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1. Introduction

In recent years, an intensive attention has been paid to the determination of thermal
stresses in isotropic cylinders subjected to internal heat generation due to axisymmetric
radiation. The aim of this paper is to find the thermal stresses in the case of an inhomo-
geneous transversely isotropic long hollow cylinder, the outer curved surface of which
is perfectly insulated and the source of generation of heat being due to »-ray radiation.
For the non-homoneity of the material, it is assumed that the elastic constants, co-effi-
cients of thermal expansion and thermal conductivity vary linearly with the radial distance.
Finally, the author has shown numerically, for the material magnesium, that the hoop —
stress on the inner boundary gradually increases as the thickness of the cylinder increases
for arbitrary values of absorption constant.

2. Formulation and solution of the problem, distribution of temperature

We use the cylindrical co-ordinates and take the z-axis coinciding with the axis of the
cylinder. Let the temperature be symmetrical about the axis of the cylinder and be inde-
pendent of axial co-ordinate. If H denotes the rate at which heat is generated in the vessel,
we have the following law [1]:

H = He#r-o, (1)
where H, = heat generation rate on the inside wall of the cylinder, @ = inside radius and
u = the absorption coefficient for »-ray energy.

For the present problem, the temperature satisfies the conductivity equation [4]:

K(_‘{iT_ + l _fi;r_ + :dﬁ . iT__
dr* " r dr dr ar
where K = thermal conductivity of the material.
For inhomogeneity of the material we assume:
K = K,r, €)
where K, is a non-zero positive constant.

- Hyemhe, @



548 SHAHJAHAN ALl MoLLAH

Using (3) in (2) we obtain:

SR B )
The outer wall being insulated and the inner wall kept at a constant temperature, the
boundary conditions are:
T=T, on r=a
and ar . ©)

W—-— on r==%

The solution of equation (4) is:

— H,; eTHr—D 4
T= "%+ 7 ©
where 4 and B are constants.
Using (5) in (6) we get:
1-12 1 1
= T, L2 e-utc-m
T=1 +p[ a Ty ] ’ 9
where A= (l+pb)e*®=® and p = H, (-8)
: Kop?”

3. Stress distribution

We assume that the axial displacement is zero throughout so that considering the
axially symmetric character of the problem, the nonvanishing components of stress tensors
are o,,, Oy, 0, and o,,.

Thus the stress-strain relation for transversely isotropic material are given by [5]:

’ ’ r ?
O = Cr1€y+Ciaept+Cize,,—bi T,

’ ’ ’ ’
Ogyg = cherr+clle00+cl3ezz—blT) (9)

’ . 7 ’ 7
Ozz = clSerr+c13€00+033 ezz_bl T:

’
o“rz = C44 erz >

where by = (c11—ci,) @i+ciz0s and by = 2¢j301+cs303, ¢y are elastic constants and
functions of r. T is the temperature at a point (r, 8, z) and «; and «5 are the coefficients
of linear expansion along and perpendicular to the z-axis, respectively.

Considering the axisymmetric character of the problem, the strain components are
given by:

o u ow ou ow
YT E T e

€ = -7"—: €op = = =

where u, = v, up = 0, u, = w.
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. Assuming u to be dependent on r along and w = 0 the above components reduce to:

du u 0.

Crr = 7’ Cop = ‘r" Crz = 0, €z = (10)
For nonhomogeneity of the material we assume:
¢y =cyr, op=uoyr, (1D
where ¢;; and «; are non-zero positive constants.
The relations (9) with (10) and (11) reduce to:
du
(7,.,. = C“r d +Cl3u blr T
du
Oy = Clzrd +Cuu blr T
(12
du
Oz = Cial —— e +c3u—b,r?T,
Opz = 0’
where:
by = (critei)a teaa, by = 2ci30i4ca3a,. (13)

The stress-equations of equilibrium in absence of the body forces are (Timoshenko and
Goodier):

do,, 00, + Orr =00 _ 0,

or - 0z r
(14)

aorz 60,, Orz e
B e TN i

The second equation of (14) authomatically holds and the first, by (12) and (7) becomes:
d2u du Ci2 ) 12 bl [ { 1-2 } 2 —(r—a)
ar Sasstor dr (21—1 1u= ot 2 T,+—a-—p r24+ Apr—p(1—ur)re . (15

The particular integral of equation (15) [3] is:

