JOURNAL OF THEORETICAL
AND APPLIED MECHANICS
56, 1, pp. 107-122, Warsaw 2018
DOI: 10.15632/jtam-pl.56.1.107

AN ANALYTICAL INVESTIGATION OF A 2D-PPMS HOLLOW INFINITE
CYLINDER UNDER THERMO-ELECTRO-MECHANICAL (TEM) LOADINGS

MOHSEN MESHKINI
School of Science and Engineering, Sharif University of Technology, International Campus, Kish Island, Iran

e-mail: meshkini@kish.sharif.edu

KEIKHOSROW FIROOZBAKHSH
Department of Mechanical Engineering, Sharif University of Technology, Tehran, Iran
e-mail: firoozbakhsh@sharif.edu

MOHSEN JABBARI
Department of Mechanical Engineering, South Tehran Branch, Islamic Azad University, Iran

e-mail: m_jabbariQazad.ac.ir

ALl SELKGHAFARI
School of Science and Engineering, Sharif University of Technology, International Campus, Kish Island, Iran

e-mail: a_selkgafari@sharif.edu

The analytical solution of steady-state asymmetric thermo-electro-mechanical loads of a
hollow thick infinite cylinder made of porous piezoelectric materials (2D-PPMs) based on
two-dimensional equations of thermoelasticity is considered. The general form of thermal and
mechanical boundary conditions is considered on the inside and outside surfaces. A direct
method is used to solve the heat conduction equation and the non-homogenous system
of partial differential Navier equations using the complex Fourier series and the power-
exponential law functions method. The material properties are assumed to depend on the
radial and circumferential variable and are expressed as power-exponential law functions
along the radial and circumferential direction.
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1. Introduction

Porous piezoelectric materials (PPMs) have lower acoustic impedance and can be incorporated in
medical ultrasonic imaging devices. They are widely used for applications such as low frequency
hydrophones, accelerometers, vibratory sensors and contact microphones. The classical method
of analysis is to combine equilibrium equations with stress-strain and strain-displacement rela-
tions to arrive at governing equations in terms of displacement components, namely the Navier
equations (Hetnarski and Eslami, 2009). Li et al. (2003) presented fabrication and evaluation
of porous piezoelectric ceramics and poroussity-graded piezoelectric actuators. Zielinski (2010)
discussed the fundamentals of multi physics modeling of piezo-poro-elastic structures. The pro-
cessing and properties of porous piezoelectric materials with high hydrostatic figures of merit
was given by Bowen et al. (2004).The porous piezoelectric composites with extremely high re-
ception was discussed by Topolov and Turik (2001). Ciarletta and Scarpetta (1996) gave some
results on thermoelasticity for porous piezoelectric materials. Batifol et al. (2007) presented a
finite-element study of a piezoelectric/poroelastic sound package concept. Zeng et al. (2007)
have discussed the processing and piezoelectric properties of porous PZT ceramics. Ivanov et al.
(2002) used the porous piezoelectric ceramics materials for ultrasonic flaw detection and medical
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diagnostics. Ding et al. (2004) presented an analytical solution of a special non-homogeneous
pyroelectric hollow cylinder for piezothermoelastic axisymmetric plane strain dynamic problems.
Akbari Alashti et al. (2013) presented thermo-elastic analysis of a functionally graded spheri-
cal shell with piezoelectric layers by differential quadrature method. Jabbari et al. (2012, 2016)
studied mechanical and thermal stresses in FGPPM hollow cylinders. Meshkini et al. (2017)
studied a asymmetric mechanical and thermal stresses in 2D-FGPPMs hollow cylinder. The
applied separation of variables and the complex Fourier series to solve the heat conduction and
Navier equations.

In this study, an analytical method is presented for mechanical and thermal stress analysis
for a hollow infinite cylinder made of fluid saturated porous piezoelectric materials (2D-PPMs).
In present study, the material properties are assumed to be expressed by power functions in
the radial and circumferential direction. The effects of compressibility, pore volume fraction
(porosity), and electric potential coefficient on displacements, electric potential and stresses
are studied. Temperature distribution is considered in the steady state asymmetric case and
mechanical and thermal boundary conditions by satisfying the stress and displacement boundary
condition.

