ T%n; - ~ {X’ + X} [ch-ni}f;‘-_ b
(0.38269 — 0.22144 cos 2"X3 + 0.03602 cos 4”EX3) +
~ 1.19787cos 223 + 0.31738 cos 4’:(3] + Ch‘h((;;l— 3
(— : . 21r£X3 | cos 41rX3) +
+ 1.07774 + 0.39003 cos 2"5X3 ~ 0.08312 cos 4’:(3} .

-1
27X 22X
X, R3! (1+0.2cos T3 1+0.04R3:—2s1n2( ’6-3)) +

+ {[mx“’ M(O)](1—0.39496cos2"x3+
2uqJy 1
X, + —HI°k 0 05748 —
+ 0.04828cos T3 - ) .+ TS 0 41!;72

shye(Xa — )X } 0.27 Rg sin @ B
% ey/1 + 0.04 R3S sin? (22ka)
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A X+ X3 [ch‘yz(X -3
A2 R} ch !
X » 4x X
27 X5 | 003602 cos X )+
1 £
41I'X3] + Ch‘h(Xs - %\ .
ch %’
: 4
27X3 _ 0.00814 cos "X"’) +
£ €
27 X3 41rX3}'
£ £

T2p, + T%ny — py ~

(0.38269 — 0.22144 cos

1.19787 cos 223 4 0.31738 cos

(—0.18128 + 0.07150 cos

— 0.08312 cos

1.07774 + 0.39003 cos

£

-1
2x X e
X, Ry! (1+0.2cos "e 3\/1+0.04R6%mn2(21rx3)) +

{[-"‘X" M, (0)] (1~ 0.39496 cos 2% 4
0.04828 cos4 )X + %o.osm;—z-

shya(X3 — §) 0.2x R sin X2
Ch—:‘é'l }e\/l + 0. !)41\’.(2,"'2 sin? (Ml)
Tmnl + T32n2 + T30, ~
pg 0-76538(1 + 0.1 cos X2 )shyy (X5 — 1)
A2 3 Ro/1+0.04R2% sin? (252) ch
] 27rX3)2[Ch72(X3,— 3) .
€ ch !

q{(1+0.1co

- X
(0.38269 — 0.22144 cos 2"6 3 4+ 0.03602cos 4"€X") +

41I'X3] + Ch‘h(X;; - %) .
€ ' ch:rgl
27X, 47 X3

3 3 ) +

X
1.19787 cos 2723 1 0.31738 cos

(~0.181275 + 0.07150 cos ~ 0.00814 cos

2";(3 - 0.08312 cos 4"X3} :

1.07774 + 0.39003 cos
0.2x Ry sin 22Xa
ey/1+0.04R3 % sin? (2X2)

(1.14)
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and on the boundary cross—sections of the rod we have

51(0) = =T'3(0) — p1(0) ~ —M. (D)o 65332X; +
ok p 0-11496
: - p1(0),
Y w0
52(0) = -T(0) - pa(0) ~ M"”’o 65332X; +
eJi  p 0.11496
+ —x X3z - pa(0), 1.15
tECrm o PO (113)
X3+ X3

53(0) = —T(0) - ps(0) ~ g 0.68321 - 0.26674),

R2
. ml M 0
g_f_,, U 0.11496
JADN+28) 7

‘ml 0(0)

T2(1) ~ pa(t) ~ |- 77 - ]055332x +
02

Xl - pl(l)v

32(1)

ﬁ u 0.11496
JA(A+2u) 7

T3(1) - pa(l) ~ g (-

X3 - Pz(l),

—XH—XQ—O 68321 + 0 26674)

RZ

The a-components of the reaction forces are self — balanced in each cross-
section of the rod

33(1)

pradF =0 for X3 € (0,0),
F(X3) '
V14 R2s.d(0F)=0 for X3 € (0,!)
8F(X3)

and

/ dF=0, [ 3.dF=0.
F(0) F(1)

For the data (1.9) the integrals [ pradF and [ /14 R 3s3d(OF) are
F(X3) OF(X») _
oscillatory functions of X3, of values which do not exceed 0.34¢F.