1-2
Z(T e )
=_l_7.1_ l g ; r2+ Ap r+
€11 s+6 s+2
+p‘—elm !rﬁlfe‘ﬁl(l—yr)e“"dr—rﬂlf
B2— B, Y J r-f:(1—prye~#drg |,
where Bi, B2 = —l-_f-]él—4s and s = z” -1,
11

so that g,+8, = —1.
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Thus the general solution of (15) is:

b (T’Jr‘_ ”)
= A;rPit drPi —
C11
, , ,
ehe
P — {rﬁ:fr'ﬁ‘(l—#r)e"’"dr—rﬁ’f r_p’(l—#’)e_’"d’} ’ (16)
2 .

where A, and A, are constants,
Thus the stresses as calculated from (12) are:

0, = 1 (my AP my AyrP) + by [sj—6 (Tl+_1;—lp) r2+

{mlFl(r) my F2(r)} |,
ﬂ ﬂ
3s 1-1 _
Ogg = c“(nlAlrpl—knzAzrﬁ’)—{—bl S+6 T,—{-—p r? +rpe H(r— a)+

+pﬂ—;_“_:BT{n1F1(’)_.”2F2(’)}]’ an

Ozz = Cls(lle"ﬁ"*‘leAzrp')'*'Tl(61_b2)’2+P[(61_b2)“1_a_l r*+
— pu(b—a) Cyi2 g

+{(21=b3) A+bye "= r 4 by 2 - {l, F;(N—LF(r)}|,

: C11 ﬂz“ﬂx
where: m; = S+I+ﬂi’ n; = (S+l) ﬂi+ls

- s by ¢ .
I = B+1, l~s+6 o (=12,

and F() = [ ri(l—pryedr, (= 1,2).

So that Fi(a) = 0.
A distribution of normal force according to (17) is required to be applled at the ends

of the cylinder just to maintain w = O throughout. Let us suppose axial stress o,; = ¢,
(constant) on the system such that choosing ¢, properly, we can make the resultant forces
on the ends zero. According to Saint-Venant’s Principle, such a distribution produces
local effect only at the ends.

Due to superposition of the uniform axial stress ¢,, ¢,, and gy Will be undisturbed in
value, while u is effected. A term c,/c;; should be added to the expression of u in (16).
The question of displacements being set aside, we set the boundary conditions to deter-
mine the constants 4, and 4, for our problem. In this case:

0,=0 onr=a and r=5a. (18)
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Using te boundary condition (18) we get:

2 — 2 pl_ s ﬂl
g b L@ =L b L La

R €11y ’ R C11 M, ’
. 1
with R = Gph_ gophi
where:
— s 2
L, = Pl T,+{( l)—+6 +1}ap,
L, = —— BT+ -4 s b+ be -4 f1(b) | p
27 546 ¢ a s5+6 ' ! ’
and

fi() = —%[mm(r)—mm(r)]-

Substituting the values of 4, and 4, we get the stress components as follows:

Grr _

B, s+6 T, D, (r)+pD,(r),
B, 5+6 T,¥.(n+p¥, (),
cll . azz _

Ci3 b1 - s+6 Tl/‘(l(’)+p,‘(2(r)

where:
D,(r) = R[R1a*+ Ry b*]+r?,

. s 1-1
D,(r) = R[R1=(1 —A)H—6+1}a+R2S]+S+L6 r+re O +£i(r),
¥, (r) = R[P,a?+P,b*]+3r2,
s 1-4 3s
Pl = R[p,{(l—z)m+ 1}a+P2S]+—' PR b

1) = R[Q1‘12+Q2b2]+(1—R s-:6 )"2,

50 = Rlofa-n 2ot ilaraus]t (S5 -r) 10y

s+6 a

2
el — —u(r—a)
(s+2 R)lr+Rre +£3(r),

fa(r) = ﬂ ﬂ [ Fi(n)—na Fa(r)],  f3(r) = UL Fi () —LFy ()],

R1 — b‘f‘rﬂ’—bﬂ’rﬂl, R2 — aﬂzrﬂx_aﬂxrﬂz’

et
Ba—B:

551

19)

(20)
@n

)
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I3

n n n n
Pl = _2bﬂ1rﬂ2._71 bﬂzrﬂx, P2 = _laﬂzrﬂl_.,_i aﬁlrﬁz’
m ny n,

2 m,

Q =Lbﬂ1M2—Lw1ﬂl Q =Laﬂzrﬂl_1_2aﬁlrﬂz
! nm; m, ’ 5 my m, ’
_1-2 s 2 —u(b—a)

S = 7 516 b>4-be +/1(b). .

4. Numerical results and discussions

We calculate our numerical resuits for the following range of parameters: 10 < x4 < 30
1.5<b<60and a=1.