2. Governing equations

2.1. Stress analysis

The strain-displacement relations and electric intensity are (Ding et al., 2004)

_ Ou _Lov _EGQQAE_Q
e = or c00 = rdd r o = 2\ro0  or r (2.1)
o6 o 1w '
" or 0= 00

Stress-strain relations of a 2D-PPM cylinder for the asymmtric condition are (Meshkini et al.,
2017)
Orr = C116s0 + Crageg + €21 B, — yp — CTT(r,0)
090 = Craerr + C2ggg + €22E, — yp — C3 T(r,6)
022 = Cha(err + e0p) + €23 Er — yp — C3 T(r,0) (2:2)
oo = 2Cuerg + e24Ey Dy = eg16 + €20899 — €22 Er + g0 T(1,0)
Dygg = 2e946,9 — €21 B9 + go2T'(1,0)

where p is related to Biot’s modulus, volumetric strain and the variation of the fluid content.
Considering the undrained conditions ({ = 0) as (Jabbari et al., 2012)

P = M(f - ’Y(Ew‘ + 599) = _MV(ETT + 599) (23)

Using relations (2.2) and (2.3), the stress-strain relations of the 2D-PPM for the asymmtric
condition are (Meshkini et al., 2017)
o = Ch1grr + Chacoo + €21 B, — CLT(r, 0)
099 = Craerr + Caacpp + exn By — CTT(r,6)
022 = Cua(err + 0) + €3 Br — C3T(r,0) (24)
v = 2C148r9 + €24 Ep Dy = eg160 + e22899 — €22 Er + g T'(1,0)
Dyp = 2e248r9 — €21 Eg + g22T'(1,0)
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and
Cii=Ci+Cuy Cla = Cia + Cyy Cos = Cyy + Cy Cu=Cu  (2.5)

where Cy = M~? and C! are thermal moduli which can be expressed by elastic constants and
linear thermal expansion coefficients «; (Ding et al., 2004)

Cf = Ch1a, + 2C100y CQT = 2C1920, + Coravy (2.6)
under consideration «, = ay = o (Hetnarski and Eslami, 2009). Therefore,
Cf = (C11 4+ 2012)a C7 = (2C12 + Cx)a cr =cf (2.7)

The equilibrium equations in the radial and circumferential direction, disregarding the body
force and the inertia terms, are (Ding et al., 2004)

dopr 1009 1 B doyg 10ogg 2 B
o trag trlom 0w =0 o 7o Troe =0 28
0Dy, + laDé’G + lD -0 .
ar r 00 r

To obtain the equilibrium equations in terms of displacement components for the 2D-PPM
cylinder, the functional relationship of the material properties must be known. Because the
cylinder material is assumed to be graded along the radial and circumferential direction, the
coefficient of thermal expansion and electric constants are assumed to be described with the
power-exponential laws as

o = aofmle"l@ Cz‘j = az‘j?/ernQG K = k()?zfmgeny9 (2 9)
— ~ma n40 = ~ms nsb —  ~mg neb ’
eg; = ey e’ E9j = EgiT" 0€"® g2i = GoiT 0€"®

where 7 = r/a and a is the inner radius.

Fig. 1. Geometric model of a 2D-PPM hollow cylinder under two dimensional inner and outer
Thermo-Electro-Mechanical (TEM) loads

Using relations (2.4) and (2.9) into (2.8), the Navier equations in terms of the displacement
components are
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Navier equations (2.10) are a non-homogeneous system of partial differential equations with
non-constant coefficients.
2.2. Heat conduction problem

The first law of thermodynamics for energy equation in the steady-state condition for the
2D-PPM two dimensional cylinder is

1 1
;(krT,r),r—l—ﬁ(kTg),g =0 a<r<b —rT<O< 47 (2.11)

where T'(r,0) is temperature distribution, k(r,6) is the thermal conduction coefficient and a
comma denotes partial differentiation with respect to the space variable.
The thermal boundary conditions are assumed as

SHT(a, 9) + SlgT,r(a, 9) = f1(0) Sng(b, 0) + SQQT,r(b, 0) = fg(@) (2.12)

we assume that the non-homogeneous thermal conduction coefficient k(r, ) is a power function
of the radial and circumferential coordinates (r,0) as k(r,0) = kor™3e™s?.
Using the definition for the material properties, the temperature equation becomes

