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1. Introduction

In the paper some results of the nonlinear static analysis for the axisymmetric elastic,
thin spherical cantilever shell has been presented. It is assumed that the shell is subjected
to the conservative load characterized by a single scalar parameter 4. The static analysis
has been performed by means of the finite element method. In the algorithm the equations
of the geometrically nonlinear SANDERS-KOITER shell theory are taken into eccount.
Each point on the equilibrium path has been determined from the solution of the system
of nonlinear equilibrium equations by NEWTON-RAPHSON method with the possibility
of a change of control parameter [1].

2. Fundamental relations and equations

We outline below some relations and equations of a proposed algorithm. More details
one can find in the unpublished paper [2].

We assume that the generating line of the rotational shell midsurface is given by equa-
tion r = r(2), z € [z,, zy.,). Division into the finite elements is performed by the sequence
of values z,, ..., zy, ;. Thus we obtain the finite element as a cone with curvilinear gene-
ratrix. In order to obtain fundamental relations for an element the local parametrization
of generatrix s = s(z) is introduced. For a case of axisymmetric load the displacement
field of a shell midsurface is a function of one variable s only, # = d(s). Tangential and
normal components of this field we denote by u and w, respectively. Defining the nodal
displacement vector of on element by

(2-1) {qe}T E [“l'!u:'y W‘, ﬂ.\'l;“l+1’u;+1, wl+1yﬂsl+l]‘r, (i o la 2’ ...,N),
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we assume the approximation of components «# and w of the displacement field for i-th
element in the form of the 3-rd order polynomial with respect to s.
The potential energy of the shell is given by the sum

(2.2) P@) = UG+V@) = D U+ Y ve,
N . N
where
L g -
E E '
(2.3) Ue = f L L ) e - ol ’A ) 2 .
.710 =7 (65 + €5+ 2ve co) + 12(1=7) (363 + 2§+ 2vx x9) ¢ rds,
is a strain energy of an element and
L L
(2.9) Ve = -—-2.7f (pw+p,u)rds = —2nlf (pw+qu)rds,
6 6
is a potential energy of a conservative load with components: normal p,, = Ap and tan-

gential p, = 2q.
The strain — displacement relations may be written in the form
I (R LS Sinq5
€= 85+"5_/3-3’ Cog = &o, "y = —ﬁsa g = ———77/3.:,

(2.5)
1 -
g =1 —P'w, &= 7(usm<f>+wcos(15), Be=w+Pu, ()= dis( i)

where @ is the angle between axis of revolution and tangential to shell’s meridian.

The strain energy (2.3) after substituting relations (2.5) can be expressed by U¢ =
= Uf+ U, where term Ug, contains displacements and their derivatives to the power
not exceeding two.

The equilibrium equations of a shell can be obtained from the stationarity condition
of potential energy OP(, A; i) = 0, where O is an arbitrary kinematically admissible
variation of a displacement field. Hence

(2.6) [K1{q} = 2{Q} —{@*({a})},
where: [K] is a classical stiffness matrix, {g} is a vector of axisymmetric nodal displa-
Uy
Rl
The system of nonlinear equations (2.6) is solved by the use the following version of
an iterative NEWTON-RAPHSON method:
q°® — initial approximation,

cements, {Q} is a vector of unit loads, {Q*} = { } is a vector of “pseudo-forces”.

2.7 [K+ 3aQq* (q’")] Agm+t = ~{Kg™+Q*(g™M—-20}, form=0,1,2,...,

thrc Aqm+1 = qm+l_qm'
We can distinguish two cases.
0!
1° The matrix [K+%Qq—l is well — conditioned in the neighborhood of a solution
q = q(2).
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ES
2° The matrix lK+ ~Q ] is ill — conditioned.

In the first case we calculate displacements g = q(2) using iteration procedure (2.7).
In the second case we assume that one component g, of a vector ¢ is given but 4 is unk-
nown. Then (2.7) can be written in the form

. )
(2.8) [K er (q"')] A"t = —{K§"+0*(@™)—q,T},

where: [15] -— is a modified matrix [K] obtained via replacement of r-th column by vector
{0}, {T} — r-th column of the matrix [K]

el B e

To obtain Ag™+*, AG"*' we use methods presented in details [1]. Initial iterate ¢°(2)
for a given g(2,) and gq(4;) is calculated from the formula

l
(2.9) q°(%) = ‘](/‘2)"*‘"" 1q(/n) q(4,)} -
Using displacements {g} = {g(4)} we can calculate stress resultants in the usual
manner.

