MECHANIKA

TEORETYCZNA

t STOSOWANA
2/3. 21 (1983)

ON CERTAIN INEQUALITIES IN THE LINEAR SHELL PROBLEMS
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1. In the paper the weak formulations of the mixed boundary value problems of the
linear elastostatics with constraints are presented. By constraints we mean here the known
restrictions, imposed on the displacement and stress fields, represented by the closed
convex sets in suitable linear spaces. It has been shown that the forementioned problems
are equivalent to the saddle-point problems for the Reissner functional. Interrelations
between different solutions to the problems under considerations are obtained. For the
formulations of the shell boundary value problems, some special cases of constraints
are proposed and detailed.

2. Now we are to state the three following problems:

A — the mixed boundary value problem of the linear elasticity,
B — the problem with constraints for deformations only,
C — the problem with constraints for both deformation and stresses.

Let Q2 be the open domain in R* with boundary 0Q2 = ryoly, I'ynl'y = @. Let
H'(£) be the Sobolev space of square integrable functions with square integrable first
derivatives on Q2. Define

V=(H®) U={ueV/u=0 on Io}
W= {8/8= (saﬁ)’ Eap = Epa> sapeLz(-Q)’ a’ﬁ= 112’3}’
| Moreover, let U*, W* be the duals of U and W, respectively. Let us define the “deformation
Operator” L: U— W putting
1

(Lll )a[] = 2

(P.ka’ U+ Pf‘,s Ug.a)»

where p: 2R3 is the known smooth invertible mapping. Let the mapping C: W— W*
represents the strain-stress relation, being determined by the tensor of elastic moduli
Cupye satisfying the known assumptions
Ca[?yd € Lw(-Q)) Caﬁyd = Caﬂdv = Cydaps
e >0, Cupscapbys > Colaplasy VEEW.

The duality pairing on W*x W and on U*x U will be denoted by (-,+) and (-, ),
Iespectively. The inner product on W* is denoted by [-, ‘. Let
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(69 6) 7 ’ ()'“l;Saﬁd?.’,
0

[(y, 7_'] = f Gccﬁ Dﬂﬂ.ﬂ; T’,éd’l)

£
where D,g.,s represent the operator which is inverse to C. The adjoint L* of the operator
L is defined via Gauss-Green’s formula by

(o, Lu) = {L¥*a,u) = — { (P Oup) pUrdv + f P?u%{;"pukds-

The functional Fe U* is assumed to be given by body forces f; € L2(2) and surface
tractions py € L? (F,) and has the form

CFuy = [ fando+ [ pads.
2 I
The mixed boundary value problem of the linear elastostatics will be stated as follows:
Problem. A. Find (v, o) in Ux W* such that
2.1 {L*¢—F,v—uy =20, VovelU,
2.2) [c—CLu,t—0o]=2 0, VreW.

Variational inequalities in this problem are equivalent to the equations

\V \V

(2.3) =00 P s C Loy

which constitute the stationary conditions for the Reissner functional
1

249 F(v, 1) = —*Q*IITHZ+<L*T—F,’0>-

Let K = U and 2 = W#* be nonempty closed convex sets. Problem with constraints for
deformations will be formulated as

Problem B. Find (u, 0) in Kx W¥* such that

(2.5) {L*¢c—F,v—u) 20, V1€eKk,
(2.6) [c—CLu, t—0]l 2 0, VrzteW*
Inequality (2.6) is equivalent to the equation

2.7 o= CLu.

By problem with constraints for deformation and stresses we shall mean
Problem C. Find (u, o) in KxZ such that

(2.8) {L*¥¢—F,v—uy 20, Vvek,
(2.9) [c—Cly c—aghe 0, L(FEL.