1 1
Ty 4 (ms +1)—T + 5 (13Tl + T9) = 0 (2.13)
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The solution to Eq. (2.13) is written in the form of complex Fourier series, as

i T, (r)e'?? (2.14)

q=—00

Substituting Eq. (2.14) into Eq. (2.13), the following equation is obtained

T/(r) 4 (ms + 1)1 Ty(r) + g lians — )Ty (r) = 0 (2.15)
Equation (2.15) is the Euler equation and has solutions in the form of

T,(r) = Ayr® (2.16)
Substituting Eq. (2.16) into Eq. (2.15), the following characteristic equation is obtained

B2 +maf + (igns — ¢*) = 0 (2.17)
the roots of Eq. (2.17) are

2
—-m m .
/BQI,Q = 9 2 + \/T?’ + q2 —1gns (2.18)
Thus
Ty(r) = AgrPn + Agyre (2.19)

Substituting Eq. (2.19) into Eq. (2.14) gives

T(r,0)= Y (Ag P + AgyrPa)el? (2.20)

g=—00

The constants A, and A,, are presented in Appendix.

3. Solution of the Navier equation

u(r,0) = > ug(r)eliatn)e o 0) = Y vg(r)elia )’
T o (3.1)
Z w elig+n1)0
g=—00

Substituting Eqgs. (2.20) and (3.1) into Egs. (2.10) yields

1 1 1 1
uy + Cl;u; + (12 + 173)ﬁuq + (14 + 175) vy + (76 + 177) S Vg + T8y + To— %

. 1 1
+ (710 +1711)T—2¢q =

(12 + By T13) Agy ™ P L (13 + By maz) Agyr™ e

a™t

1 1 1 1 . 1
Ug—i-TM;’U;—(Tm 17—16) vq+(T17+lT18) u +(T19+1720) Uq+(721+17'22);'¢(/1

1 1

+ (723 + 17—24)7“_2% = ——(725 +im26) (AqlTﬂq1+ml_1 + quTﬂq2+m1_1) (3.2)

am
P+ T l1/)'—1—(7' +ir )—1/) — T30Ul — T 1u' —T iu + (133 + i )lv'
q 277' q 28 29 TQ q 30 q 31T q 32T2 q 33 34 r q

. 1 1 . _
+ (735 + 1T36)T_2vq = % [(T37 + 1138 + 5q1T39)Aq17“ﬁq1+m1 1

+ (737 +im38 + ﬁq2739)Aq27“ﬁ"2+m171}
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Equations (3.2) are a system of ordinary differential equations having general and particular
solutions.
The general solutions are assumed as

ug(r) = Dr" vg(r) = Er" $g(r) = Fr? (3.3)

Substituting Eqgs. (3.3) into Egs. (3.2) yields

[0(n = 1) + 710 + 72 + 73] D + [74n + 75 + i(7en + 77) | E

+ [n(n — 1)78 + 79 + 710 + iT11]F = 0

[T19 + 7170 + i(T18m + 720)]D + [n(n — 1) 4 714 — 715 + iT16] E (3.4)
+ [T21m + T3 + i(T22m + T24)|[F =0

n(n — 1)130 — 1310 — T32] D + [1331 + T35 + i(T347m + T36) | E
+ [n(n — 1) + Torn + Tog + iT20] ' = 0

The constants 7; are presented in Appendix.

A nontrivial solution is obtained by setting the determinant of the coefficients of Egs. (3.4)
equal to zero, where a six-order polynomial characteristic equation is obtained. It gives six
eigenvalues 7, to 74. Thus, the general solutions are

6 6
ug(r) = Z Dgr™i = ud(r) = Z Dy,
=1 =1
6 6
vI(r) = Z Egr™ = wi(r) = Z Xy, Dy, (3.5)
Jj=1 Jj=1
6 6
Ir) =3 Fur™i = gd(r) = Y, Dyr"
Jj=1 Jj=1

where X is the relation between constants Dy, and E,; and Yy, is the relation between constants
Dy, and Fy,. It is obtained from Egs. (3.4). The constants are presented in Appendix.
The particular solutions u}(r) and v¥(r) are assumed as

ub(r) = IprPotmtt 4 g plotmil VB (r) = Iyttt g Pttt 3.6
%?(7”) — Iq57aﬁq1+ml+1 +Iqsrﬁq2+m1+1 (3.6)
Substituting Egs. (3.6) into the non-homogeneous form of Eqs. (3.2) gives I, to I, as they are
presented in Appendix. The complete solutions for wu,(r), ve(r) and 14(r) are the sum of the
general and particular solutions

j,r.nqj +I rﬂq1+m1+1+1 ,,,./Bq2+m1+1

6
6
Z 4T Nqj _|_[ rﬁqlerlJrl +I Tﬁq2+m1+1 (3.7)
6
Z r Nqj + I Tﬁql‘i’ml‘i’l + I ,,,.ﬁq2+m1+l
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Substituting Eqgs. (3.7) into Egs. (3.1) gives