We consider the material to be made of magnesium, for which the elastic constants on
the inner boundary r = a = 1 are given by [2]: .

¢ty = ¢;; = 0.565 x 10'? dynes/cm?,
el = ¢, = 0.232x 102,
¢y = ¢;53 = 0.181 x 1012
¢33 = ¢33 = 0.587 x 102
chs = caq = 0.168 x 10'2

The coefficients of linear thermal expansion of the said material on the inner boundary
r=a=1are:

o} = o, = 27.7x10~% cms/c,

ay = o, = 26.6x 1076 cms/c.
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Fig. 1. Variation of the hoopstress on the inner wall with the thickness of the cylinder when u = 10, u = 20
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Further we choose arbitrarily:
T, =500°C and H,=1.

With this data, we calculate x [ = 107'1gy},_,_,] and show graphically for different
values of b and u.

From fig. 1, corresponding to u = 10 and p = 20 it is clear that the values of hoop
stresses gradually increase and tend to coincide as the thickness of hollow cylinder increases.
In fig. 2, corresponding to u = 30, the curve s totally different from that in fig. 1.

From fig. 1 and 2, we can conclude that the hoop stress increases as the thickness of
the cylinder increases.

=a=1

aeex1r0-“(Hoopstress)

0 { (Thickness of the cylinder)

=72 -

Fig. 2. Variation of hoopstress on the inner wall with the thickness of the cylinder when x4 = 30
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Peszome

TEOPETHYECKHWE HAIIPSDKEHHA B IOJIIOM HEOIHOPOIHOM AHHW3OTPOITHOM
LIMIUHIPE ITOO JEMCTBUEM PAIUALINU

B paGore paccy>kmaeTcsi pellleHMe 3aJaud TEPMHUYECKHX HaNpsOKEHW B Cllyyae HEOAHOPOAHBIX,
IoIlepeYHo H3OTPOMHBIX, JONTHX, MOJBIX [UIKHAPOR. BHellHas muiiHHaApUYIecKas HOBEPXHOCTh HAEab-
HO H30JIMPOBAaHA, 8 HCTOUHHMK TEIUIa BOSHUKAET OT AeHCTBUA PaJHAlMH. YIIPYTHe IOCTOSHHbIE , Koaddn-
LMEHTHI TEPMHUYECKOTO JMHEHHOTO DA3lIMPEHMsA H TEPMONPOBOXHOCTH M3MEHSIOTCA JIMHEHHO ¢ paauy-
com. TIpumMepoM TakuX IONEpeuHO H3OTPOMHBIX Tel ABJIIIOTCA METAUILI MAaCHE3WH U LMHKA, a TaKKe
HaTypalbHOE JepeBo. B ciiydae HEKOTOPBIX TEXHOJOTHYECKHX IPOLECCOB HMONEPEYHO K30TPOIMYECKHE
METaJUILI MOTYT CTATh HEOAHOPOAHBIMH, & JEPEBO B IIPOLIECCE HATYPANIBHOT'O POCTA MOMKET CTAaTh U30TPOII-
HBIM H HEOAHOPOAHBLIM. UHCNeHHBIN NMPHMEp KacaeTcsl TAHTEHIMANBHBIX HANPsOKEHHH U1 MaTepuana
THIIAa MarHe3ud, Kax (QYHKUMM TONUMHBI LHUIHHIDA.

Streszczenie

NAPREZENIA CIEPLNE W DLUGIM, NIEJEDNORODNYM WALCU ANIZOTROPOWYM
PODDANYM DZIALANIU PROMIENIOWANIA

W pracy podajemy rozwigzanie zagadnienia naprezen cieplnych w przypadku niejednorodnych,
poprzecznie izotropowych diugich i wydrazonych walcow. Zewngtrzna pobocznica walca jest idealnie
izolowana, a Zrédlem ciepla jest promieniowanie. Wspélczynniki' sprezystosci, rozszerzalnosci cieplnej
i przewodnictwa cieplnego zmieniajg si¢ liniowo wraz z promieniem. Jako przykiady metali moga postuzy¢
magnezyt i cynk, a z materialéw naturalnych drewno. Obrdbka technologiczna metali poprzecznie izotro-
_powych moze spowodowaé niejednorodno$é, a drewno na skutek uprzedniego naturalnego wzrostu moze
si¢ czasami zachowywa¢ jak material izotropowy i niejednorodny. Obliczenia wykonano dla magnezytu,
pokazano na wykresie rozklad naprezeni obwodowych w zaleznosci od gruboéci walca.

Praca wplynela do Redakcji dnia 29 listopada 1988 roku.