3. Now we are to observe that the problems 4, B, C are eduivalent to the suitable
saddle points problems for the Reissner functional (2.4). It means that the pairs
(4, 04) € Ux W*, (ug, 05) € Kx W¥, (uc, 6c) € Kx 2 are solutions of problems 4, B, C,
respectively if they are the saddle points of the Reissner functional defined on the sets
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Ux W* Kx W*, Kx2X, respectively. If follows that the following inequalities have to
hold

{513 Fug, 1)< Fua, 00 < F(v,0,), Vv, 1)eUxW*,
(3.2) Fluy, 1) < F(uy, op) < F(v, 05, V(v,7)€Kx W
(33) .g—(llc, T) < ra_(uc, UC) < f(‘l}, GC)) i V(‘Us T) € KXZ-

To observe this fact it can be easily seen that the left hand sides of (3.1), (3.2), (3.3) are
derived from the constitutive relations (2.2), (2.6) and (2.9), while the right hand sides
are obtained from equilibrium conditions (2.1), (2.5) (2.8), respectively. The sufficient
condition follows directly from the definition of the Reissner functional (2.4).

Since

1
F, CLv)—F (v, 1) = = ||t—CLv||?,

for v € U and 7 € W¥, then # (v, CLv) > Z (v, 7) for every T € W* holds. Then from
the right hand sides of (3.1), (3.2), (3.3) and after taking into acount (2.3), (2.7) we conclude
that y

F(uy, 04) = min F (v, CLv),

velU
F(ug, 0p) = minf(v, CLv),

F(uc, o¢) < mm F (v, CLv).

4. Some relations between solutions of problems A, B, € will be now derived. Let
us denote by Py the orthogonal projection from W* on Z. For any ¢ € W*, projection
Pyo is the best approximation to ¢ in the closed set X' given by

||Pso—oll € T—0l|[, Vrel.
Pyo satisfies the variational inequality
[Pro—0,T—Ps0] 20, Vzel
Therefore from (2.9) we have
(4.1) 6c = PsCLuc.

By virtue of the ri ight hand side of (3.2) and taking into account (2.3) and (2.7) we conclude
that

4.2) op = Pcrx0a, -

where CLK is the image of K under mapping CL. If o, € CLK, then oy = o,, If
KnKer CL # & then from inequalities (2.5) and (2.8) we have

(4.3) : llopl|? < (F,ugy = [04, o],
(44) [UC, CLuC] < <F, uC> = [UA, CLuC]'
By virtue of (4.3), ||ogl| < ||o4l| holds.

From the inequality on the left hand side of (3.2) we obtain
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.%(UB, GA) < '¢(1l61 GB):
hence
(4.5) loall? = 2{F, ug) —||os||?

Putting v = uc in (2.5) and v = ug in (2.8) and cdmbining the obtained inequalities, we
arrive at
{L*0c~L*ag,up—uc) = 0,

which can be transformed to the form

@56) 04— 9+ CLug)| < lloe—CLuc].

The direct consequence of inequality (4.6) and equation (4.1) leads to the corollary: If
CLK < X then g5 = o¢.

5, Now we are to give the example of constraints for deformation and stresses leading
to the boundary value shell problems. To this aid assume that: Q =IIx (—h,h), I, =
=8I x (—h, )VITx {—h}ullx {h},O = (6*,0*) ell, { € (—h,h). Let us introduce
linear spaces 7, ¥, ¥ by means of:

V= o= @), veHd, =0 on oII, n=1,..,N}
Y= {E/—€= (Ea): EaE-LZ(I])’ a 1;---’A}’
Y= {8/8= (&), %&el¥Q), i=1,..,1}

Let V*, Y*, Y stand for dual spaces of g I;, respectively. The elements of Y* and
Y* can be identified with the elements of ¥ and ¥. Let us introduce the linear mapping
P: V>V, putting
G.D P(0) = y,(X)0",
where functions y,: 2-R% n=1,...,N, are known, y,€(L*(2))* The adjoint P*
of P is defined by the relation