0o 6
u(r, 9) = Z ( Dq]rnq] + ] Tﬂq1+m1+1 4+ I Tﬂq2+m1+1>e(1q+n1)6
g=—00 _]:1
q#0
00 6
1 1 i 0
o(r,0) = > (ZXQJDM 0 [gyrPotmitl g petmat ) (ig+n1) (3.8)
o
0o 6 '
W(r,0) = Z <ququjrnqj + [%Tﬁq1+m1+1 + Iqﬁrﬁq2+m1+l>e(1q+n1)0
q=—00 J=1
q#0

Substituting Eqgs. (3.8) into Eqgs. (2.1), the strains and electric intensity are obtained as

Err = Z <Z77QJ qi" i (/B(Il +my + 1)Il11"ﬁql+m1

q=—00

q70

+ (/BqQ + ma + 1)Iq2rﬁ42+m1>e(iq+n1)9

oo 6
g0 = ) <Z(iq +11)(Xgj + 1) Dgjr™ ™" + [(ig +n)Lgy + Ly, JrPn ™

q=—00 =1
q7#0 J

+ [(lq + nl)Iq4 + IqQ]TﬁQQ+ml>e(iq+nl)9

o0

6
Ero = Z (Z iq + 1 + (g — 1) Xg]Dgjr™ ™" + [(ig + m1) Iy, (3.9)

q=—00

By + )Tl 4 (g + 1) Ty, + (B, + 1)y ﬁq2+m1>e(iq+n1)9

o) 6
B, = Z (anququjrnqjl + (Bg, +m1 + 1)L157"ﬁql+m1

q=—00 =1
q#0 J

+ (/B(IQ +m1 + 1)Iq6rﬁq2+m1>e(iq+n1)9

00 6
= > <Z iq + n1)Yy; Dgjr" ™" 4 (iq + na) I 7™ + (ig + nl)IquﬁqQerl)e(qurnl)e
q=—00

q70

Substituting Eqgs. (3.9) into Eqgs. (2.4), the stresses and electric displacement are obtained as

g=—00

q70

1 00 6 . .
Opp = Z { Z <011 Ngi Dggr™ ™27 4 (By, 4 my + 1)L, rPatmtm:

+ (ﬂqQ +my + 1)I rﬁa2+m1+m2] _ @ (Aqlrﬁql +mitme AqQTﬂqg +m1+m2)

+ 012[(161 +11)(Xgj + 1) Dgyr ™5t m271 4 ((ig 4 ng ) Iy + Iy, )rPaTmatm2

2&0
a™

+ ((iq + n1)[q4 + [qQ)rﬁqurmler?] _ 012(Aq17«ﬁq1+m1+m2 + Aq27aﬁq2+m1+m2)> enz@
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+ 211 Vg i Dgjr™ T2 + (Bg, 4 my + 1) gy rPatrmtme
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g=—0o0

J=1

o) —

4o 4+ mq + 1)[q27aﬁqg+m1+m2] _ CIQ(Aqlrﬁql +mi+ma 4 Aq2rﬁq2+m1+m2)
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+ Cool(iq + n1)(Xgj + 1)Dgjr ™1 4 ((ig + na)Igy + I, )rPn tmitma

2&0 —

+ ((ig +n1) Iy, + Iq2)rﬁq2+ml+m2] - 022(Aqlrﬁ‘“erler2 + Aq27“ﬁ""2erlerQ))e"Q‘9

qm
+ a[1g; Yo Dayr" ™21 4 (Bg, + ma + 1) IggrPntrmitma
+ (Bgo +m1 + 1)Iq6rﬁ‘i’2+mer?]eme}e(i‘”m)‘9

| =

6
> { > Cus <[(iq 1) + (g — 1) X Dgyr™ ™21 4 [(ig +na) Iy, (3.10)
=1

g=—o0

g =
r0 a2

+ (ﬂfh + ml)I%]rﬁqlerlerQ + [(ig + nl)Lp + (ﬂqz + ml)Iq4]Tﬁq2+m1+m2>en29
— @24[(iq + 11) Yy Dgjr"e 271 4 (iq 4 ny ) Iy rPar T2