3. Numerical examples '

Using the forementioned algorithm and a computer program some numerical exam-
ples have been computed. Computer Odra 1204 was used. Calculations connected with
the numerical integration of the stiffness matrix, aggregation of a matrix, boundary con-
ditions etc. were based on methods presented in [3]. "

The shallow spherical cantilever shell subjected to the umformely distributed load
was considered (see Fig. 1).

In examples No 1 and No 2 the thickness of the shell is constant but heights H are diffe-
rent. In example No 3 we have linear thickness distribution. The shells are divided into
ten finite elements. The displacement of the shell external node for the three mentioned

|

|
P = Ap =02 A Nfmm* ‘a\ Examples:
E = 200kN/mm? \:R Not : H=40mm
—1/3 | h = 04096 mm
ﬂ/k\ R=202mm
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- 4—- R= 224 mm
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1= 4
= inearly varying fnickness
e o s 05596 mm

 h,=02596mm
Fig. !
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examples is shown in Fig. 2. In the vicinity of the equilibrium path vertex the control
parameter 4 was replaced in (2.7) by component of displacement vector w,, 8, and ;.
Calculations for particular values of control parameter ended, when

max[dglt! — Ayt < 107
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where g{ — denotes the i-th component of displacement vector in J-th iteration step. For
the error above defined each point on the path was calculated by means of 3 - 4 iteration
(2.7). In Fig. 3 rotations f# of nodes 3,5 and 7 are shown. The values of the stress resul-
tants for example No I are shown in Fig. 4, where by dashed line on the plots of bending
moments M the values from the example No 3 are marked.

Fig. 4
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Pesoae

UHCNEHHOE PEMIEHUE 3AIAUYHM HAXOXSIIEHHS KPUBOM PABHOBECHS IS
CPEPHUYECKHX KOHCOJIbHLIX OBOJIOYEK

ITpencraniens! peay)LTaThl YMCIICHHOrO AHANHM3a CTATHKH TOHKOH cdepuueckoii obonouxu. [1pu-
HUMACTCSI TEOMETPHUYECKM HEJMHEHHYI0 TeopHio oDosIoueK CAHIEPCA-KOWTEPA. Harpyska o6o-
JIOUKH ONMCBIBACTCA OAHMM CKAJHAPHBLIM NapaMeTpom A, a UHMCIEHHbIH aHAJIH3 IPHBOAMTICH METOJOM
KOHEYHBIX 3JIeMenTon. Bee Touxu KpuBoil paBroBecHsi HaiieHbl IyTeM pellieHHsT HeMHeITHOH CHCTeMBbI
ypasHenuid merosiom HBIOTOHA-PAITCOHA.
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B nporpaMme na OBM (1) cyiiecTByeT BO3MOXKHOCTb 3aMEHBb! MapameTpa A IIPOM3BOJBHOI HEM3-
BECTHOI CHCTeéMbl YPaBHEHHH.

Streszczenie

NUMERYCZNE OBLICZANIE KRZYWOLINIOWYCH SCIEZEK ROWNOWAGI DLA POWLOK
SFERYCZNYCH O KONSTRUKCII WSPORCZEJ

W pracy przedstawiono wyniki nieliniowej analizy statycznej dla osiowosynmietrycznej pracy cienkiej,
sprezyste] powloki sferycznej o konstrukcji wsporczej. Zalozono, ze powloka poddana jest obcigzeniem
zachowawczym charakteryzowanym jednym parametrem skalarnym 2, a analizg statyczna przeprowadzono
metoda elementow skonczonych. W algorytmie przyjeto geometrycznie nieliniowa teori¢ powlok San-
dersa-Koitera. Kazdy punkt na ciezce rownowagi uzyskano przez rozwigzanie nieliniowego uktadu rownan
rownowagi metoda Newtona-Raphsona z mozliwoscia zmiany parametru sterujacego [1].

Praca zostala zloiona w Redakcji dnia 31 stycznia 1983 roku



