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TRANSIENT AND STEADY VIBRATION OF HELICAL GEARS

JAN RYS (KRAKOW)

1. Introduction

In view of modern practical design, the article emphasizes the tran-
sient state of motion and considers the load distribution beetwen coope-
rating teeth. Attention is given to engineering aspects of vibration pro-
blem of the gear for solving transient and steady state relative displa-
cement (u,u‘) of the wheels. Dynamic cooperation of teeth are dealt with
and dynamic load distribution along the path and lines of contact changes
stiffness and damping force of a system. A nonlinear diferential equation
of motion is_integbated using the analitical-numerical methods taking in-
to account random pitch errors ( relation with kinematic errors is also
shown ).This paper describes methods to find the density function of the
maximum dynamic load along the path of contact during start-stop opera-
tions under variable external loads and speeds. If we stop thq clock,
then we will find a load distribution on tooth like in fig. 1. »

Load p(x,y) will produce the stresses Oy yr Tpr Tioe where X,y are
variables along the path of contact and width of tooth. There are three
important zones A,B,C shown in Fig. 1 (tip, pith and root)-when random
. densities of max. unit load have been found in these zones next we can
apply appropriate theories to find factor of safety or the probability of
damage (for example rain flow countgmethod), Serensen et al. (1975) or
Kocanda and Szala (1985).

The papér deals with a certaln useful methed solving dynamically inde-
terminate contact problems which are applied to find the density of load-
ing df a helical gear, however many other important technical problems
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(bearings, cluthes, breakes, etc.) can be solved in similar way.
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Fig 1. Load distribution on a tooth of helical gear.

2. Static unit load

A static load dlstrlbﬁtion is important because it makes possibility
to compare dynamic solution with the static ones and then to find rela-
tion between density of probability of pith errors and kinematic errors
of cooperating wheels. External moments acting on wheels {driver and fol-
lower) produces external force P. Rectangle of theoretical contact ABCD
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Fig 2. Rectangle of theoretical contact ABCD.
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in a plane of pressure is shown fig. 2, where: x,y-variables along lines
of contact and path of contact, pb-base pith, Bv-base angle of h. gear,
e-total .contact ratio. e

As a consequence, it appears to be possible to replace a rectangle of
. contact by a parallelogram ABCD (fig. 3).
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P.tg 3. Computatlon_ rectangle of contact AECF.

The new péctangle of contact AFCE is more convenlient whenwe assume
that in triangles ADE and BCF étiffness value is equal 0. In such a way
we don’t have to control theoretical lines of contact when Osyspb and
N=1,2,.. .No..l:‘.very number of pair of teeth N has got his own random pitch
error 3N which can be chergd nearly by the Gaussian parameter o in <-0.5
60,0.5' 30> interns.l. . :

Consequently, a restoring force has a random character. An example of
restoring-force-displacement diagram is plotted in fig. 4, either for 3
lines -observed inside rectangle of contact (fig. 4a) or for 2 lines res-
pectively .(fig. 4b). When 2<e€<3 the kinematic error (ortogonal to line
contact dlretidn) of wheels is described by xi3,x12,013,012, notation as

in fig.4.In particular cases , it will be found that



210 J. Rys

|2

~Xa3 Xaa

Fig. 4. Gaussian density describing restoring force
of leeth when 2<e<3 .

1’ 1<e<2

X1=A1 o Ac ; o1=0 V 1—A€(1-Blz) . (2.1)
2’ 2<e<3 '

x1=¢ [A1+Ae (C1~-A1)]; ol=0o /Biz—AE(Blz—Dlz) ,
3’ 3<e<4

xi=o- [C1+Ae (G1-Ci1)]; o1=¢ /Dlz'AC(DIZ"Klz) ‘ ,
where

Ae=e-INTe,

ox=01/cos PBb-Gaussian parameter of kinematic errors, A1=0.587 ;
B1=0.814 ; C1=-0.862 ; D1=0.679 ; Gi1=-1.04 ; Ki1=0.56 (as an example
0=0.58 ; e=2.7 ; 01=0.41).

According to equation (2.1) fig. 5 shows comparison of Gaussian para-
meter of kinematic errors ok with Gaussian parameter of piteh errors o.
In order to determine constant parameters Ai1,...Ki, some simple computer
programs were set up, the Author does not know analytical solution of
this mathematical problem.

The maximum kinematic error 3x is determined by the following equation

3 =Y 80 / cos Bb . (2.2)
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Fig.5. Relation beilween kinematic errors ox
with pitch errors o .

It therefore seems to be possible to account for maximum pitch error &o
using kinematic tests (with external static load P20).

Let us consider the static load and deformation u if N=1,...Ne
(Nex10°) and for every N, Osy=pb.

When
Osy<Ae po  k=INTe + 1, (2.3)

At posSy=pb k=INTe ,

where k-number of theoretical lines of contact (fig.3). The problem of
evaluation of internal loadings is statically indeterminate.