+ (ig + m)IqGr’gq? +m1+m2]e”29}e(iq+”1)9

1 o0 6 ~ ' B
Oz = yma Z { Z <Cm [nququT]QJ+m2 Y+ (Bgr +ma + 1)Iq1rﬁq1+ml+m2
j=1

g=—o00
q7#0

+ (B + M + VIgyrPetmdme L ((ig 4 ny) I, + 1, )rPa+mitme

3o —
[67)) ClQ(Aqlrﬁql +mi+ma2 + AqQTﬁqQerlerg)])engG
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1 00 6
Drp=—2 { 2 <621[77ququ"‘”+”‘2‘1 + (Bgy +ma + 1)Ly rfatmtm

a=-o0 ( j=1

+ (Bge +m1 + 1)Iq2rﬁq2+m1+m2] +€22[(ig + n1)(Xg5 + 1)qur"qj+m2*1
+ ((ig +n1)lgs + Iq1)rﬁq1+ml+m2 + ((ig +n1) 1y, + IqQ)TﬁqQerlerQ])e"QG
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1 00 6 . ) _ .
Doo = > { > e ([Iq + 1+ (g5 — 1) Xgj] Dgjraa ¥ ™1 4 [(ig 4 na) I,
j=1

+ (ﬁth + ml)I(B]Tﬁql Fmatma + [(iq + nl)LD + (5(12 + ml)LM]rﬂm +m1+m4>en46
o ((iq + 1) Yoy Dgyr™i ™~ 4 (ig 4 my ) LggrPn tmatms

+ (jq + nl)[qGrﬂfm +m1+m5> 6”59 4 &(Aql rﬁql +mi+me + Aq27ﬁq2 +m1+m6)en69}e(iQ+m)9

a™t

To determine the constants Dg;, any general from of boundary conditions for displacements,
stresses and potential electric is considered as

u(a,d) = wy(0) u(b, ) = wy(0) v(a, ) = ws(0)

v(b,0) = wy(0) orr(a,0) =wz(0) orr(b,0) = ws(0) (3.11)
ore(a,d) = wo(0) ar0(b,0) = wi0(0) P(a,d) = ws(0)

P(b,0) = wg(0) Dy (a,0) = w1(0) D, (b,0) = wi2(0)

It is recalled that Eqs. (3.9) and (3.10) contain six unknowns, Dy, , Dg,, ..., Dy. Assume that
the six boundary conditions are specified from list of Egs. (3.11). The boundary conditions may
be either the given displacements and electric potential or stresses, or combinations. Expanding
the given boundary conditions in complex Fourier series gives

wi(0) = Y Wj(g)elirtm) j=1,...,6 (3.12)
where
L7 ~(ig+n1)0 :
Wi(q) = Py /wj(q)e de j=1,...,6 (3.13)

Using the selected six boundary conditions of Eqs. (3.11) with the help of Egs. (3.12) and (3.13),
the six unknown coefficients D, to Dy, are calculated.

4. Results and discussion

Consider a thick hollow cylinder of inner radius ¢ = 1m and outer radius b = 1.2m of
BasNaNbsO15 material with properties given in Table 1.

The thermal boundary conditions are substituted into Eq. (2.12) to obtain the temperature
distribution, where the constants of integration are obtained from the equations given in Ap-
pendix. The stress and displacement and electric potential boundary conditions are assumed
to be selected such that the mathematical strength of the proposed method can be examined.
These type of boundary conditions may not be handled with the potential function method.
The constant coefficients of the series expansions are obtained from Eq. (3.13). Here, B is the
compressibility coefficient, sometimes named the skempton pore pressure coefficient, and ¢ is the
pore volume fraction and is pore per total volume, respectively, which are given in Appendix.
Using Egs. (3.11) and (3.12), the boundary conditions given in terms of the radial and shear
stresses as well as electric potential appear in Table 2. These boundary conditions are expanded
by the integral series and the unknown coefficients Dy, are determined.
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Table 1. Material constants of BagNaNbsO15 for 2D-PPM (Akbari Alashti et al., 2013; Jabbari