494 K.MAzZUR-SNIADY

On the boundary cross-sections of the rod we have

/ §5dF = —0.19114¢ P, / §3dF = 0.19114F,

F(o) F)
/ (33X, — 5, X2)dF = 0, / (32X — §,X3)dF = ~0.00562ml.
F(o) F) ‘

Inthe case of the pure torsion of the rod we can calculate the components of
the reaction forces due to the internal constraints from (1.11) + (1.13) assuming
¢ = 0. Hence pr3 = 0, 33 = 0, 3 = 0. The remaining components are different
from zero but additionaly we have

pradF =0 for X3 € (0.1),
F(X3)
V1+ R32s,d(@F)=0 for X5 € (0,l),

8F(X3) ‘

/ i.dF =0,
F(0)

/ $.dF =0,
F(0

/ (32X1 — 51 X5)dF = 0.00562M,(0),
F(0)

/ (32X: — 31.X2)dF = —0.00562[ml + M,(0)].
F() )

To compare the résults let us consider the Saint-Venant problem. The solution

of the uncostrained torsion of the rod with the circular and constant cross-section
can be obtained from (2.21) in [3], assuming m = 0, ¢ = 0. In this case

M,(0 !
9 = _—'—(‘—)X3 + Ca
wdo
( = '0’
1 = 0,
and there exist only tangential components of the stress — tensor
TR = —pbsX, = M’—(O)Xz,
o
T2 = wo.x; = -20x,,

Jo
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and those of reaction forces at the ends of the rod

5 = TVnzg—p = mﬂsxz - P1,
Jo

R M0

82 = T23n3—p2=— J(() )n3X1—pg.

Additionaly, we have for X3 = 0 and X3 =

/ 5,dF =0, / (32X ~ 51.X)dF = 0.
F(Xs) F(X3)

- All a forementioned reaction forces are equal to zero on the extra assumption

1 = M.(O)n;;Xg and m= —mn;,Xl.
Jo JO

2. Final remarks

The application of the microlocal modelling approach (based on the concepts
of nonstandard analysis [6], outlined in [7,8] to the problem of torsion of rods
with periodically variable cross — section permits us to obtain the solution in a
simple way. We approximate the system of differential equations with variable

- € — periodic coefficients to the system of differential equations with the constant
coefficients. The microlocal parameters can be eliminated from this system of
equations (with corresponding boundary conditions) and we obtain the system of
so called effective equations for the torsional problem of rods with £ — periodic
variable cross — section (2]. '

The effective charakteristics of the homogenous rod (J§f, J//, Fe//) take
into account the oscillation of the radius of the rod. Notice that the values of the
effective characteristics are lawer than those of the corresponding characteristics
of the mean cross — section of the rod,

where the above inequalities hold for § > 0 and the identities for § = 0. This
result is compatible with our expectation. In formulae which describe @y, &, (o,
Cay M0, Ta the effective characteristics occur only in the pertinent denominators.
(Evidently, in the case of the oscillating radius of cross — section (about the mean
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value Ro) the additional increments of the functions mentioned above along the
segments where R < Ry will be highar, and decreasing along the segments where
R > Rp). Hence the corresponding displacements will be larger than for the rod
with mean cross — section {(2.23) in {3] and (2.24) in [3]).

Observe that the cross—section of £—periodic rod loaded with the torques (even
if m # 0) remains plane. After the stretching of this rod — the cross-sections are
warping; this phenomenon occurs only at the end near the segments of the rod.

The microlocal parameters @,, (,, 1. have very small influence (not exceed
0.5 %) on the displacements, but if we calculate the stresses and reaction forces
they play an essential role.
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Streszczenie

Praca jest kontynuacjg publikacji [2,3). Zastosowano metode modelowania mikrolokal-
nego [5,6,7,8] do problemu nieswobodnego skrecania pretéw o okresowo zmieniajacych sie
rzekrojach, rozwazajac zagadnienie w ramach mechaniki cial z wewnetrznymi wiezami
EIA]. Tematem niniejszej pracy jest analiza naprezen 1 sil reakcji wiezéw wewnetrznych
la niektérych przypadkow szczegdlnych.

Praca wplyneta do Redakcji dnia { wrzesnia 1989 roku