External load for i=1 ....n equals
pt = z z (u - 31) Cj,1+(1-1)n , (2.4)
1=1 j=1

Cj,t+(1-1)n =0 when u<é: ,

where
S1=8n , 62 = 31 , ok = SNk ,
Ax = B/m , Ay = pw/n , Ae = q Ay ,

Ci,j -matrices of stiffness in a new rectangle of contact like 1n
fig.3, which {s devided into three zones:
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A when O0sys=Aepb, Ae = ¢ -INTe i
B when Ae pb < y < (e-Ae) pb (2.5)
(o4 when (e-Ac) pp Sy s ¢ pp :
If 0s1sq and 15 Jsn, then unit loading equals
Pa = MAX(P1,)) o
Pc = MAX(Px,)) (2.8)
P = MAX(P2,j....Px-1,})
and if q <1 =n then. Ps = MAX(P1,)....Px-1,; ,PB)
P1,) = (u - 81) Cjy,1+(1-1)n when  u-81 >0
Pi1,y = when u-381 =0 °
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Fig. 6.Maximum static unit Ioad as a function. of number
repetitions (P-external load). ;
Random errors change the value of maximum unit load Pa, PB, Pc-

any number N.
Fig. 6 summarizes the results of numerical computation of the gear :

€a =

Ci,y =

1.4 ; ep=1.2 ; € = 2.6
(0.7 + 2.0) kN/um .

“n=98

;s m=7, 8 =

10 um

»

for
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3. Dynamic unit load
Under- the assunptidn sta;t'ed before ‘the equation» of motion is based on

Rys and Stachon theory (1987):

u” + u

, v. +10'1 V2ocw 10% _ 10%(PeD)
e 2 2
v. Mv M

if'u> MIN{&1}., 1 =1...k, ’ ‘ (3.1

‘or

e s If u s MIN{81} ,

- relative dynamic displacement (um),

- relative velocity (um/s),

= P(t) - external load (kN),

v(t) - velocity of teeth (tooth/s),

= v'(t) - acceleration of teeth (tooth/s?),

- reduced mass (kg),

= coefficient of damping (-),T = (0.2 + 0.4) by Airapietow (1881),

~
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C=Z Z Cy,1+(1-1)n ‘

1=1)=1
K

2

1stj=1

Zeli for i=1...n, ; (3.2)

1

81 Cy,1+(1-11n

= J

and Cj,1+(1-1)n =0 - if usé

Time is connected with i and N:-.
if 1=n then N=N+1 and n=1; 1 s NS RNe,
vo = v(N =1, 1 = 1) - input velocity,
ao = V(N =1, 1 =1) - input acceleration,
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viN,1) = V Ivi)1® + 28003 - )0,
(3.3)

viN) =V Ivin-1)12 + 280 , 1sisn ,

if N = const and 1 = const interval of time is At = 1/n v(N,1) and equa-

tions (3.1) are linear on step

At € At , g
u” + 27w u’ +wu=9%S and u> min{ & } : (3.4)
.U =82 and u =< min{ &1 } .

Thus the whole calculation procedure is based on testing of analytical
solution and restrictions on tme O=tsAt . Solution u(t) is plotted for
N=1,2,...Ne and maximum unit load Pa; PB; Pc could be found with (2.6} on
every step N, 1.

‘The numerical examples obtained thus are presented below

DYNAMIC LOAD OF H.GEARS

max.ext. load(kN) =85.0; rin ext.load (kN) = 35.0
max. pitch error (mm) = 0.010; reduced mass (kg) = 100.0
min.velocity (tooth/s) = 1; max.velocity (tooth/s) —50
coef.of damping (-) =0.4; Input accel. (toothss®) =

max.unit load

#on

transient vibr.in zones steady vibr.in zones

A B C A B C
34.851 50.947 39.851 16.854 23.396 19.507
20.352 31.224 26.164 11.770 16.680 14.851
15.182 21.987 18.820 7.170 13.036 '10.892
9.602 14.942 13.785 3.170 8.340 6.931
3.743 8.597 b6.968 0.928 3.373 3.835
0.076 1.897 2.035 0.000 0.535 0.841
0.000 0.000 0.000 0.000 0.0600 0.000
0.000 0.000 0.000 0.000 0.000 0.000
0.000 0.000 '0.000 0.000 ©0.000 0.000
0.000 ©0.000 0.000 0.000 0.000 0.000

Fig.7.shows the results, namely dynemic unit loads for the data: € =
2.6; m=5; m=7; S0=10 [pm]; M=100 [kgl; T=0.4; Ci1,5=(0.7+2.0) [kN/m];
»={1+#50)[tooth/s] and three wariants of start conditioms are considered.
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Fig. 7.Dynamic unit load as a function of number repetitioﬁs

. The observed tendency is a direct effect of dynamic shocks and tooth
separation if 20=20 and smooth cooperation of teeth Iif a0=10 or 30
tooth/sz.
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Summary

NIEUSTALONE I USTALONE DRGANIA W PRZEKLADNI ZEBATEJ
0 ZEBACH SKOSNYCH

W pracy analizowano statyczne i1 dynamiczne obciaZenie zebow przekladni
z uwzglednlenlem losowych odchylek kinematycznych, zajeto sie¢ glownie
problemem rozruchu z racji wystepowanla wowczas zewnetrznych przeciazZen
dynamicznych. Zaprezentowana metoda pozwala na okreslenie maksymalnych
obclazen na Jjednostke szerokosci koia dla okreslonych stref wspolpracy w
ujeciu losowym.Praca stwarza \mozumsc obliczania wspolczynnikow bezpie-
czenstwa lub prawdopodoblienstwa uszkodzen (np.zlomu zmeczeniowego, uszko-

dzenia powlerzchni itp.) dla znanych warunkéw obciazenia przekladni.