et al., 2012)
‘ Parameter ‘ Value H Parameter ‘ Value H Parameter ‘ Value ‘
ao [1/°C] 1.2-107% || Oy [GPa] 239 €99 [C/m?] —0.3
y 0.75 Ci2 [GPa] 104 94 [C/m?] 3.4
v 0.25 Cas [GPa] 247 || 221 [C?/Nm?] | 1.96-1077
Vu 0.3 Cy4 [GPa] 76 || Z20 [C?/Nm?] | 2.01-1077
ko [W/mK] 13.9 € [C/m?] | —04 || Gy [C/m?K] | 5.4-107°
mi,ma,..., Mg m Ny, N, ...,Ng n T [C/m?K] | 5.4-107°
Table 2. Boundary condition for 2D-PPM (Jabbari et al., 2012)
T(CL, 9) Jrr(aa 9) Org (CL, 9) ¢(av 9)
°C] T(b,0) [MPa [MPa u(b,0) | v(b,0) [W/A]
60sin(20]) | 0 | 400sin(% —|0]) | 5002 cos¢ | 0 0 | 906 cos(2)
@ I (b) o
— Eyr— _ :
& 45 AN =0 | P fﬁ\ /ﬁ\ =il
=40 AN mm=ll s f”\i\ f""i —~ n=-0.1
35 3 f1(9) =60sin(26), f2(0) =0 10 {/VI ‘;\& {/‘/ \v&
% b oY ;
W 5 / |
25 I\‘\t;\ ks .. 0 A 4
20 = T >\'\ 5 \97 J ‘\v v{
‘s.\:\ . - W / X H
SR b i
15 .s_\ﬂ\;.“ \f\.\ -10 ::v\wl 3 V\’»"v-j
10 TR -15 \) A0 :(Gg)sm(w), 0/
5 Ty -20 f(0)=0
B 1
{)OO 1.04 1.08 1.12 1.16 - 1.20 _25—4 -3 \Y/—Q -1 0 1 2\%/ 3 4
. . . . 16, b o

Fig. 2. Temperature distribution in the (a) radial at # = 7/3 and (b) circumferential direction at r =7
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Figure 2a and 2b shows the effect of the power-exponential law index on the temperature
distribution in the wall thickness along the radial and circumferential directions. The effect of the
power-exponential law index on the distribution of the radial thermo-electro-mechanical stresses
is shown in Fig. 3a. It is shown that as m, n increases, the radial, hoop, shear and axial thermal
stresses are increased. This figure is a plot of stresses versus 6 at r =7 = 1.1, where T is the avrege
inner radius a and the outer radius b. Figure 3b shows the shear thermo-electro-mechanical
stresses in the cross section of the cylinder, where the pore compressibility coefficient B is
changed and the other parameters are fixed. Figure 4a shows the radial displacement in the
cross section of the cylinder, where the based on the pore volume fraction ¢ is changing. Also
the electric potential constant in Figs. 1 to 4a is ¥y = 60 V. Figure 4b shows the circumferential
displacements in the cross section of the cylinder, where the based on the versus electric potential
coefficient v is changing.
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distribution of v with electric potential coefficient at r =7

5. Conclusions

In the present work, an attempt is made to study the problem of analitical solution for the
Thermo-Electro-Mechanical (TEM) in a thick 2D-PPM hollow infinite cylinder where the two-
dimensional asymmetric steady-state loads are implied. The method of solution is based on
the direct method and uses the power series, rather than the potential function method. The
advantage of this method is its mathematical power to handle both simple and complicated ma-
thematical functions for the thermal and mechanical stresses boundary conditions. The potential
function method is capable of handling complicated mathematical functions as the boundary
conditions. The proposed method does not have mathematical limitations to deal with general
types of boundary conditions, which usually occur in the potential function method.
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where ky and k are the bulk modulus of the fluid phase and the bulk modulus of the porouselastic

medium under the drained condition, respectively
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where M and ~ are Biot’s modulus, Biot’s coefficient of the porouselastic medium, respectively.
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Using the boundary conditions (2.12) to determine the constants Ay, Ag,
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