(P*(F),¥> = (F, P(@®)), VoeV.
Then for tHe functional F € V* given by

(F,v) = fﬁvd‘v_—i—‘ fpvds, fe (LA(2))*, pe (L2d))3,
2 I

we obtain

(5.2) (PHF), By = [ fuvds+ [ poordl,
I a1

where

., A
fn = f}'nfdc-*- [}'np]—h,h,
Zh

k
Bor= _{ Yapdl.
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Let X be the closed, nonempty convex set in V. If K in problem B is the image of X under
mapping P, K = P(K), then problem B is to be reduced to the following shell problem:
Find % € V such that
(5.3) {(Au—F,v—uy>20 Vovek,
where
A = P*L*¥CLP, F = P*F.
Let the constraints for stresses be introduced by the mapping 0*: Y*x Y*_ v+
(5.4) 0*(o, 6) = uo +vo,
where u: Y*osY* v Y%*—Y* are uniquely determined by the representations u,,»; €
& (L=(@Q)". s
The conjugate mapping Q: Y=Y xY is given by the relation
(Q(9), (3,8)) = (¢,0%0.0)). V(6.6) e Y*x V¥
hence
(Q(e), (3, 0)) = (u*e, @)+ (v*e, ).
Putting now K = P(K) and X = Q%*(X x Y*), where X is nonempty, closed, convex set
in Y*, the problem C will be reduced to the following problem
Find € ¥ and (3. 6) € Zx ¥* such that

(5.5 (PEL¥Q*(G, 8)—F,o—i) 2 0, Vvek,

(5.6) (QDO*@G, §)—QLPii, (-5, t—6)) > 0, (7.1 eZx Y+
The inequality (5.6) yields

(5.7 (W*DO*(5, 6)—u*LPu, T—3) 2 0 Vrel,

(5.8) »*DQ*(5, 6)—v*LPu = 0.

By virtue of the definition of mapping Q*, from Eq. (5.8) we see that
v*Dyg = v*LPu—v¥*Dus -

Hence, provided that det (#*D») # 0 we obtain

(5.9) ¢ = Cy*LPi—Cv*Dué

where ¢ = (v*Dv)~!. Substituting the right hand side of Eq. (5.9) to (5.7) and taking into
account (5.4) we arrive at '

(5.10) (u*D(I—vCy* D) G — u*(I— DyCv*)LPu, 1—6) 2 0 V7 e X,
Furthermore, substituting the right hand side of (5.9) to (5.5) we obtain ..
(5.11) (P*LE(I—rCo*Dypo+ P*L¥vCr*LPi—F,v—u) > 0, VoeK.

The resulting inequalities (5.10) and (5.11) of the shell problem can be written down in
the final form: -

(5.12) (L*c+Ri~F,v—ud>>0 VoveKk,

(D6—Lit, 7—6) =0 VielZ,
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L = p*(I—DvCy*)LP,
L* = P*L*(I—vCv*D)u,
R = P*L*»Cy*LP,

D = p*D(I—vCv*D)u.

Inequalities (5.12) were obtained by imposing the constraints for deformations and
stresses, on the three-dimensional equilibrium problem of the linear elasticity. The con-
straints for deformations modify the equilibrium equations, while the constraints for
stresses modify the constitutive relations. The constraints under consideration, (cf. [5].
[1]), are different from those used in papers [2], [3], [4], which modify the constitutive
relations only. From the abstract inequalities (5.12), by the specification of constraints,

different boundary value shell problems can be obtained. The inequalities analogous to

these given by Eqgs. (5.12) can also be derived from a tolerance interpretation of the bo-
undary-value problems of the classical elasticity. [6].
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Peszwonme

HEKOTOPBIE HEPABEHCTBA B JHMHENMHOI TEOPHUII OBOJIOYEK

B padore nana cnabasi GopMyIMPOBKA CMEIIAHHBIX IPAHHYHBIX 337aY4 JHHEHHOH TEOPHH YIIPYIOCTH
co cBsizamn. JIOKasaHO, UTO OHZ PABHOCIUIbHA 3afau¥ Ce/UIOBOI ToukH Juln dyHKunonana Peiicchepa.
BhIBeAeHO HECKONBKO COOTHOLIEHHIT MOXKAY peureHusimyu copMmyiaHpoBannbIX 3afau. Pacemorpeno
KJACC CBASH BEAVIINX K npobiemam Teopu obosiouex.

Streszczenie
O PEWNYCH NIEROWNOSCIACH W LINIOWYCH ZAGADNIENIACH POWLOK
W pracy podano slabe sformulowanie mieszanych zagadnien brzegowych w liniowej teorii sprezy-
stogci z wigzami. Wykazano ich réwnowaznosé z zagadnieniem punktu siodlowego dla funkcjonalu Reis-

snera. Wyprowadzono kilka relacji miedzy rozwiazaniami sformulowanych zagadniefi. Rozpatrzono
klase¢ wi¢zow prowadzaca do zagadnien teorii powlok. X
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